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INTRODUCTION

The main theme of this volume is credit risk and credit derivatives. Recent
developments in financial markets show that appropriate modeling and
quantification of credit risk is fundamental in the context of modern
complex structured financial products. Moreover, there is a need for further
developments in our understanding of this important area. In particular
modeling defaults and their correlation has been a real challenge in recent
years, and still is. This problem is even more relevant after the so-called
subprime crisis that hit in the summer of 2007. This makes the volume very
timely and hopefully useful for researchers in the area of credit risk and
credit derivatives.

In this volume, we compile a set of points of view on credit risk when it is
looked at from the perspective of Econometrics and Financial Mathematics.
The volume comprises papers by both practitioners and theoreticians with
expertise in financial markets in general as well as in econometrics and
mathematical finance in particular. It contains nine contributions presented
at the Advances in Econometrics Conference in Baton Rouge at Louisiana
State University on November 3–5, 2006. It also features two additional
invited contributions: Bjorn Flesaker (Chapter 1) offers an introduction to
the popular Gaussian copula model and an original and efficient calibration
method. Tim Leung, Ronnie Sircar, and Thaleia Zariphopoulou (Chapter 11)
present another very interesting point of view based on risk aversion.

Chapters 2–6 discuss copula methods from various perspectives. In
Chapter 2 Lijuan Cao, Zhang Jingqing, Lim Kian Guan, and Zhonghui
Zhao compare Monte Carlo and analytic methods for pricing a
collateralized debt obligation (CDO). Wenbo Hu and Alec N. Kercheval
in Chapter 3 propose a method to calibrate a full multivariate skewed
t-distribution. In Chapter 4 Daniel Totouom and Margaret Armstrong
develop a new class of copula processes in order to introduce a dynamic
dependence between default times. Jean-Pierre Fouque and Xianwen Zhou
in Chapter 5 use an asymptotic analysis to construct corrections to the
classical Gaussian copula. Kanak Patel and Ricardo Pereira in Chapter 6
present an empirical study of corporate bankruptcy within the framework of
structural models.

ix



Then, in Chapter 7 Zhen Wei examines hazard rate models using
statistical data mining procedures. In Chapter 8 Jingyi Zhu introduces
jumps in the first passage approach to default by a careful analysis of the
associated partial integro-differential equation (PIDE). In Chapter 9 Rafael
DeSantiago, Jean-Pierre Fouque, and Knut Solna show how to introduce
stochastic volatility corrections in bond modeling. Andrei Lopatin and
Timur Misirpashaev in Chapter 10 discuss a ‘‘top-down’’ approach using a
Markovian projection technique to model and calibrate the portfolio loss
distribution.

Eric Hillebrand (LSU) suggested the two co-editors Jean-Pierre Fouque
and Knut Solna for this volume. We would like to thank him here and also
acknowledge the presentation he gave on a joint work with Don Chance
during the conference in Baton Rouge.

Jean-Pierre Fouque
Thomas B. Fomby

Knut Solna

INTRODUCTIONx



FAST SOLUTION OF THE

GAUSSIAN COPULA MODEL

Bjorn Flesaker

1. INTRODUCTION

This article describes a new approach to compute values and sensitivities
of synthetic collateralized debt obligation (CDO) tranches in the market-
standard, single-factor, Gaussian copula model with base correlation. We
introduce a novel decomposition of the conditional expected capped
portfolio loss process into ‘‘intrinsic value’’ and ‘‘time value’’ components,
derive a closed form solution for the intrinsic value, and describe a very
efficient computational scheme for the time value, taking advantage of a
curious time stability of this quantity.

The underlying CDO structure, the Gaussian copula framework, and the
base correlation concept will be described very briefly since they have been
described in detail elsewhere, see for example, the papers by Li (2000);
Andersen, Sidenius, and Basu (2003); Hull and White (2004); and McGinty
and Ahluwalia (2004).

2. THE SYNTHETIC CDO STRUCTURE

A synthetic CDO tranche is a credit default swap characterized by a settle-
ment currency; a portfolio, defined by a list of names and accompanying
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notional amounts covered; a maturity date and premium payment schedule;
a premium rate; and finally an attachment point and a detachment point,
determining the beginning and end of the portfolio loss covered by the
tranche. A tranche is known as an equity tranche if the attachment point
equals zero, as a super-senior tranche if the detachment point equals the
underlying portfolio notional, and as a mezzanine tranche if it is neither of
the above. We can always analyze arbitrary tranches as the difference
between two equity tranches: a long position in one detaching at the actual
tranche’s detachment point along with a short position in one detaching at
the actual tranche’s attachment point. This approach is necessary in the base
correlation framework, where the correlation parameter is separately given
for each detachment point. In the following sections, we will therefore focus
on the modeling of equity tranches.

3. VALUATION ASSUMPTIONS

We follow the standard industry practice in credit default swap modeling
and assume that we can value all cash flows by taking their expected
value under a ‘‘risk neutral,’’ perhaps more accurately described as ‘‘risk
adjusted,’’ probability measure and discounting the resulting quantities with
the initial yield curve implied from the interest rate swap market. This is
tantamount to assuming that interest rates are deterministic or that their
dynamics are statistically independent of the default processes. We will
further assume that each name upon default has a known fixed recovery rate
as a fraction of par, which is an input to the model. We do not require the
portfolio members to have homogeneous recoveries or, for that matter,
notional amounts. We imply (‘‘strip’’) risk neutral default probabilities
from single name CDS quotes for the underlying portfolio components,
assuming that the survival function is piecewise exponential in time, that is
in a manner consistent with hazard rates being constant in between available
CDS maturity dates.

4. THE MODEL

The analysis takes as a starting point a function that provides a market
implied unconditional risk neutral default probability pi(t) for each name i
to each date of interest t. Given a value x of the common market factor, the
content of the single-factor Gaussian copula model is that the event that

BJORN FLESAKER2



name i defaults before time t is independent of the default of all other names
and occurs with probability:

piðt;xÞ ¼ F
F�1ðpiðtÞÞ � aixffiffiffiffiffiffiffiffiffiffiffiffiffi

1� a2i
p

 !
(1)

where ai is the factor loading for name i and F denotes the standard
cumulative normal (Gaussian) distribution function. A historically impor-
tant special case is the constant (compound) correlation model where
ai �

ffiffiffi
r
p

and each (mezzanine) tranche is valued at its own ‘‘implied
correlation.’’ This was the market standard in the early days of the synthetic
CDO market. In 2004/2005, it was broadly replaced by the base correlation
version of the model, which amounts to each attachment/detachment point
having its own input level of r. In the following text, we will focus on
the base correlation version, setting ai �

ffiffiffi
r
p

, with the understanding that
different tranches will typically be valued with different values of r.

The fractional loss and recovery processes for the underlying basket are
given by L(t) and R(t), respectively, defined as follows:

LðtÞ ¼

P
iwtiotNið1� RiÞP

iNi
(2)

RðtÞ ¼

P
iwtiotNiRiP

iNi
(3)

where ti denotes the default time of name i, Ni is the notional amount of
name i in the basket, Ri the fractional recovery upon default of name i, and
wA an indicator variable that takes on the value 1 if A is true and 0 otherwise.

As described above, we will focus on the valuation of equity tranches,
which for a given portfolio can be characterized by their detachment point,
generally expressed as a percentage of the portfolio notional. Given such a
fractional detachment point, D, we are concerned with the risk neutral
expectations of the capped loss and recovery processes, where the latter is
used in the calculation of the premium leg for super-senior tranches (and,
somewhat hypothetically, any other tranche with a detachment point higher
than the maximum portfolio loss):

L̂ðtÞ ¼ min½LðtÞ;D� (4)

R̂ðtÞ ¼ max½RðtÞ � ð1�DÞ; 0� (5)

Fast Solution of the Gaussian Copula Model 3



With precise knowledge of these quantities for each date between the current
time and maturity, the present value of the default leg and of the unit spread
premium leg of a synthetic CDO equity tranche detaching at D, as a frac-
tion of the underlying portfolio notional, can be estimated by taking the
expectation of the discounted loss and premium cash flows under the risk
neutral pricing measure as follows:

Vd ¼ E

Z T

0

PðtÞdL̂ðtÞ

¼ PðTÞE L̂ðTÞ þ

Z T

0

f ðtÞPðtÞE L̂ðtÞdt ð6Þ

Vp ¼
XJ
j¼1

PðtjÞdðtj�1; tjÞ D�

Z tj

tj�1

ðEL̂ðtÞ þ ER̂ðtÞÞdt

" #
(7)

where P(t) denotes the discount factor to time t, f(t) is the instantaneous
forward interest rate for time t, tj denotes premium payment dates, with
tJ=T, and d(tj�1, tj) is the daycount fraction between consecutive premium
payment dates. The second expression in Eq. (6) follows from integration by
parts of the integral in the first expression and by exchanging the order of
integration and expectation (which is admissible by Fubini’s theorem, since
all relevant quantities are explicitly bounded). The integral term subtracted
from the initial tranche notional in Eq. (7) represents a slight approximation
to the reduction in notional by tranche losses and write-down from above
(the representation would be exact if discount rates were zero and/or all
tranche losses occurred at the end of each premium period). The model
value of the tranche, aside from premium accrual, is given by Vd� cVp,
where c is the contractual premium rate, and the breakeven premium
(sometimes referred to as replacement deal spread) on a tranche with no
upfront payment is found as the ratio Vd/Vp.

The capped recovery process is only of interest for super-senior tranches,
and given the assumption of known recovery per name, ER̂ðtÞ can be found
by a minor variation of the routine used to solve for the capped loss process,
EL̂ðtÞ. We evaluate the time integrals above by first solving for the expected
capped losses (and, if necessary, recoveries) for a discrete set of points in
time that include the premium payment dates. We fit a cubic spline to the
resulting function of time, and evaluate the integrals analytically under
the mild assumption of piecewise constant forward interest rates between
the knot points of the spline.

BJORN FLESAKER4



5. PRICING

For each {x, t}, L(t) is then the sum of a set of independent and generally
heterogeneous binary random variables. Note that, in principle, we need
to know the expected capped loss for each point in time until maturity for
each possible value of the Gaussian state variable in order to calculate the
unconditional expected capped loss required in Eqs. (6) and (7).

E½L̂ðtÞ� ¼

Z 1
�1

E½minðLðtÞ;DÞjx�fðxÞdx (8)

where f(x) is the standard Gaussian probability density function.
Fig. 1 shows the conditional capped expected loss surface,

E½minðLðtÞ;DÞjx�, as a function of time to maturity, t, and the value of the
common factor value, x. In this figure, we are looking at a 125 name CDX
investment grade portfolio with a 7% detachment point and a 30%

Fig. 1. The Conditional Capped Expected Loss Profile for a 0–7% Tranche of a 125

Name Investment Grade Portfolio as a Function of Time to Maturity and Common

Factor Value.
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correlation. The qualitative behavior seen in the figures is robust across a
wide range of spread levels, detachment points and correlations.

6. A DECOMPOSITION

Consider an equity tranche detaching at D, and assume that rW0. Let x�t be
the unique value of x where E½LðtÞjx� ¼ D. Then we can rearrange the
expression for the expected capped loss on an equity tranche as:

E½L̂ðtÞ� ¼

Z x�t

�1

ðD� E½maxðD� LðtÞ; 0Þjx�ÞfðxÞdx

þ

Z 1
x�t

ðE½LðtÞjx� � E½maxðLðtÞ �D; 0Þjx�ÞfðxÞdx ð9Þ

We can further sort the integrals into ‘‘intrinsic value’’ minus ‘‘time
value,’’ where we have liberally borrowed terminology from the option
pricing literature:

E½L̂ðtÞ� ¼

Z x�t

�1

DfðxÞdxþ
Z 1
x�t

E½LðtÞjx�fðxÞdx

 !

�

Z x�t

�1

E½maxðD� LðtÞ; 0Þjx�fðxÞdx
�

þ

Z 1
x�t

E½maxðLðtÞ �D; 0Þjx�fðxÞdx

!
ð10Þ

The idea of a calling the first pair of integrals the conditional intrinsic
value comes from the fact that they result from pulling an expectation
operator through an option-like pay-off, just as what is done to obtain the
intrinsic value of a stock option. By analogy, we call the remainder the
conditional time value, although ‘‘volatility value’’ or ‘‘convexity value’’
might be more descriptive, since it arises from the interaction of the
conditional volatility of the losses with the convexity of the pay-off function,
as in the usual illustration of Jensen’s inequality. As we will see, this
decomposition is useful because of the analytical tractability of the intrinsic
value and the numerical tractability of the time value. Figs. 2–5 illustrate the
decomposition of the conditional expected loss surface from Fig. 1.

If we have the corner case of r=0, x�t will fail to exist and the approach
described above will break down. In this case, however, the pricing problem

BJORN FLESAKER6



is greatly simplified by the fact that the common factor is irrelevant, and we
are left with a set of unconditionally independent defaults, which can be
modeled as described in Section 9. For values of r very close to zero
(say inside 1%) we may need to interpolate between the results obtained
at r=0 and values obtained at a ‘‘safe’’ correlation level (e.g., 1%), to avoid
numerical instability. Note that ro0 is incompatible with the single-factor
framework, even if a correlation matrix with all off-diagonal elements
greater than �(N�1)�1 is positive definite (Fig. 6).

7. INTRINSIC SIMPLICITY OF THE

INTRINSIC VALUE

Using the Gaussian copula expression for the conditional default
probabilities, we can simplify the intrinsic value calculations further, to

Fig. 2. The Intrinsic Value Component of the 0–7% Tranche Loss of a 125

Name Investment Grade Portfolio as a Function of Time to Maturity and Common

Factor Value.
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get the following closed form solution:

Z x�t

�1

DfðxÞdxþ
Z 1
x�t

E½LðtÞjx�fðxÞdx

¼ DFðx�t Þ þ
Z 1
x�t

X
i

ð1� RiÞNiF
F�1ðpiðtÞÞffiffiffiffiffiffiffiffiffiffiffi

1� r
p �

ffiffiffiffiffiffiffiffiffiffiffi
r

1� r

r
x

� �
fðxÞdx

¼ DFðx�t Þ þ
X
i

ð1� RiÞNi piðtÞ � F2ðF�1ðpiðtÞÞ; x
�
t ;

ffiffiffi
r
p
Þ

� �
ð11Þ

where F2ðx; y; rÞ denotes the bivariate normal distribution function with
correlation r. The last line follows from the properties of Gaussian integrals
(see e.g., Andersen & Sidenius, 2005). To optimize the computational speed
of the model it may be worth writing a tailored bivariate normal routine that
takes a vector of the first argument along with constant second argument

Fig. 3. The Time Value Component of the 0–7% Tranche Loss of a 125 Name

Investment Grade Portfolio as a Function of Time to Maturity and Common Factor

Value.
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and (positive) correlation, since this function will typically be called a large
number of times in a given pricing call.

8. TIME STABILITY OF THE TIME VALUE

As illustrated in Fig. 6, the time value function associated with a detachment
point is nearly invariant in time, once centered around the critical value of
the common factor, xn

t . As such, it might have been more appropriately
called ‘‘volatility value’’ or ‘‘convexity value,’’ since it arises from the
interaction of the negative convexity of the loss cap with the conditional
volatility of the portfolio loss, given the common factor. We are relying on
the time stability as a computational heuristic, which has proven remarkably
resilient in practical computations, even if the exact conditions for its
approximate validity are hard to establish. It is perhaps worth noting in this
context that the popular ‘‘Large Pool Model’’ approximation described in

Fig. 4. The Time Value and Intrinsic Value Components of the 0–7% Tranche Loss

of a 125 Name Investment Grade Portfolio for Different Quarterly Time Slices as a

Function of the Common Factor Value with the Maturity Axis Suppressed.
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the base correlation paper by McGinty and Ahluwalia (2004) (and
foreshadowed by Vasicek (1991)) effectively assumes that the time value is
identically equal to zero (and thus trivially satisfying time stability). For
typical transaction and market parameters, the contributions to the final
tranche value from the time values tend to be relatively small compared to
the corresponding intrinsic value contributions, thus making the overall
calculation fairly robust to the performance of this approximation.

We estimate the time value and its contribution to the single name spread
and default sensitivities by a slightly modified version of Hull and White’s
(2004) bucketing algorithm, as explained further below, for a set of Gauss–
Laguerre quadrature points in each direction from xn

t for the common factor
at maturity. We numerically integrate these time values and their derivatives
against the Gaussian density for each calculation date t, taking care to re-
center the quadrature points around the corresponding values of xn

t . We use
Gauss–Laguerre quadrature in each direction to integrate the smooth
function against a Gaussian density on each half-line around the kink in the

Fig. 5. The Time Value Component of the 0–7% Tranche Loss of a 125 Name

Investment Grade Portfolio for Different Quarterly Time Slices as a Function of the

Common Factor Value with the Maturity Axis Suppressed.
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time value function at xn
t . We have found 11 points in each direction to be

satisfactory, generally producing breakeven premiums to well within 1 basis
point of accuracy, and providing valuation and single name spread
sensitivities in less than a second of CPU time for a typical mezzanine
tranche of a 125 name index portfolio, not counting the time taken to load
and strip the single name curves.

9. THE TIME VALUE COMPUTATION

We compute the conditional time value for each value of the state variable x
under consideration by dividing the positive part of the conditional loss
distribution into a set of ranges that we will refer to as ‘‘buckets.’’
Specifically, we have a zero loss point, followed by equally spaced
boundaries for portfolio losses up to a point slightly above the detachment

Fig. 6. The Time Value Component of the 0–7% Tranche Loss of a 125 Name

Investment Grade Portfolio for Different Quarterly Time Slices as a Function of the

Difference of the Common Factor Value and the Critical Level of the Common

Factor for Each Maturity, with the Maturity Axis Suppressed.
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point. The last loss bucket is a ‘‘trapping state’’ that will catch the
probability of all losses exceeding the detachment point. We keep track of
two quantities per bucket: the probability of the portfolio loss being in the
bucket, and the expected portfolio loss given that the loss is in the bucket.
The initial conditions are set as the entire probability mass being located
at the zero loss point and the expected loss in each bucket being equal to
the bucket’s mid-point. We then procede to iterate over the names in the
portfolio. For each name, we iterate over the loss buckets, and from those
‘‘source’’ buckets that already have attained positive probability, we
re-allocate the probability of a default to the bucket that contains the sum
of the name’s loss given default (LGD) and the expected loss in the source
bucket. Once we have gone through all the names, we compute the
conditional time value of the tranche as the capped expected portfolio loss
minus the expected capped portfolio loss, based on the resulting conditional
loss distribution.

An important feature of the algorithm is that we can compute a full set of
single name spread sensitivities at relatively little extra cost. This is done
by passing in a set of perturbed conditional default probabilities along
with the original ones, corresponding to the effect of the desired spread
perturbations, which are not restricted to be small. From the fully builtup
conditional loss distribution, that is after having iterated over all names in
the portfolio, we calculate perturbed values of the expected capped loss by
treating the losses as being constrained to lie exactly on the points defined
by the expected value of each loss bucket. Each name’s loss will in turn
be de-convolved and re-convolved with the remaining loss distribution,
where we split the loss probability between neighboring points when the
distance between loss points is not commensurate with the name’s LGD.
This requires the solution of a triangular and highly banded system of
simultaneous linear equations for each name, which is usually extremely fast
and accurate. A certain amount of care is required to avoid problems with
numerical instability arising from the transition matrix being near-singular
when the conditional single name default probability is close to 1.
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AN EMPIRICAL STUDY OF

PRICING AND HEDGING

COLLATERALIZED DEBT

OBLIGATION (CDO)

Lijuan Cao, Zhang Jingqing, Lim Kian Guan and

Zhonghui Zhao

ABSTRACT

This paper studies the pricing of collateralized debt obligation (CDO)
using Monte Carlo and analytic methods. Both methods are developed
within the framework of the reduced form model. One-factor Gaussian
Copula is used for treating default correlations amongst the collateral
portfolio. Based on the two methods, the portfolio loss, the expected loss
in each CDO tranche, tranche spread, and the default delta sensitivity are
analyzed with respect to different parameters such as maturity, default
correlation, default intensity or hazard rate, and recovery rate. We
provide a careful study of the effects of different parametric impact. Our
results show that Monte Carlo method is slow and not robust in the
calculation of default delta sensitivity. The analytic approach has
comparative advantages for pricing CDO. We also employ empirical
data to investigate the implied default correlation and base correlation of
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the CDO. The implication of extending the analytical approach to
incorporating Levy processes is also discussed.

1. INTRODUCTION TO COLLATERALIZED DEBT

OBLIGATION

In recent years, due to the burgeoning credit derivatives market, there
has been much research work on the collaterized debt obligation (CDO).
A CDO is an asset-backed security whose payment depends on the collateral
portfolio. There are different types of CDOs. A CDO whose collateral is
made up of cash assets such as corporate bonds or loans is called cash CDO,
while a CDO whose collateral is made up of credit default swaps is called a
synthetic CDO. The structure of a CDO consists of partitions of the
collateral portfolio into different tranches of increasing seniority. The CDO
in effect transfers credit risk from the portfolio holder to investors. Investors
of CDO are called protection sellers, while the issuer of CDO is called
protection buyer. A particular tranche of a CDO is defined by its lower and
an upper attachment point. The tranche with a lower attachment point L
and a higher attachment point H will bear all the losses in the collateral
portfolio in excess of L and up to H percent of the initial value of the
portfolio. The portfolio loss is absorbed in ascending order of tranches,
starting with the equity tranche, then the mezzanine tranche, and eventually
the senior tranche.

As compensation for taking potential loss, the protection seller receives a
periodic premium payment from the issuer of CDO until the maturity of the
CDO or at the time when the tranche is expended through loss. The
premium is paid from the interest income of the collateral portfolio. Interest
is distributed to the tranches starting with the senior tranche, then the
mezzanine tranche, and eventually the equity tranche. As the equity tranche
absorbs the first layer of loss, the premium of this tranche is the largest
among all the tranches. An example of CDO is illustrated in Fig. 1, where
the portfolio is composed of 100 loans.

Each loan has $10 million notional amount. The equity tranche absorbs
the first losses within [0%, 3%] of the initial portfolio notional amount.
The mezzanine tranche absorbs losses within [3%, 14%]. The senior tranche
absorbs the remaining loss within [14%, 100%]. The premium of the
tranches is paid as a percentage of the outstanding notional amounts of
the corresponding tranches. For example, if there is a 1% loss in the
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portfolio, the 3% portfolio value of the equity tranche is then reduced to 2%
due to the loss. This amounts to 1/3 or a tranche loss of 33.3% in value.
Consequently, the equity tranche pays only the pre-determined interest rate
on a remaining 66.7% of tranche capital. For practical details of a CDO, see
for example Elizalde (2004). Finger (2004), as well as Bluhm and Overbeck
(2004), discusses the standard pricing model framework for synthetic CDO
and some of the outstanding implementation and application issues.

The major risk in a CDO is default risk of the entities of the portfolio
collateral. Such default risk can be modeled in two primary types of models
that describe default processes in the credit risk literature: structural
models and reduced form models. Structural models determine the time of
default using the evolution of firms’ structural variables such as asset and
debt values. Reduced form models determine the default process as a
stochastic Poisson process with random default intensity. Empirically, the
results in the literature show that the structural models under-predict the
default probability while the reduced form models could predict the default
process well.

More specifically, the problem of pricing CDO is equivalent to
determining the premium of each tranche. There are three important
components in the pricing of CDO: modeling credit risk, handling default
correlations among collateral portfolio, and calculating the portfolio loss.
The last two components are not common to simpler credit derivatives
such as single-name credit default swaps. For an understanding of the

Loan 1 (10m$)

Loan 2 (10m$)

Loan 3 (10m$)

Loan 100 (10m$)

Equity tranche
(0-3%)

Mezzanine tranche
(3%-14%)

Senior tranche
(14%-100%) 

Fig. 1. Illustration of a CDO Structure.
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background of default correlation and portfolio loss in the context of a
CDO, we provide a brief summary of the literature in Table 1 where existing
literature is surveyed in terms of the methodology for calculating default
correlation and portfolio loss, and whether default delta sensitivity is
studied or not.

Most of the existing studies used Copula to treat default correlation,
except for Duffie and Garleanu (2001) where default correlation is treated
by using dependent default intensity. Based on Copula, different analytic
methods are proposed for calculating the portfolio loss. Most of the works
demonstrated that the analytic methodologies constitute a powerful tool for
evaluating CDO.

In the framework of reduced form models, there are basically three
methodologies for treating default correlation among multiple assets in the
collateral portfolio: conditionally independent default model of Duffie and
Garleanu (2001), contagion model of Jarrow and Yu (2001), and Copula
method by Li (2000). Conditionally independent default model handles
default correlation by simulating correlated default intensities based on a
common set of state variables. The major disadvantage of the conditionally
independent default model is that the correlation generated by the model is
often too small in empirical data with high default correlation. In the
contagion model, the default of one firm triggers the default of the other
related firms, and the default times tend to be concentrated in certain time
periods. The disadvantage of the contagion method is that it is difficult
to calibrate the parameters of the model. The resulting model is thus
hard to implement. The other method of treating default correlation is
the Copula method. Using Copula in default correlation modeling is
originally proposed by Li (2000). The Copula function is actually a
correlated multivariate function defined by the marginal default probability
distribution. A variety of functions can be used as Copula, such as t-Student
and Gaussian. The Copula method is simple and easy to implement.

Apart from its simplicity, another advantage of using Copula is that the
portfolio loss in a CDO can be analytically computed without relying on
Monte Carlo simulations that can be computationally intensive and time-
consuming. Andersen, Sidenius, and Basu (2003) describe an analytic
method of calculating the portfolio loss based on a one-factor Gaussian
Copula. Gibson (2004) describes the analytic method more explicitly.
Besides the portfolio loss, Andersen, Sidenius, and Basu (2003) also propose
an analytic method for calculating the default delta sensitivity.

This paper studies the pricing and hedging of CDO by comparing the
analytic method of Gibson (2004) with the Monte Carlo method. There has
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Table 1. A Summary of Literature Review in CDO.

Publicationsa Default Correlation

Methods

Portfolio Loss

Methods

Default Delta

Sensitivity

Conclusions

Andersen, Sidenius,

and Basu (2003)

One-factor Copula Analytical approach

by a recursion-

based probability

calculation

Uses Brute-force

method and an

analytical method

Proposed a number of techniques to improve the

efficiency with which prices and hedge

parameters can be calculated for credit basket

derivatives.

Gibson (2004) Same as above Same as above Brute-force method The value of the senior tranche decreases as

correlation increases. In contrast, the equity

tranche value increases as default correlation

increases. CDO tranches are sensitive to the

business cycle.

Laurent and

Gregory (2003)

One-factor Copula Analytic approach

based on Fourier

method

N.A. Proposed an analytic approach based on Fourier

method to calculate the conditional loss

distribution on a portfolio as a convolution of

the conditional loss distributions of each entity

in the portfolio.

Burtschell, Gregory,

and Laurent

(2005)

Copulas Laurent and

Gregory’s

analytical

approach

N.A. Compare some popular Copula functions such as

Gaussian Copula model, stochastic correlation

extension to Gaussian Copula, Student’s t

Copula model, double t factor model, clayton

and Marshall–Olkin Copula.

Peixoto (2004) Copula Monte Carlo and

analytical methods

N.A. Compare Monte Carlo and analytical method in

the pricing of CDO. Both prices are within one

standard deviation.

Mina and Stern

(2003)

One-factor Copula Analytical approach

based on Fourier

transform method

Analytic method Senior Tranche price depends on the best while

Equity Tranche on the worst names in a

portfolio. Mezzanine behavior varies over

time. Loan-equivalent hedges depend on the

entire portfolio. Equity Tranche value rises
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Table 1. (Continued )

Publicationsa Default Correlation

Methods

Portfolio Loss

Methods

Default Delta

Sensitivity

Conclusions

while Senior Tranche value drops when

correlation increases.

Chen and Zhang

(2003)

One-factor Copula Analytical approach

based on Fourier

transform method

N.A. FFT/FI generates loss distributions more

accurate than those by the Monte Carlo

simulations.

Duffie and Garleanu

(2001)

Dependent default

intensity

Monte Carlo N.A. Illustrated the effects of correlation and

prioritization for the market valuation,

diversity score and risk of CDO in a simple

jump-diffusion setting for correlated default

intensities.

Hull and White

(2004)

One-factor Copula Two analytic

methods: recursive

approach and

iterative numerical

procedure

N.A. The procedures are attractive alternatives to

Monte Carlo simulation and have advantages

over the fast Fourier transform approach.

Implied correlations are typically not the same

for all tranches.

Andersen and

Sidenius (2004)

One-factor Copula Analytical recursive

method

Analytic method This paper extends the standard Gaussian

Copula model by using random recovery rates

and random systematic factor loadings. It is

capable of producing correlation skews similar

to those observed in the market.

L
IJU

A
N

C
A
O

E
T

A
L
.

2
0



Kalemanova et al.

(2005)

Copula with normal

inverse Gaussian

(NIG) distribution

Analytic approach

based on large

homogenous

portfolio (LHP)

approach

N.A. Proposed a modification of the LHP model

replacing the Student’s t distribution with the

NIG. The employment of the NIG distribution

does not only speed up the computation time

significantly but also brings more flexibility

into the dependence structure.

Bluhm and Overbeck

(2004)

One-factor Copula Analytic approach N.A. Analytic techniques constitute a powerful tool for

the evaluation of CDO.

Morokoff (2003) Copula Monte Carlo N.A. This paper describes a multiple-time step

simulation approach that tracks cash flows

over the life of a CDO deal to determine the

risk characteristics of CDO tranches.

Hurd and Kuznetsov

(2005)

N.A. Affine Markov

Chain model

N.A. Combined a continuous time Markov Chain with

an independent set of affine processes that yield

a flexible framework for which computations

are very efficient.

aThe publication name can be found in the Reference section of this paper.
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been few studies performing such comparisons, and it is important to be
able to decide which models to use in practice. The CDO data employed in
Peixoto (2004) are used in the empirical investigation in this paper. In
addition, this paper provides a careful study of the effects of different
parametric impact. The portfolio loss, the expected loss allocated to each
tranche, the tranche spread, and the default delta sensitivity are analyzed
with respect to different parameters such as maturity, default correlation,
default intensity or hazard rate, and recovery rate. In the current literature,
the default delta sensitivity is discussed only in Andersen, Sidenius, and
Basu (2003), Gibson (2004), Mina and Stern (2003), and Andersen and
Sidenius (2004). By providing a more thorough study of the delta sensitivity
with respect to some key parameters, this study will help in the hedging
performance of CDO. Furthermore, the implied default correlation and
base correlation are also empirically investigated.

The remainder of the paper is organized as follows. Section 2 describes the
methodology of pricing CDO using the analytic method and the Monte
Carlo method. The methodology of calculating default hedge ratio is
described in Section 3. Section 4 presents the empirical results. The
implication of extending the analytical approach to incorporating Levy
processes is also discussed. Section 5 contains the conclusions.

2. METHODOLOGY OF PRICING CDO

The model is set up in a filtered probability space ðO;F ; ðFtÞðt�0Þ;PÞ, where P
is a pre-specified martingale measure. The filtration (Ft)(tZ0) satisfies the
usual conditions and the initial filtration F0 is trivial. There is also a finite
time horizon T with F ¼ FT. The remaining notations used in this paper are
described as follows.

Ik Notional amount for asset k, k ¼ 1, 2, . . . ,K
Rk Recovery rate for asset k
lk Default intensity for asset k
tk Default time for asset k
Ti The payment date in CDO, i ¼ 1, 2, . . . , n. We assume that for a

standard CDO, all tranches are paid interest at the same time points
li The total amount of loss in the portfolio at time Ti

ei The total amount of loss allocated to the tranche at Ti

Bi The price of a default-free zero coupon bond with maturity Ti and
face value of $1 at present time
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The pricing of a CDO consists of pricing the single tranches that make up
the CDO structure. For a single tranche with attachment points [L, H ], the
cash flows can be described as follows. The seller of a CDO pays a periodic
coupon to the investor of the CDO at each payment date Ti, i=1, 2, . . . , n.
The coupon paid at Ti for a tranche is calculated based on the outstanding
notional amount in that tranche. Obviously, the initial dollar value of
notional amount for the tranche is equal to H�L. When default occurs in
the portfolio and the portfolio loss exceeds L, the investor of this CDO
tranche has to pay to the seller of CDO the amount of loss in excess of L.
The loss between [Ti�1, Ti] is assumed1 to be paid at Ti. The maximal value
of the total amount payable by the investor is equal to H�L. Thus, the
pricing of a tranche consists of calculating the premium leg corresponding to
the payment by the seller and the default leg corresponding to the payment
by the investor when there is default in excess of L.

In the reduced form model of Li (2000), the risk-neural default probability
of an asset at Ti is calculated by

pðtk � TiÞ ¼ 1� e
�
R Ti

0
lkðuÞdu (1)

If the default time tk in each kth asset is known, the portfolio loss li at Ti can
be calculated by

li ¼
XK
k¼1

Ikð1� RkÞ1ftk�Tig; i ¼ 1; 2; . . . ; n and 1ftk�Tig ¼
1 tk � Ti

0 tk4T

(

(2)

Given li, the total amount of dollar loss allocated to the single tranche of
[L, H] at Ti is equal to

ei ¼MaxðMinðli;HÞ � L; 0Þ; i ¼ 1; 2; . . . ; n (3)

Thus the present value of the default leg (denoted as DL) is equal to the
sum of the present values of the expected values of the loss paid by the
investor of tranche to the seller of tranche at the various Ti’s, that is
calculated by

EðDLÞ ¼
Xn
i¼0

BiðEðeiÞ � Eðei�1ÞÞ (4)

where by definition E(e�1)=0. The expected loss between [Ti�1, Ti] is equal
to (E(ei)�E(ei�1)), which is assumed to be paid at Ti. Obviously E(e0)=0 as
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well if the earliest first loss payment is at T1. In this case, the summation
indices in E(DL) could also be written without loss of generality to start at
i=1 instead of 0.

Let s denote the tranche spread, which is the annualized interest charge or
coupon rate on the tranche. The expected value of the premium leg (denoted
as PL) can be expressed as the sum of the present values of the expected
values of the amount paid by the seller of the tranche to the investor, which
is calculated by

EðPLÞ ¼
Xn
i¼1

sDtiBiðH � L� EðeiÞÞ (5)

where Dti=Ti�Ti�1 is denoted as a fraction of a year. H�L�E(ei)
denotes the expected value of outstanding notional amount at Ti.

The equilibrium pricing of the tranche under risk-neutrality implies that s
is found by setting E(DL)=E(PL). Thus,

s ¼

Pn
i¼0 BiðEðeiÞ � Eðei�1ÞÞPn

i¼1 DtiBiðH � L� EðeiÞÞ
(6)

From Eqs. (4)–(6), it can be observed that the crucial task of pricing is to
calculate the expected value of the tranche loss E(ei) for each Ti. The
methodologies of calculating E(ei) thus obtaining s in the analytic method of
Gibson (2004) and Monte Carlo method are described as below.

2.1. Analytic Method

The analytic method uses a continuous state variable Xk taking values in
(�N,N) to represent the default status of an asset k. When Xk approaches
�N from the right, the probability of default approaches 0. When Xk

approaches +N from the left, the probability of default approaches 1. The
(cumulative) probability distribution function of Xk is the (unconditional)
probability of default. A single (common) factor model of Xk consists of a
common factor M and an individual factor Zk.

Xk ¼ akM þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2k

q
Zk; k ¼ 1; 2; . . . ;K (7)

where ak represents the fraction of the common factor relative to Zk. The
value of ak is between [0, 1] and the variances of the Xk’s are ones. akaj thus
denotes the correlation of Xj and Xk. It represents the default correlation
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between asset k and j. For simplicity, Xk, M, and Zk are assumed to follow
standard normal distributions. M and Zk are independent variables. Eq. (7)
is often termed the one-factor Gaussian Copula.

The probability distribution of Xk is equal to the risk-neural probability
of default in Eq. (1). Thus, the conditional default probability pðtk � TijMÞ
at Ti for asset k can be calculated by

pðtk � TijMÞ ¼ N
N�1ðpðtk � TiÞÞ � akMffiffiffiffiffiffiffiffiffiffiffiffiffi

1� a2k

q
0
B@

1
CA (8)

Let pKi ðkjMÞ denote the conditional probability of k defaults up to Ti in a
reference portfolio of size K. The analytic method calculates pKi ðkjMÞ using
the following recursive algorithm:

pKþ1i ð0jMÞ ¼ pKi ð0jMÞð1� pðtkþ1 � TijMÞÞ (9)

pKþ1i ðkjMÞ ¼ pKi ðkjMÞð1� pðtkþ1 � TijMÞÞ

þ pKi ðk� 1jMÞpðtkþ1 � TijMÞ ð10Þ

and

pKþ1i ðkþ 1jMÞ ¼ pKi ðkjMÞpðtkþ1 � TijMÞ for k ¼ 1; . . . ;K (11)

For K=0, p0i ð0jMÞ ¼ 1. After computing pKi ðkjMÞ, for k=0,1, . . .K, the
unconditional portfolio number of defaults distribution pKi ðkÞ is calculated by

pKi ðkÞ ¼

Z 1
�1

pKi ðkjMÞgðMÞdM (12)

where g( � ) is the probability density function of M. The integral can be
computed using numerical integration. Note that in the above computation,
conditional on M, the probabilities of default for the different assets in the
portfolio are independent. The conditional probabilities of default for the
different asset k, pðtkþ1 � TijMÞ, are different as the assets’ characteristics are
different.

Let p(li) be the portfolio loss probability. Suppose this is a discrete
distribution, then we can write the expected tranche loss as

EðeiÞ ¼
Xli�H
li�L

ðli � LÞpðliÞ þ
X
li�H

ðH � LÞpðliÞ (13)
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From E(ei), Eqs. (4)–(6) are then used to calculate the spread s of each
tranche.

Suppose the collateral portfolio is a large homogeneous portfolio made
up of small similar assets. Homogeneity is with respect to the terms of Ik, Rk,
and lk, resulting in the same I, R, and l. Then, instead of the above
algorithm, pKi ðkjMÞ can be calculated simply as a binomial function:

pKi ðkjMÞ ¼
K

k

 !
	 N

N�1ðpðt � TiÞÞ � aMffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

� �� �k

	 1�N
N�1ðpðt � TiÞÞ � aMffiffiffiffiffiffiffiffiffiffiffiffiffi

1� a2
p

� �� �K�k
(14)

where all ai’s equal a, and t denotes the default time of any one of the assets.
In this case, we treat each credit entity in the portfolio as identical. The
unconditional portfolio number of defaults distribution pKi ðkÞ is then
similarly computed using Eq. (12). Under homogeneity, the portfolio loss li
can be simplified from Eq. (2) to I(1�R) times the number of defaults.
Hence in this case, the probability distribution of portfolio loss p(li) is
represented by the distribution of the number of defaults. The expected
portfolio loss is then I(1�R) times the expected number of default by a
certain time.

2.2. Monte Carlo Method

The Monte Carlo method takes into account the default correlation using
the Copula function. The following Gaussian Copula is most commonly
used.

Cðu1; u2; . . . ; uK Þ ¼ NðN�1ðu1Þ;N
�1ðu2Þ; . . . ;N

�1ðuK ÞÞ (15)

where uk is equal to p(tkrTi) in Eq. (1), and N(v1, v2, . . . , vK) on the right
side of Eq. (15) denotes a multivariate normal probability distribution
function with mean zero and correlation matrix (ri, j), where i,j=1,2, . . . ,K.
As in typical applications, we employ a constant correlation matrix with a
single parameter rA[0,1] for all ri,j. If Eq. (15) is specialized to the single-
factor analytical model, the value of r in Eq. (15) would be related to ak in
Eq. (7) by the following formulae: rk,j=akaj, k6¼j, and rk,j=1, k=j.
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Based on Eq. (15) with a constant correlation matrix, the Monte Carlo
method calculates ei using the following algorithm. Perform N number of
simulations each of which takes the following steps:

(1) Employ the multivariate normal distribution N(v1, v2, . . . , vK) to generate
for a given r, the K random variables. Calculate the default time of each
asset by

tk ¼ �
lnð1� FðvkÞÞ

lk
; k ¼ 1; 2; . . . ;K (16)

where F( � ) denotes the univariate standard normal probability
distribution function.

(2) From the computed tk for k= 1,2, . . . ,K, we can determine if for asset
k, default has occurred by time Ti, whether 1ftk�Tig takes value 1 in the
event of default by time Ti, or 0 otherwise in the event of no-default.
Then we can calculate the portfolio loss li at each payment date Ti, i=1,
2, L, n according to li ¼

PK
k¼1Ikð1� RkÞ1ftk�Tig in Eq. (2).

(3) Next calculate the tranche loss ei at each payment date Ti, i=1, 2, L, n
according to Eq. (3).

(4) Then calculate DL ¼
Pn

i¼0Biðei � ei�1Þ and Q � PL=s ¼
Pn

i¼1DtiBi

ðH � L� eiÞ.

Finally, the N number of simulations each involving terms DL and Q in
step (4) are averaged to obtain the spread s by the following:

s ¼

PN
q¼1 DLðqÞPN
q¼1 QðqÞ

(17)

where q denotes the qth simulation. The expected portfolio loss at each time
Ti can also be computed by averaging across the portfolio loss values at each
step (2). The number of simulations N may be 50,000 or less depending on
the complication of the model and the allocated computing time.

3. METHODOLOGY OF CALCULATING DEFAULT

DELTA SENSITIVITY

In Monte Carlo, the brute force method is used for calculating the sensitivity
of the price of the [L, H] CDO tranche to default intensity lk. The approach
is described as follows. First, lk for the kth asset is increased by a small
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amount Dlk to re-calculate price of the tranche. Second, the ratio of the
price difference to Dlk is calculated as the default delta sensitivity. The
mathematical formula is written as

@V

@lk
¼

Vðlk þ DlkÞ � VðlkÞ
Dlk

(18)

and

V ¼
Xn
i¼0

BiðEðeiÞ � Eðei�1ÞÞ �
Xn
i¼1

sDtiBiðH � L� EðeiÞÞ (19)

where V is the market value of the tranche to the CDO issuer or the
protection buyer.

In the analytic method, the analytic methodology proposed in Andersen
and Sidenius (2004) is used for calculating the default delta sensitivity. The
methodology is described below.

From Eq. (19), it can be observed that @V/@lk is equal to

@V

@lk
¼
Xn
i¼0

Bi
@EðeiÞ

@lk
�
@Eðei�1Þ

@lk

� �
�
Xn
i¼1

sDtiBi H � L�
@EðeiÞ

@lk

� �
(20)

According to Eq. (13), @E(ei)/@lk is equal to

@EðeiÞ

@lk
¼
Xli�H
li�L

ðli � LÞ
@pðliÞ

@lk
þ
X
li�H

ðH � LÞ
@pðliÞ

@lk
(21)

From Eq. (12), by assuming lk and M are independent, @p(li)/@lk is
calculated by

@pðliÞ

@lk
¼

Z 1
�1

@pKi ðkjMÞ

@lk
gðMÞdM (22)

where we have used the result that the probability distribution of portfolio
loss p(li) is equivalent to the unconditional probability distribution of
the number of defaults. According to Eqs. (9)–(11), ð@pKi ðkjMÞÞ=@lk is
calculated by

@pKi ð0jMÞ

@lk
¼ �pK�1i ð0jMÞ

@pðtk � TijMÞ

@lk
(23)
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@pKi ðkjMÞ

@lk
¼
@pðtk � TijMÞ

@lk
�pK�1i ðkjMÞ þ pK�1i ðk� 1jMÞ
� �

(24)

and

@pKi ðkjMÞ

@lk
¼
@pðtk � TijMÞ

@lk
pK�1i ðk� 1jMÞ for k ¼ 1; . . . ;K (25)

From Eqs. (1) and (8), we can derive

@pðtk � TijMÞ

@lk

¼ e�0:5ððN
�1ðpðtk�TiÞÞ�akMÞ=

ffiffiffiffiffiffiffiffi
1�a2

k

p
Þ
2 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� a2k

q e0:5ðN
�1ðpðtk�TiÞÞÞ

2

Tie
�lkTi ð26Þ

From Eqs. (21)–(26), the default delta sensitivity in Eq. (20) can be
calculated.

4. EMPIRICAL RESULTS

The CDO data studied in Peixoto (2004) are employed in our study. The
collateral portfolio of CDO is composed of 100 loans each with equal
face value. The maturity of the CDO is 5 years. The default intensity or the
hazard rate of each loan is 0.03. The recovery rate of each asset is 0.4. The
premium and default loss is paid quarterly. The risk-free interest rate is 5%
with continuous compounding.

As illustrated in Table 2, the attachment points are as following: equity
tranche, [0, 3%]; mezzanine tranche, [3%, 14%] and senior tranche, [14%,
100%]. The expected loss, the spread, and default delta sensitivity in each
tranche are analyzed.

4.1. Expected Loss (EL)

In the first set of empirical results, the portfolio loss and the loss distributed
in each tranche are analyzed with respect to different parameters.

Fig. 2(a) and (b) show the portfolio EL with different maturity T and
default correlation r in the analytic and the Monte Carlo method. It can be
observed that both methods give close results, while Monte Carlo method
generates the EL surface that is smoother than that of the analytic method.

Empirical Study of Pricing and Hedging Collateralized Debt Obligation 29



For a fixed value of r, the portfolio EL increases with maturity T as more
defaults are likely to happen at larger T. When T is fixed, the portfolio EL
increases is less sensitive to increase in r. The difference between the
maximum and minimum values of the portfolio EL for different values of
r is within 20 basis points or 0.2% of portfolio value.

Fig. 3(a) and (b) show that the EL’s allocated to the equity tranche in the
analytic and the Monte Carlo methods agree closely. Equity EL increases
with T for fixed r due to the larger default probability at larger T. When T is
fixed, equity EL decreases with the increase of r. The result can be explained
as follows. As r increases, there is a higher probability that either many
obligors default together, resulting in larger losses, or many do not default
together resulting in smaller overall losses. The latter obviously has a more
weighted impact on the equity tranche that takes the first loss, resulting in
an overall lower expected loss.

Fig. 4(a) and (b) are produced from the analytical method and show the
portfolio loss distribution of r=0 and 0.9 with T=5. For large losses in the
range 0.19–0.58, it can be observed from Fig. 4(b) that the probability of
occurrence in the case r=0.9 is much higher than that in the case r=0. For
small losses in the range 0.08–0.11, it can be observed from Fig. 4(a) that the
probability of occurrence in the case r=0.9 is much smaller than that in the
case r=0. Thus, higher default correlation r leads to higher chances of large
portfolio loss and lower chances of small portfolio loss. Contagion effect or
high default correlation is therefore risky from the point of view of the
tranche buyers. The larger losses make the tranche with higher seniority
suffer from more loss. For higher r, the lower probability of the smaller
portfolio losses hitting mainly the equity tranche means also that expected
loss on the latter is lower. This concurs with the result expressed in Fig. 3(a)
and (b).

Table 2. The Characteristics of CDO Used in This Study.

Maturity 5 years

Hazard rate 0.03

Recovery rate 0.4

Risk-free rate 5% with continuous compounding

Payment frequency Quarterly payment

Equity tranche [0, 3%]

Mezzanine tranche [3%, 14%]

Senior tranche [14%, 100%]
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Fig. 5(a) and (b) illustrate the loss distributions of the equity and senior
tranches respectively for cases r=0 and 0.9. These are computed from the
analytical method. Fig. 5(a) shows that in equity tranche the probability of
losing the tranche notional amount for case r=0.9 is less than that for case
r=0 once the loss amount gets into the non-trivial range above 0.01. This
results in smaller equity EL for large r as discussed in the last two sets of
figures. Fig. 5(b) shows that in the senior tranche the probability of large
loss is much higher in the case r=0.9 compared to the case r=0.
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Fig. 6(a) and (b) show EL allocated to the mezzanine tranche in the
analytic and the Monte Carlo methods. Mezzanine EL increases as T
increases. For long maturity T=[4, 5], mezzanine EL decreases with the
increase of r, having the same characteristics as that of equity. However, for
short maturity T ¼ [1, 4], mezzanine EL firstly increases and then decreases
with the increase of r. The latter decrease is due to the rapid increase in the
probability of loss for senior tranche at high levels of r, in which the loss
impact on the mezzanine tranche would be reduced. In effect, larger values
of r reduce the chance of absorbing loss in the mezzanine tranche.

Fig. 7(a) and (b) show EL allocated to the senior tranche in the analytic
and the Monte Carlo methods. The largest EL occurs for higher T and r
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values, for example when T=5 and r=0.9. Senior tranche does not absorb
loss at smaller values of T and r. This is consistent with the characteristic of
senior tranche that it is the last tranche to take losses in the portfolio. When
either r or T increases, senior EL increases.

Table 3 summarizes the expected losses of the analytic and the Monte
Carlo methods for the case of T=5. It can be observed that the difference in
expected losses between the two methods is within 20 basis points.

4.2. Tranche Spread and Default Delta Sensitivity

Tranche spread and default delta sensitivity in each tranche are analyzed in
the second set of empirical results.

Fig. 8(a) and (b) show the spread of equity tranche with different T and r
in the analytic and Monte Carlo methods. For a fixed value of T equity
spread decreases with the increase of r, due to the decreased expected loss.
When r is fixed equity spread increase is not sensitive to increase in T.

Fig. 9(a) and (b) show the default delta sensitivity in equity tranche for the
analytic and the Monte Carlo methods, respectively. For calculating
sensitivity, the spreads of equity, mezzanine, and senior tranches are
arbitrarily set as 1,000, 500, and 1 bp, respectively. In the Monte Carlo
method, Dlk is set as 10 bp. The Monte Carlo results do not converge as fast
as the analytical ones in calculating sensitivity. Thus Monte Carlo method is
not robust in the calculation of default delta sensitivity. Fig. 9(a) shows that
the sensitivity is highest at T=1 and r=0 in the equity tranche. This is
consistent with the fact that equity is mostly sensitive to small losses
occurring at an early time. The results show that when T or r is small, the
value of delta sensitivity decreases with increase of r or T. When T or r is
large the value of delta sensitivity increases initially and then later decreases
with increase of r or T.

Fig. 10(a) and (b) show the mezzanine tranche spread at different T and r.
It can be observed that there the largest spread occurs at T=5 and r=0,
corresponding to the maximum values of mezzanine EL in Fig. 6(a) and (b).
When maturity is large where T=[4, 5], the mezzanine spread decreases with
the increase of r, having the same characteristic of the equity tranche. When
maturity is small where T=[1, 4], the mezzanine spread increases initially
and then decreases with the increase of r, showing the same characteristic as
the mezzanine EL in Fig. 6(a) and (b). For a fixed value of r, mezzanine
spread increases with T.

Empirical Study of Pricing and Hedging Collateralized Debt Obligation 37



Table 3. Portfolio Expected Loss (EL), Equity EL, Mezzanine EL, and Senior EL with Different Values of
r for T=5.

Default

Correlation

r

Portfolio EL Equity EL Mezzanine EL Senior EL

Analytic Monte

Carlo

Difference Analytic Monte

Carlo

Difference Analytic Monte

Carlo

Difference Analytic Monte

Carlo

Difference

0 0.0837 0.0836 0.0001 0.0300 0.0300 0.0000 0.0537 0.0535 0.0001 0.0000 0.0000 0.0000

0.1 0.0838 0.0831 0.0008 0.0290 0.0290 0.0000 0.0504 0.0500 0.0004 0.0045 0.0041 �0.0003

0.2 0.0839 0.0829 0.0010 0.0270 0.0270 0.0000 0.0467 0.0463 0.0004 0.0102 0.0096 �0.0006

0.3 0.0830 0.0811 0.0019 0.0248 0.0246 0.0002 0.0435 0.0426 0.0009 0.0157 0.0140 �0.0017

0.4 0.0835 0.0839 �0.0003 0.0225 0.0226 �0.0001 0.0402 0.0407 �0.0004 0.0208 0.0206 �0.0002

0.5 0.0857 0.0876 �0.0019 0.0201 0.0204 �0.0004 0.0370 0.0387 �0.0017 0.0257 0.0275 0.0018

0.6 0.0829 0.0812 0.0016 0.0178 0.0175 0.0003 0.0346 0.0336 0.0009 0.0315 0.0301 �0.0014

0.7 0.0851 0.0859 �0.0009 0.0153 0.0153 0.0000 0.0316 0.0321 �0.0005 0.0372 0.0385 0.0013

0.8 0.0833 0.0828 0.0005 0.0127 0.0128 �0.0001 0.0286 0.0286 0.0000 0.0429 0.0414 �0.0016

0.9 0.0836 0.0831 0.0005 0.0300 0.0300 0.0000 0.0242 0.0247 �0.0005 0.0498 0.0505 0.0007
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Fig. 8. The Equity Tranche Spread with Different Maturity and Default

Correlation in the Analytic Method (a) and Monte Carlo Method (b).
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Fig. 11(a) and (b) show the default delta sensitivity in the mezzanine
tranche for the analytic and the Monte Carlo methods. The largest value of
sensitivity occurs at T=5 and r=0. The same relationship between the
mezzanine spread (EL) and r can be applied here. For maturity in interval
T ¼ [4, 5], the mezzanine sensitivity decreases with the increases of r. When
T is small, the mezzanine sensitivity increases initially and then decreases
with the increase of r. For a fixed value of r, mezzanine default delta
sensitivity increases with T.

Figs. 12(a), (b), 13(a), and (b), respectively, illustrates the spread and the
default delta sensitivity of the senior tranche in the analytic and the Monte
Carlo methods. The largest values of spread and default delta sensitivity for
the senior tranche occur at T=5 and r=0.9, corresponding to the
maximum values of the senior EL. When T or r is fixed, both the spread
and sensitivity increase with the increase of r or T.

Table 4 compares the spread difference between the analytic and the
Monte Carlo methods for the case of T=5 and across various values of r. It
can be observed that the spread difference between the two methods falls
within 30 bp.

Table 5 compares the difference of the default delta sensitivity values
between the analytic and the Monte Carlo methods for the case of T=5 and
across various values of r. It can be observed that the difference between the
analytic and the Monte Carlo results is generally small at approximately less
than 10 bp. However, but for a few cases, the difference is larger as the
Monte Carlo result is sensitive to the choice of Dl.

The spread and default delta sensitivity are further examined by using
different values of recovery rates R and default intensity or hazard rate l,
with maturity and default correlation set at T=5 and r=0.4.

Fig. 14(a)–(c), respectively, illustrate the spreads of the equity, mezzanine,
and senior tranches with respect to different values of R and l. All the
figures show that spread increases with increase of l when R is fixed, and
decreases with R when l is fixed.

Fig. 15(a)–(c), respectively, illustrate the default delta sensitivities of the
equity, mezzanine, and senior tranches with respect to different values of R
and l. Fig. 15(a) shows that the delta sensitivity decreases with the increase
of l and slightly increases with the increase of R in the equity tranche.
Fig. 15(b) shows that the delta sensitivity for the mezzanine tranche is non-
monotone. For small values of R and l, the delta sensitivity decreases with
increase in l and increases with increase in R, having the same characteristic
of the equity tranche. For large values of R and l, the delta sensitivity
decreases with the increases of R and l. Fig. 15(c) shows that in the
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Table 4. Spreads of Equity, Mezzanine, and Senior Tranches with Different Values of r for T=5.

Default Correlation

r
Equity Mezzanine Senior

Analytic Monte Carlo Difference Analytic Monte Carlo Difference Analytic Monte Carlo Difference

0 1.1065 1.1036 0.0029 0.1133 0.1107 0.0026 0.0000 0.0000 0.0000

0.1 0.7372 0.7375 �0.0003 0.1099 0.1077 0.0021 0.0009 0.0010 0.0000

0.2 0.5347 0.5327 0.0020 0.1012 0.1015 �0.0003 0.0021 0.0023 �0.0002

0.3 0.4033 0.4009 0.0024 0.0964 0.0953 0.0010 0.0035 0.0035 0.0000

0.4 0.3210 0.3185 0.0025 0.0885 0.0880 0.0004 0.0047 0.0047 �0.0001

0.5 0.2493 0.2470 0.0023 0.0818 0.0803 0.0015 0.0060 0.0059 0.0002

0.6 0.1973 0.1944 0.0028 0.0739 0.0749 �0.0011 0.0068 0.0073 �0.0005

0.7 0.1557 0.1537 0.0019 0.0692 0.0678 0.0014 0.0088 0.0087 0.0001

0.8 0.1152 0.1156 �0.0003 0.0606 0.0604 0.0001 0.0103 0.0101 0.0002

0.9 0.0808 0.0794 0.0015 0.0505 0.0500 0.0005 0.0116 0.0119 �0.0002 L
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Table 5. Default Delta Sensitivity of Equity, Mezzanine, and Senior Tranches with Different Values of r for
T=5.

Default correlation r Equity Mezzanine Senior

Analytic Monte Carlo Difference Analytic Monte Carlo Difference Analytic Monte Carlo Difference

0 0.0014 0.0014 0.0000 0.0248 0.0239 0.0009 0.0001 0.0002 0.0000

0.1 0.0025 0.0028 �0.0003 0.0195 0.0167 0.0028 0.0042 0.0034 0.0008

0.2 0.0033 0.0035 �0.0002 0.0161 0.0165 �0.0004 0.0063 0.0067 �0.0004

0.3 0.0036 0.0033 0.0003 0.0135 0.0133 0.0002 0.0085 0.0078 0.0007

0.4 0.0038 0.0037 0.0001 0.0124 0.0115 0.0009 0.0092 0.0084 0.0008

0.5 0.0037 0.0040 �0.0003 0.0108 0.0100 0.0008 0.0105 0.0109 �0.0004

0.6 0.0036 0.0034 0.0002 0.0099 0.0074 0.0025 0.0113 0.0116 �0.0003

0.7 0.0033 0.0031 0.0002 0.0089 0.0090 �0.0001 0.0128 0.0121 0.0027

0.8 0.0030 0.0030 0.0000 0.0076 0.0082 �0.0006 0.0140 0.0115 0.0025

0.9 0.0026 0.0027 �0.0001 0.0068 0.0077 �0.0008 0.0150 0.0144 0.0026
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senior tranche, the delta sensitivity increases with l and decreases with
increase in R.

4.3. Implied Correlation and Base Correlation

The implied correlation for each tranche is calculated as the correlation that
makes the spread of the tranche equal to its market price. It is sometimes
referred as ‘‘compound correlation’’ in the CDO literature. The implied
correlation is usually calculated based on trial and error. One major
disadvantage of the implied correlation is that it exhibits a ‘‘smile.’’ For
overcoming this problem, the base correlation is proposed by JP Morgan
(see McGinty & Ahluwalia, 2004). The base correlation is calculated by
defining a series of hypothetical equity tranches.

The first equity tranche remains unchanged at detachment points [0%,
3%]. The mezzanine tranche is now replaced conceptually by a hypothetical
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equity tranche at detachment points [0%, 14%] that combines the original
equity tranche [0%, 3%] and mezzanine tranche [3%, 14%]. The base
correlation for the new tranche at ‘‘mezzanine’’ level is calculated as the
correlation that makes the spread of this hypothetical tranche equal to its
market price that would be the sum of the market prices of the original
equity [0%, 3%] tranche and the original mezzanine [3%, 14%] tranche. For
computing the model price, the expected losses of the new hypothetical
tranche is the sum of the expected losses in the original equity [0%, 3%]
tranche and the original mezzanine [3%, 14%] tranche.

In the same way, the senior tranche is now replaced conceptually by a
hypothetical equity tranche at detachment points [0%, 100%] that combines
the original equity tranche [0%, 3%], mezzanine tranche [3%, 14%], and
senior tranche [14%, 100%]. The base correlation for the new tranche at
‘‘senior’’ level is calculated as the correlation that makes the spread of this
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hypothetical tranche equal to its market price that would be the sum of the
market prices of the original equity [0%, 3%] tranche, the original mezzanine
[3%, 14%] tranche, and the senior tranche [14%, 100%]. For computing
the model price, the expected losses of the new hypothetical tranche is the
sum of the expected losses in the original equity [0%, 3%] tranche, the
original mezzanine [3%, 14%] tranche, and the original senior tranche [14%,
100%].

Fig. 16 shows the implied correlation and the base correlation calculated
in the equity, mezzanine, and senior tranches. It can be observed that the
implied correlation is larger for equity and senior tranches and smaller for
mezzanine tranche, exhibiting a ‘‘smile’’ characteristic. In contrast, the base
correlation does not display the smile though it increases slightly with the
seniority of tranches.

4.4. Extending to Lévy Processes

From the empirical results it is clear that the spreads in the various tranches
are sensitive to the default probabilities. In particular, in the analytic model,
the default probabilities are represented by Xk which follows a distribution,
for example, in the single-factor Gaussian Copula model. With a single
factor approach, one can extend the default modeling to encompass more
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complicated situations with modeling correlated defaults or introducing fat-
tailed distribution to Xk. Examples of the latter include the variance gamma,
the normal inverse Gaussian (NIG), the Meixner, and other distributions.
These generically belong to the class of Lévy processes described in Sato
(2000). NIG processes are also discussed in detail in Rydberg (1996). Using
the NIG process, for example, could lead to a more accurate pricing of
all the tranches within a CDO structure. This is because by more
accurately modeling the default probabilities at different loss levels, the
spread in each tranche is more accurately priced. An NIG process could be
used as follows.

Following Eq. (7), suppose there is a single (common) factor model of Xk

comprising a common factor M and an individual factor Zk where

Xk ¼ akM þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2k

q
Zk; k ¼ 1; 2; . . . ;K

but where M and Zk now follow independent NIG processes. In particular,
the density of the NIG (Xk; a, b, d, m) is given by

f ðXkÞ ¼
ad
p

exp d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

q
þ bðXk � mÞ

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ ðXk � mÞ2

q K1 a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ ðXk � mÞ2

q� �

where a2Wb2W0, and K1ðoÞ ¼ 1=2
R1
0 expð�ð1=2Þoðyþ y�1ÞÞdy is modified

Bessel function of the third kind. Then the probability distribution of
default can be modeled by the distribution of the NIG process as described.
Simulations can be performed according to the density function.

An immediate outcome of Lévy process modeling of the default processes
would be the more accurate pricing of individual tranches within a CDO.
Fatter tails allocated to the probabilities of default modeling would provide
for higher default intensities at the equity tranche and also at the senior
tranche. This would imply that compared to the Gaussian Copula method,
an NIG method is likely to produce higher theoretical spreads for equity
and senior tranches, and lower spread for the mezzanine tranche. By
matching to the market price, this would in turn imply that the implied
correlations for the equity and the senior tranche under Lévy processes
would be lower than those in the Gaussian process. In the latter, the implied
correlation has to work harder and be pumped up in order to reflect a higher
market price due to the higher default probabilities. Since the latter are
captured by the Lévy process, the implied correlation becomes flatter.
Indeed, many research undertaken at this time all attempt to bring about
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a flat implied correlation curve using fat-tailed processes. In this sense, the
correlation bias or smile can be explained away.

5. CONCLUSIONS

This paper studies the pricing of CDO using Monte Carlo and analytic
methods. The portfolio loss, the expected loss in each CDO tranche, the
tranche spread, and the default delta sensitivity are analyzed with respect to
maturity, default correlation, default intensity, and recovery rate. The
results are summarized as follows.

5.1. Maturity

The portfolio loss and the loss distributed in each tranche increases with the
increase in time to maturity T, due to the higher probability of default for
larger T. The spread of equity tranche is not sensitive to T. However, in the
mezzanine and senior tranches, the spreads increase with a larger T. As for
default delta sensitivity, the equity tranche showed mixed characteristics
with respect to T. Both these sensitivities of the mezzanine and senior
tranches increase with increase in T.

5.2. Default Correlation

The portfolio expected loss EL is not sensitive to the default correlation r
once the intensity l is fixed. Equity tranche EL appears to decrease with
increase of r. In contrast, senior tranche EL increases with increase of r; and
mezzanine EL displays both possibilities. Similar to EL, the spread as well
as default correlation sensitivity of equity tranche decreases and that of
senior tranche increases with the increase of r. Mezzanine tranches show
mixed results. For sensitivity, both equity and mezzanine tranches have
mixed results with respect to r, while senior tranche sensitivity increases
with increase of r.

5.3. Intensity

The spreads in all tranches increase with increase of l. Equity tranche’s
default delta sensitivity decreases and that of senior tranche’s increases with
increase of l; mezzanine tranche shows mixed results.
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5.4. Recovery

Contrary to the case of intensity, recovery rate has an reverse relationship
with the spreads of all tranches. The spreads in all tranches decrease with
increase of recovery rate R. The sensitivity of equity increases and that of
senior tranche decreases with increase of R; mezzanine tranche shows mixed
results.

The analysis of default correlation shows that the implied default
correlation has a ‘‘smile’’ characteristic, while the base correlation increases
slightly with the seniority of tranches.

Our results also show that the Monte Carlo method is slower in terms of
computational time than the analytic method. Monte Carlo does not appear
to be a satisfactory approach for calculating default delta sensitivity as the
sensitivity values computed under Monte Carlo vary widely.

Considering the disadvantages of the current Monte Carlo methods,
future work should explore improved Monte Carlo methods. The
performance of the analytic approach can also be further improved in
future work. The likelihood and pathwise methods used in Joshi and Kainth
(2004) can be explored for calculating the default delta sensitivity of CDO.

NOTE

1. This assumption effectively puts any loss at the beginning of the CDO as zero,
since any loss within [T0, T1] is paid at T1.

REFERENCES

Andersen, L., & Sidenius, J. (2004). Extensions to the Gaussian Copula: Random recovery and

random factor loadings. Journal of Credit Risk, 1(1), 29–70.

Andersen, L., Sidenius, J., & Basu, S. (2003, November). All your hedges in one basket. Risk,

16(11).

Bluhm, C., & Overbeck, L. (2004). Analytic approaches to collateralized debt obligation

modeling. Economic Notes by Banca Monte Dei Paschi di Siena SpA, Vol. 33, Issue 2,

pp. 233–255.

Burtschell, X., Gregory, J., & Laurent, J. P. (2005). A comparative analysis of CDO pricing

models. Available at www.defaultrisk.com/pp_crdrv_71.htm

Chen, R. R., & Zhang, J. (2003). Pricing large credit portfolios with Fourier inversion.

Available at www.rci.rutgers.edu/Brchen/chen_zang.pdf

Duffie, D., & Garleanu, N. (2001). Risk and valuation of collateralized debt obligations.

Available at www.defaultrisk.com/pp_other_11.htm

Empirical Study of Pricing and Hedging Collateralized Debt Obligation 53

 http://www.defaultrisk.com/pp_crdrv_71.htm 
 http://www.rci.rutgers.edu/~rchen/chen_zang.pdf 
 http://www.defaultrisk.com/pp_other_11.htm 


Elizalde, A. (2004). Credit risk models IV: Understanding and pricing CDOs. Available at

http://www.defaultrisk.com/pp_crdrv_85.htm

Finger, C. C. (2004). Issues in the pricing of synthetic CDOs. The Journal of Credit Risk, 1(1),

113–124.

Gibson, M. S. (2004). Understanding the risk of synthetic CDOs. Available at www.

federalreserve.gov/pubs/feds/2004/200436/200436pap.pdf

Hull, J., & White, A. (2004). Valuation of a CDO and an nth to default CDS without Monte

Carlo simulation. Available at www.defaultrisk.com/pp_crdrv_14.htm

Hurd, T. R., & Kuznetsov, A. (2005). Fast CDO computations in the affine Markov China

model. Available at www.defaultrisk.com/pp_crdrv_65.htm

Jarrow, R., & Yu, F. (2001). Counterparty risk and the pricing of defaultable securities. Journal

of Finance, 56, 1765–1799.

Joshi, J., & Kainth, D. (2004). Rapid computation of prices and deltas of nth to default swaps

in the Li-model. Quantitative Finance, 4(3), 266–275.

Kalemanova, A., Schmid, B., & Werner, R. (2005). The normal inverse Gaussian distribution

for synthetic CDO pricing. Available at www.defaultrisk.com/pp_crdrv_91.htm

Laurent, J. P., & Gregory, J. (2003). Basket default swaps, CDO’s and factor copulas. Available

at www.defaultrisk.com/pp_crdrv_26.htm

Li, D. (2000). On default correlation: A Copula approach. Journal of Fixed Income, 9, 43–45.

McGinty, L., & Ahluwalia, R. (2004). Introducing base correlation. J.P. Morgan Credit

Derivatives Strategy.

Mina, J., & Stern, E. (2003, Autumn). Examples and applications of closed-form CDO pricing.

Riskmetrics Journal, 4(1).

Morokoff, W. J. (2003). Simulation methods for risk analysis of collateralized debt obligations.

Moody’s KMV, San Francisco, CA.

Peixoto, F. M. (2004). Valuation of a homogeneous collateralized debt. Available at

www.Fabiopeixoto.com/papers/CDOessay.pdf

Rydberg, T. (1996). The normal inverse Gaussian Lévy process: Simulations and approximation.
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THE SKEWED t DISTRIBUTION FOR

PORTFOLIO CREDIT RISK

Wenbo Hu and Alec N. Kercheval

ABSTRACT

Portfolio credit derivatives, such as basket credit default swaps (basket
CDS), require for their pricing an estimation of the dependence structure
of defaults, which is known to exhibit tail dependence as reflected in
observed default contagion. A popular model with this property is the
(Student’s) t-copula; unfortunately there is no fast method to calibrate
the degree of freedom parameter.

In this paper, within the framework of Schönbucher’s copula-based
trigger-variable model for basket CDS pricing, we propose instead to
calibrate the full multivariate t distribution. We describe a version of the
expectation-maximization algorithm that provides very fast calibration
speeds compared to the current copula-based alternatives.

The algorithm generalizes easily to the more flexible skewed t distribu-
tions. To our knowledge, we are the first to use the skewed t distribution in
this context.

1. INTRODUCTION

For portfolio risk modeling and basket derivative pricing, it is essential
to understand the dependence structure of prices, default times, or other
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asset-related variables. This structure is completely described by the second
moments (the covariance matrix) for jointly normal variables, so practi-
tioners often use the covariance matrix as a simple proxy for multivariate
dependence. However, it is widely acknowledged that prices, returns, and
other financial variables are not normally distributed. They have fat tails,
and exhibit ‘‘tail dependence’’ (see Section 4), in which correlations are
observed to rise during extreme events. Therefore there is a need for
practical uses of more general multivariate distributions to model joint price
behavior. This raises the question of how to choose these distributions, and,
once chosen, how to efficiently calibrate them to data. In this paper, we look
at the multivariate (Student’s) t distribution, which has become a popular
choice because of its heavy tails and non-zero tail dependence, and its
generalization, the skewed t distribution, described, for example, by
Demarta and McNeil (2005) – see Section 2 below.

It has become popular and useful to isolate the dependence structure of a
distribution from the individual marginal distributions by looking at its
copula (see Section 3). Copulas that come from known distributions inherit
their names (e.g., we have the Gaussian copulas, the t copulas, etc.).

There are now many financial applications of copulas. For example,
Di Clemente and Romano (2003b) used copulas to minimize expected
shortfall (ES) in modeling operational risk. Di Clemente and Romano (2004)
applied the same framework in the portfolio optimization of credit default
swaps (CDS). Masala, Menzietti, and Micocci (2004) used the t copula and a
transition matrix with a gamma-distributed hazard rate and a b-distributed
recovery rate to compute the efficient frontier for credit portfolios by
minimizing ES.

The success of copulas greatly depends both on good algorithms for
calibrating the copula itself, and on the availability of a fast algorithm to
calculate the cumulative distribution functions (CDF) and quantiles of the
corresponding one-dimensional marginal distributions.

The calibration of a t copula is very fast if we fix the degree of freedom
parameter n, which in turn is optimized by maximizing a log likelihood;
however, the latter is slow. Detailed algorithms for calibrating t copulas can
be found in the work of many researchers, such as Di Clemente and
Romano (2003a), Demarta and McNeil (2005), Mashal and Naldi (2002),
and Galiani (2003).

The calibration of a t copula is (by definition) separate from the calibra-
tion of marginal distributions. It is generally suggested to use the empirical
distributions to fit the margins, but empirical distributions tend to have poor
performance in the tails. A hybrid of the parametric and non-parametric
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methods considers the use of the empirical distribution in the center and a
generalized Pareto distribution (GPD) in the tails. Some use a Gaussian
distribution in the center. To model multivariate losses, Di Clemente and
Romano (2003a) used a t copula and Gaussian distribution in the center and
left tail and a GPD in the right tail for the margins. We will be able to avoid
these issues because we can effectively calibrate the full distribution directly
by using t or skewed t distributions.

In this paper, the primary application we have in mind is portfolio credit
risk – specifically, the pricing of multiname credit derivatives such as kth-to-
default basket credit default swaps (basket CDS).

For this problem, the most important issue is the correlation structure
among the default obligors as described by the copula of their default times.
Unfortunately, defaults are rarely observed, so it is difficult to calibrate their
correlations directly. In this paper, we follow Cherubini, Luciano, and
Vecchiato (2004) and use the distribution of daily equity prices to proxy the
dependence structure of default times (see Section 6.2 below).

Several groups have discussed the pricing of basket CDS and CDO via
copulas, such as Galiani (2003), Mashal and Naldi (2002), and Meneguzzo
and Vecciato (2003), among others. However, in this paper, we find that
calibrating the full joint distribution is much faster than calibrating the
copula separately, because of the availability of the expectation-maximization
(EM) algorithm discussed below.

In Hu (2005), we looked at the large family of generalized hyperbolic
distributions to model multivariate equity returns by using the EM algorithm
(see Section 2). We showed that the skewed t has better performance and
faster convergence than other generalized hyperbolic distributions. Further-
more, for the t distribution, we have greatly simplified formulas and an even
faster algorithm. For the t copula, there is still no good method to calibrate
the degree of freedom n except to find it by direct search. The calibration of
a t copula takes days while the calibration of a skewed t or t distribution via
the EM algorithm takes minutes. To our knowledge, we are the first to
directly calibrate the skewed t or t distributions to price basket CDS.

This paper is organized as follows. In Section 2, we introduce the skewed
t distribution from the normal mean-variance mixture family and provide
a version of the EM algorithm to calibrate it, including the limiting
t distribution. We give an introduction to copulas in Section 3, and review
rank correlation and tail dependence in Section 4.

In Section 5, we follow Rutkowski (1999) to review the reduced form
approach to single name credit risk. In Section 6, we follow Schönbucher
(2003) to provide our model setup for calculating default probabilities for
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the kth to default using a copula-based trigger-variable method. There we
also discuss the calibration problem.

In Section 7, we apply all the previous ideas to describe a method for pricing
basket CDS. We illustrate how selecting model copulas with different tail
dependence coefficients (TDCs) influences the relative probabilities of first and
last to default (FTD and LTD). We then argue that calibrating the skewed t
distribution is the best and fastest approach, among the common alternatives.

2. SKEWED t DISTRIBUTIONS AND

THE EM ALGORITHM

2.1. Skewed t and t Distributions

Definition 1 Inverse Gamma Distribution. The random variable X has
an inverse gamma distribution, written XBInverseGamma(a, b), if its
probability density function is

f ðxÞ ¼
bax�a�1e�b=x

GðaÞ
; x40; a40; b40 (1)

where G is the usual gamma function.

We have the following standard formulas:

EðXÞ ¼
b

a� 1
; if a41 (2)

VarðXÞ ¼
b2

ða� 1Þ2ða� 2Þ
; if a42 (3)

EðlogðXÞÞ ¼ logðbÞ � cðaÞ (4)

where

cðxÞ ¼
dlogðGðxÞÞ

dx
(5)

is the digamma function.
The skewed t distribution is a subfamily of the generalized hyperbolic

distributions – see McNeil, Frey, and Embrechts (2005), who suggested the
name ‘‘skewed t.’’ It can be represented as a normal mean–variance mixture,
where the mixture variable is inverse gamma distributed.
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Definition 2 Normal Mean–Variance Mixture Representation of Skewed

t Distribution. Let l and c be parameter vectors in Rd , S be a d	 d real
positive semidefinite matrix, and nW 2. The d-dimensional skewed
t distributed random vector X, which is denoted by

X 
 Skewed Tdðn;l;S; cÞ

is a multivariate normal mean–variance mixture variable with distribution
given by

X¼
d

lþWcþ
ffiffiffiffiffiffi
W
p

Z (6)

where ZBNd (0, S), the multivariate normal with mean 0 and covariance
S; WBInverseGamma(n/2, n/2); and W is independent of Z.

Here, l are location parameters, c are skewness parameters, and n is the
degree of freedom.

From the definition, we can see that

XjW 
 NdðlþWc;WSÞ (7)

This is also why it is called a normal mean–variance mixture distribution.
We can get the following moment formulas easily from the mixture
definition:

EðXÞ ¼ lþ EðWÞc (8)

COVðXÞ ¼ EðWÞSþ varðWÞcc0 (9)

when the mixture variable W has finite variance var(W).

Definition 3. Setting c equal to zero in Definition 2 defines the
multivariate t distribution,

X¼
d

lþ
ffiffiffiffiffiffi
W
p

Z (10)

For convenience, we next give the density functions of these distributions.
Denoting by Kl(x), xW0, the modified Bessel function of the third kind,
with index l is:

KlðxÞ ¼
1

2

Z 1
0

yl�1e�ðx=2Þðyþy
�1Þdy
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The following formula may be computed using Eq. (7), and is given in
McNeil et al. (2005).

Proposition 1 Skewed t Distribution. Let X be skewed t distributed, and
define

rðxÞ ¼ ðx� lÞ0S�1ðx� lÞ (11)

Then the joint density function of X is given by

f ðxÞ ¼ c
K ðnþdÞ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ rðxÞÞðc0S�1cÞ

p	 

eðx�lÞ0S�1cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðnþ rðxÞÞðc0S�1cÞ�ðnþdÞ=2ð1þ ðrðxÞ=nÞÞðnþdÞ=2
q (12)

where the normalizing constant is

c ¼
21�ððnþdÞ=2Þ

Gðn=2ÞðpnÞd=2 Sj j1=2

The mean and covariance of a skewed t distributed random vector X are

EðXÞ ¼ lþ c
n

n� 2
(13)

COVðXÞ ¼
n

n� 2
Sþ cc0

2n2

ðn� 2Þ2ðn� 4Þ
(14)

where the covariance matrix is only defined when nW4, and the expectation
only when nW2.

Furthermore, in the limit as c-0 we get the joint density function of the t
distribution:

f ðxÞ ¼
Gððnþ dÞ=2Þ

Gðn=2ÞðpnÞd=2 Sj j1=2
1þ

rðxÞ
n

� ��ðnþdÞ=2
(15)

The mean and covariance of a t distributed random vector X are

EðXÞ ¼ l (16)

COVðXÞ ¼
n

n� 2
S (17)
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2.2. Calibration of t and Skewed t Distributions Using the EM Algorithm

The mean–variance representation of the skewed t distribution has a great
advantage: the so-called EM algorithm can be applied to such a
representation. See McNeil et al. (2005) for a general discussion of this
algorithm for calibrating generalized hyperbolic distributions.

The EM algorithm is a two-step iterative process in which (the E-step) an
expected log likelihood function is calculated using current parameter
values, and then (the M-step) this function is maximized to produce updated
parameter values. After each E and M step, the log likelihood is increased,
and the method converges to a maximum log likelihood estimate of the
distribution parameters.

What helps this along is that the skewed t distribution can be represented
as a conditional normal distribution, so most of the parameters (S, l, c) can
be calibrated, conditional on W, like a Gaussian distribution. We give a
brief summary of our version of the EM algorithms for skewed t and t
distributions here. Detailed derivations, along with comparisons to other
versions, can be found in Hu (2005).

To explain the idea, suppose we have i.i.d. data x1; . . . ; xn 2 Rd that we
want to fit to a skewed t distribution.

We seek parameters h ¼ (n, l, S, c) to maximize the log likelihood

log Lðh; x1; x2; . . . ; xnÞ ¼
Xn
i¼1

log f ðxi; hÞ

where f( � ; h) denotes the skewed t density function.
The method is motivated by the observation that if the latent variables

w1, . . . ,wn were observable, our optimization would be straightforward.
We define the augmented log-likelihood function

log ~L ðh; x1; . . . ; xn; w1; . . . ; wnÞ ¼
Xn
i¼1

log f X ;W ðxi; wi; hÞ

¼
Xn
i¼1

log f X jW ðxijwi; l; S; cÞ

þ
Xn
i¼1

log hW ðwi; nÞ

where f X jW ð�jw; l;S; cÞ is the conditional normal N(l+oc, oS) and hW
( � ; n) is the density of InverseGamma (n/2, n/2).
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These two terms could be maximized separately if the latent variables
were observable. Since they are not, the method is instead to maximize the
expected value of the augmented log-likelihood ~L conditional on the data
and on an estimate of the parameters h. We must condition on the
parameters because the distribution of the latent variables depends on the
parameters. This produces an updated guess for the parameters, which we
then use to repeat the process until convergence.

To be more explicit, suppose we have a step k parameter estimate h[k].
We carry out the following steps.

� E-step: Compute an objective function

Qðh; h½k�Þ ¼ Eðlog ~Lðh; x1; . . . ; xn; W1; . . . ; WnÞjx1; . . . ;xn; h½k�Þ

This can be done analytically and requires formulas for quantities
like E(Wi|xi, h[k]), E(1/Wi|xi, h[k]), and E(log Wi|xi, h[k]), which can all be
explicitly derived from the definitions.
� M-step: Maximize Q to find h[k+1].

Using our explicit formulas for the skewed t distribution, we can
compute the expectation and the subsequent maximum h explicitly. Below
we summarize the resulting formulas needed for directly implementing
this algorithm.

We will use a superscript in square brackets to denote the iteration
counter. Given, at the kth step, parameter estimates n[k], S[k], l[k], and c[k],
let, for i=1, . . . , n,

r½k�i ¼ ðxi � l½k�Þ0ðS½k�Þ�1ðxi � l½k�Þ

Define the auxiliary variables y½k�i ; Z
½k�
i , and x½k�i by

y½k�i ¼
r½k�i þ n½k�

c½k�
0

S½k�
�1

c½k�

 !�1=2 K ðvþdþ2Þ=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr½k�i þ n½k�Þðc½k�0S½k�

�1

c½k�Þ

q� �

K ðnþdÞ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr½k�i þ n½k�Þðc½k�0S½k�

�1

c½k�Þ

q� � (18)

Z½k�i ¼
r½k�i þ n½k�

c½k�
0

S½k�
�1

c½k�

 !1=2 K ðvþd�2Þ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr½k�i þ n½k�Þðc½k�0S½k�

�1

c½k�Þ

q� �

K ðnþdÞ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr½k�i þ n½k�Þðc½k�0S½k�

�1

c½k�Þ

q� � (19)
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x½k�i ¼
1

2
log

r½k�i þ n½k�

c½k�
0

S½k�
�1

c½k�

 !

þ

@K�ððnþdÞ=2Þþa

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr½k�i þ n½k�Þðc½k�0S½k�

�1

c½k�Þ

q� �.
@a

� �
aj ¼0

K ðnþdÞ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr½k�i þ n½k�Þðc½k�0S½k�

�1

c½k�Þ

q� �
(20)

In the special case of the multivariate t distributions, we have simpler
forms for above formulas:

y½k�i ¼
n½k� þ d

r½k�i þ n½k�
(21)

Z½k�i ¼
r½k�i þ n½k�

n½k� þ d � 2
(22)

x½k�i ¼ log
r½k�i þ n½k�

2

 !
� c

d þ v½k�

2

� �
(23)

Let us denote

�y ¼
1

n

Xn
1

yi; �Z ¼
1

n

Xn
1

Zi; �x ¼
1

n

Xn
1

xi (24)

Algorithm 1. EM algorithm for calibrating the t and skewed t
distributions

1. Set the iteration counter k ¼ 1. Select staring values for, n[1], c[1], l[1],
and S[1]. Reasonable starting value for mean and dispersion matrix are
the sample mean and sample covariance matrix.

2. Calculate y½k�i ; Z
½k�
i , and x½k�i and their averages �y; �Z, and �x.

3. Update c, l, and S according to

c½kþ1� ¼
n�1
Pn

i¼1y
½k�
i ð �x� xiÞ

�y
½k�
�Z½k� � 1

(25)

l½kþ1� ¼
n�1
Pn

i¼1y
½k�
i xi � c½kþ1�

�y
½k�

(26)
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S½kþ1� ¼
1

n

Xn
i¼1

y½k�i ðxi � l½kþ1�Þðxi � l½kþ1�Þ0 � �Z½k�c½kþ1�c½kþ1�
0

(27)

4. Compute n[k+1] by numerically solving the equation

�c
n
2

	 

þ log

n
2

	 

þ 1� �x

½k�
� �y
½k�
¼ 0 (28)

5. Set counter k :¼ k+1 and go back to step 2 unless the relative
increment of log likelihood is small and in this case, we terminate the
iteration.

The result of this algorithm is an estimate of the maximum likelihood
parameter values for the given data.

3. COPULAS

Copulas are used to describe the dependence structure of a multivariate
distribution, which is well discussed in Nelsen (1999). One of the definitions
can be found in Li (1999), the first one to use copulas to price portfolio
credit risk.

Definition 4 Copula Functions. U is a uniform random variable if it has a
uniform distribution on the interval [0, 1].

For d uniform random variables U1;U2; . . . ;Ud , the joint distribution
function C, defined as

Cðu1; u2; . . . ; udÞ ¼ P½U1 � u1; U2 � u2; . . . ;Ud � ud �

is called a copula function.

Proposition 2 Sklar’s Theorem. Let F be a joint distribution function with
margins F1, F2, . . . ,Fd, then there exists a copula C such that for all
ðx1;x2; . . . ; xdÞ 2 Rd ,

Fðx1;x2; . . . ; xdÞ ¼ CðF1ðx1Þ;F2ðx2Þ; . . . ; FdðxdÞÞ (29)

If F1, F2, . . . , Fd are continuous, then C is unique. Conversely, if C is a
copula and F1, F2, . . . , Fd are distribution functions, then the function
F defined by Eq. (29) is a joint distribution function with margins
F1, F2, . . . , Fd.
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Corollary 1. If F1, F2, . . . , Fm are continuous, then, for any (u1, . . . , um)A
[0, 1]m we have

Cðu1; u2; . . . ; umÞ ¼ FðF �11 ðu1Þ;F
�1
2 ðu2Þ; . . . ; F

�1
m ðumÞÞ (30)

where F �1i ðuiÞ denotes the inverse of the CDF, namely, for ui 2 ½0; 1� ;
F�1i ðuiÞ ¼ inffx : FiðxÞ � uig.

The name copula means a function that couples a joint distribution
function to its marginal distributions. If X1, X2, . . . ,Xd, are random varia-
bles with distributions F1, F2, . . . ,Fd, respectively, and a joint distribution F,
then the corresponding copula C is also called the copula of X1, X2, . . . , Xd,
and (U1, U2, . . . , Ud) ¼ (F1(X1), F2(X2), . . . , Fd (Xd)) also has copula C. We
will use this property to price basket CDS later.

We often assume the marginal distributions to be empirical distributions.
Suppose that the sample data is xi ¼ (xi,1, . . . , xi,d), where i ¼ 1, . . . , n, then
we may take the empirical estimator of jth marginal distribution function
to be

F̂ jðxÞ ¼

Pn
i¼1I fxi;j�xg

nþ 1
(31)

(Demarta and McNeil (2005) suggested dividing by n+1 to keep the
estimation away from the boundary 1.) By using different copulas and
empirical or other margins, we can create a rich family of multivariate
distributions. It is not required that the margins and joint distribution be the
same type of distribution.

Two types of copulas are widely used: Archimedean copulas and elliptical
copulas. Archimedean copulas form a rich family of examples of bivariate
copulas, including the well-known Frank, Gumbel, and Clayton copulas.
These have only one parameter and are easy to calibrate. However, the
usefulness of Archimedean copulas of more than two variables is quite
limited: they have only one or two parameters, and enforce a lot of
symmetry in the dependence structure, such as bivariate exchangeability,
that is unrealistic for a portfolio of heterogeneous firms. Therefore, we now
restrict attention to the elliptical copulas, which are created from
multivariate elliptical distributions, such as the Gaussian and t distributions,
and their immediate generalizations, such as the skewed t copula.

Definition 5 Multivariate Gaussian Copula. Let R be a positive semi-
definite matrix with diag(R) ¼ 1 and let FR be the standardized
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multivariate normal distribution function with correlation matrix R. Then
the multivariate Gaussian copula is defined as

Cðu1; u2; . . . ; um; RÞ ¼ FRðF�1ðu1Þ; F�1ðu2Þ; . . . ;F�1ðumÞÞ (32)

where F�1ðuÞ denotes the inverse of the standard univariate normal CDF.

Definition 6 Multivariate t Copula. Let R be a positive semidefinite matrix
with diag(R) ¼ 1 and let TR;v be the standardized multivariate t
distribution function with correlation matrix R and n degrees of freedom.
Then the multivariate t copula is defined as

Cðu1; u2; . . . ; um; R; nÞ ¼ TR;nðT
�1
n ðu1Þ;T

�1
n ðu2Þ; . . . ; T

�1
n ðumÞÞ (33)

where T �1v ðuÞ denotes the inverse of standard univariate t cumulative
distribution function.

4. MEASURES OF DEPENDENCE

All dependence information is contained in the copula of a distribution.
However, it is helpful to have real-valued measures of the dependence of two
variables. The most familiar example of this is Pearson’s linear correlation
coefficient; however, this does not have the desirable properties we will see
below.

4.1. Rank Correlation

Definition 7 Kendall’s s. Kendall’s t rank correlation for the bivariate
random vector (X, Y) is defined as

tðX ;YÞ ¼ PððX � X̂ÞðY � ŶÞ40Þ � PððX � X̂ÞðY � ŶÞo0Þ (34)

where ðX̂ ; ŶÞ is an independent copy of (X, Y).

As suggested by Meneguzzo and Vecciato (2003), the sample consistent
estimator of Kendall’s t is given by

t̂ ¼

Pn
i;j¼1;ioj sign½ðxi � xjÞðyi � yjÞ�

nðn� 1Þ=2
(35)
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where sign(x) ¼ 1 if xZ0, otherwise sign(x) ¼ 0, and n is the number of
observations.

In the case of elliptical distributions, Lindskog, McNeil, and Schmock
(2003) showed that

tðX ;YÞ ¼
2

p
arcsinðrÞ (36)

where r is Pearson’s linear correlation coefficient between random variables
X and Y. However, Kendall’s t is more useful in discussions of dependence
structure because it depends in general only on the copula of (X, Y) (Nelsen,
1999):

tðX ;YÞ ¼ 4

ZZ
½0;1�2

Cðu; vÞdCðu; vÞ � 1 (37)

It has nothing to do with the marginal distributions. Sometimes, we may
need the following formula

tðX ;YÞ ¼ 1� 4

ZZ
½0;1�2

Cuðu; vÞCvðu; vÞdudv (38)

where Cu denotes the partial derivative of C(u, v) with respect to u and Cv

denotes the partial derivative of C(u, v) with respect to v.

Proposition 3 Copula of Transformations. (Nelsen, 1999). Let X and Y be
continuous random variables with copula CXY. If both a(X) and b(Y) are
strictly increasing on RanX and RanY, respectively, then Ca(X)b(Y) ¼ CXY.
If both a(X) and b(Y) are strictly decreasing on RanX and RanY,
respectively, then CaðXÞbðYÞðu; vÞ ¼ uþ v� 1þ CXY ð1� u; 1� vÞ.

Corollary 2 Invariance of Kendall’s s under Monotone Transformation. Let
X and Y be continuous random variables with copula CXY. If both a(X)
and b(Y) are strictly increasing or strictly decreasing on RanX and RanY,
respectively, then taðXÞbðYÞ ¼ tXY .

Proof. We just need to show the second part. If both a(X) and b(Y) are
strictly decreasing, then CaðXÞbðYÞðu; vÞ ¼ uþ v� 1þ CXY ð1� u; 1� vÞ.
From Eq. (38), we have

taðXÞbðYÞ ¼ 1� 4

ZZ
½0;1�2
ð1� C1ð1� u; 1� vÞÞð1� C2ð1� u; 1� vÞÞdudv
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where Ci denotes the partial derivative with respect to ith variable to
avoid confusion. By replacing (1�u) by x and (1�v) by y, we have

taðXÞbðYÞ ¼ 1� 4

ZZ
½0;1�2
ð1� C1ðx; yÞÞð1� C2ðx; yÞÞdxdy

Since

ZZ
½0;1�2

C1ðx; yÞdxdy ¼

Z
½0;1�

ydy ¼ 0:5

we have taðXÞbðYÞ ¼ tXY . �

These results are the foundation of modeling of default correlation in the
pricing of portfolio credit risk. From now on, when we talk about
correlation, we will mean Kendall’s t rank correlation.

4.2. Tail Dependence

Corresponding to the heavy tail property in univariate distributions,
tail dependence is used to model the co-occurrence of extreme events. For
credit risk, this is the phenomenon of default contagion. Realistic port-
folio credit risk models should exhibit positive tail dependence, as defined
next.

Definition 8 Tail Dependence Coefficient. Let (X1, X2) be a bivariate
vector of continuous random variables with marginal distribution
functions F1 and F2. The level of upper tail dependence lU and lower
tail dependence lL are given, respectively, by

lU ¼ lim
u"1

P½X24F �12 ðuÞjX14F �11 ðuÞ� (39)

lL ¼ lim
u#0

P½X2 � F �12 ðuÞjX1 � F �11 ðuÞ� (40)

If lUW 0, then the two random variables (X1, X2) are said to be
asymptotically dependent in the upper tail. If lU ¼ 0, then (X1, X2)
are asymptotically independent in the upper tail. Similarly for lL and the
lower tail.
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Joe (1997) gave the copula version of TDC,

lU ¼ lim
u"1

½1� 2uþ Cðu; uÞ�

1� u
(41)

lL ¼ lim
u#0

Cðu; uÞ

u
(42)

For elliptical copulas, lU ¼ lL, denoted simply by l. Embrechts,
Lindskog, and McNeil (2003) showed that for a Gaussian copula, l ¼ 0,
and for a t copula,

l ¼ 2� 2tvþ1
ffiffiffiffiffiffiffiffiffiffiffi
nþ 1
p

ffiffiffiffiffiffiffiffiffiffiffi
1� r
pffiffiffiffiffiffiffiffiffiffiffi
1þ r
p

� �
(43)

where r is the Pearson correlation coefficient. We can see that l is an
increasing function of r and a decreasing function of the degree of freedom n.

The t copula is a tail dependent copula. We can see the difference of the
tail dependence between Gaussian copulas and t copulas from Fig. 1.

5. SINGLE NAME CREDIT RISK

Before looking at the dependence structure of defaults for a portfolio, we
first review the so-called reduced form approach to single firm credit risk,
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Student copula with tau 0.5 and v 6

Fig. 1. One-Thousand Samples of Gaussian and t Copula with Kendall’s t ¼ 0.5.

There are More Points in Both Corners for the t Copula.
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sometimes called stochastic intensity modeling. We follow the approach of
Rutkowski (1999).

5.1. Defaultable Bond Pricing

Suppose that t is the default time of a firm. Let Ht ¼ I t�t, and Ht ¼ sðHs :
s � tÞ denote the default time information filtration. We denote by F the
right-continuous CDF of t, that is, F(t)=P(trt).

Definition 9 Hazard Function. The function G : Rþ ! Rþ given by

GðtÞ ¼ � logð1� FðtÞÞ; 8t 2 Rþ (44)

is called the hazard function. If F is absolutely continuous, that is,
FðtÞ ¼

R t
0
f ðuÞdu, where f is the probability density function of t, then so is

GðtÞ, and we define the intensity function

lðtÞ ¼ G0ðtÞ

It is easy to check that

FðtÞ ¼ 1� e
�
R t

0
lðuÞdu

(45)

and

f ðtÞ ¼ lðtÞSðtÞ (46)

where SðtÞ ¼ 1� FðtÞ ¼ e
�
R t

0
lðuÞdu

is called the survival function.
For simplicity, we suppose the risk free short interest rate r(t) is a non-

negative deterministic function, so that the price at time t of a unit of default

free zero-coupon bond with maturity T equals Bðt;TÞ ¼ e
�
R T

t
rðuÞdu

.
Suppose now we have a defaultable zero-coupon bond that pays c at

maturity T if there is no default, or pays a recovery amount h(t) if there is a
default at time toT. The time t present value of the bond’s payoff,
therefore, is

Yt ¼ I ftot�TghðtÞe
�
R t

t
rðuÞdu
þ I ft4Tgce

�
R T

t
rðuÞdu

When the only information is contained in the default filtration Ht, we
have the following pricing formula.
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Proposition 4. Rutkowski (1999). Assume that trT, and Yt is defined as
above. If G(t) is absolutely continuous, then

EðYtjHtÞ ¼ I ft4tg

Z T

t

hðuÞlðuÞe�
R u

t
r̂ðvÞdv

duþ ce
�
R T

t
r̂ðuÞdu

� �
(47)

where r̂ðvÞ ¼ rðvÞ þ lðvÞ.

The first term is the price of the default payment and the second is the
price of the survival payment. Note that in the first term, we have used
Eq. (46) to express the probability density function of t. In the case of zero
recovery, the formula tells us that a defaultable bond can be valued as if it
were default free by replacing the interest rate by the sum of the interest rate
and a default intensity, which can be interpreted as a credit spread. We use
this proposition to price basket CDS.

5.2. Credit Default Swaps

A CDS is a contract that provides insurance against the risk of default of a
particular company. The buyer of a CDS contract obtains the right to sell
a particular bond issued by the company for its par value once a default
occurs. The buyer pays to the seller a periodic payment, at time t1, . . . , tn, as
a fraction q of the nominal valueM, until the maturity of the contract T ¼ tn
or until a default at time toT occurs. If a default occurs, the buyer still
needs to pay the accrued payment from the last payment time to the default
time. There are 1/y payments a year (for semiannual payments, y ¼ 1/2),
and every payment is yqM.

5.3. Valuation of Credit Default Swaps

Set the current time t0 ¼ 0. Let us suppose the only information available
is the default information, interest rates are deterministic, the recovery
rate R is a constant, and the expectation operator E( � ) is relative to a
risk neutral measure. We use Proposition 4 to get the premium leg (PL),
accrued payment (AP), and default leg (DL). PL is the present value
of periodic payments and AP is the present value of the accumulated
amount from last payment to default time. The DL is the present value of
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the net gain to the buyer in case of default. We have

PL ¼Myq
Xn
i¼1

EðBð0; tiÞIft4tigÞ

¼Myq
Xn
i¼1

Bð0; tiÞe
�
R ti

0
lðuÞdu

ð48Þ

AP ¼Myq
Xn
i¼1

E
t� ti�1

ti � ti�1
Bð0; tÞIfti�1ot � tig

� �

¼Myq
Xn
i¼1

Z ti

ti�1

u� ti�1

ti � ti�1
Bð0; uÞlðuÞe�

R u

0
lðsÞds

du ð49Þ

DL ¼Mð1� RÞEðBð0; tÞI ft�TgÞ

¼Mð1� RÞ

Z T

0

Bð0; uÞlðuÞe�
R u

0
lðsÞds

du ð50Þ

The spread price q� is the value of q such that the value of the CDS is
zero,

PLðqnÞ þAPðqnÞ ¼ DL (51)

5.4. Calibration of Default Intensity: Illustration

As Hull (2002) points out, the CDS market is so liquid that we can use CDS
spread data to calibrate the default intensity using Eq. (51).

In Table 1, we have credit default spread prices for five companies on
07/02/2004 from GFI (http://www.gfigroup.com). The spread price is
quoted in basis points. It is the annualized payment made by the buyer of
the CDS per dollar of nominal value. The mid price is the average of bid
price and ask price.

We denote the maturities of the CDS contracts as (T1, . . . , T5) ¼
(1, 2, 3, 4, 5). It is usually assumed that the default intensity is a step
function, with step size of 1 year, expressed in the following form (where
T0 ¼ 0),

lðtÞ ¼
X5
i¼1

ciI ðTi�1;TiÞðtÞ (52)

WENBO HU AND ALEC N. KERCHEVAL72

 http://www.gfigroup.com 


We can get c1 by using the 1-year CDS spread price first. Knowing c1, we
can estimate c2 using the 2-year CDS spread price. Following this
procedure, we can estimate all the constants ci for the default intensity.

In our calibration, we assume a recovery rate R of 0.4, a constant risk free
interest rate of 0.045, and semiannual payments (y ¼ 1/2). In this setting, we
can get PL, AP, and DL explicitly. The calibrated default intensity is shown
in Table 2.

6. PORTFOLIO CREDIT RISK

6.1. Setup

Our setup for portfolio credit risk is to use default trigger variables for the
survival functions (Schönbucher & Schubert, 2001), as a means of
introducing default dependencies through a specified copula.

Suppose we are standing at time t ¼ 0.

Model Setup and Assumptions. Suppose there are d firms. For each
obligor 1rird, we define

Table 1. Credit Default Swap Mid Price Quote (Where Year 1, . . . ,
Year 5 Mean Maturities).

Company Year 1 Year 2 Year 3 Year 4 Year 5

AT&T 144 144 208 272 330

Bell South 12 18 24 33 43

Century Tel 59 76 92 108 136

SBC 15 23 31 39 47.5

Sprint 57 61 66 83 100

Table 2. Calibrated Default Intensity.

Company Year 1 Year 2 Year 3 Year 4 Year 5

AT&T 0.0237 0.0237 0.0599 0.0893 0.1198

Bell South 0.0020 0.0040 0.0061 0.0105 0.0149

Century Tel 0.0097 0.0155 0.0210 0.0271 0.0469

SBC 0.0025 0.0052 0.0080 0.0109 0.0144

Sprint 0.0094 0.0108 0.0127 0.0235 0.0304
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1. The default intensity li(t): A deterministic function. We usually assume
it to be a step function.

2. The survival function Si(t):

SiðtÞ :¼ exp �

Z t

0

liðuÞdu
� �

(53)

3. The default trigger variables Ui: Uniform random variables on [0, 1].
The d-dimensional vector U ¼ (U1, U2, . . . , Ud) is distributed accord-
ing to the d-dimensional copula C (see Definition 4).

4. The time of default ti of obligor i, where i ¼ 1, . . . , d,

ti :¼ infft : SiðtÞ � 1�Uig (54)

The copula C of U is also called the survival copula of 1�U. (See
Georges, Lamy, Nicolas, Quibel, and Roncalli (2001) for more details about
survival copulas.)

From Eq. (54), we can see that the default time ti is a increasing function
of the uniform random variable Ui, so the rank correlation Kendall’s s

between default times is the same as the Kendall’s s between the uniform
random variables, and the copula of s equals the copula of U. Equivalently,
the copula of 1�U, is the survival copula of s.

Define the default function, Fi(t) ¼ 1�Si(t).

Theorem 1 Joint Default Probabilities. The joint default probabilities of
(t1, t2, . . . , td) are given by

P½t1 � T1; t2 � T2; . . . ; td � Td � ¼ CðF1ðT1Þ; . . . ;F
dðTdÞÞ (55)

Proof. From the definition of default in Eq. (54), we have

P½t1 � T1; . . . ; td � Td � ¼ P½1�U1 � S1ðT1Þ; . . . ; 1�Ud � Sd ðTdÞ�

By the definition of the copula C of U we have

P½t1 � T1; . . . ; td � Td � ¼ CðF1ðT1Þ; . . . ;F
dðTdÞÞ ’

6.2. Calibration

In the preceding setup, two kinds of quantities need to be calibrated: the
default intensities li(t) and the default time copula C. Calibration of the

WENBO HU AND ALEC N. KERCHEVAL74



default intensities can be accomplished using the single name credit default
spreads visible in the market, as described below in Section 7. However,
calibration of the default time copula C is difficult. Indeed, it is a central and
fundamental problem for portfolio credit risk modeling to properly calibrate
correlations of default times. The trouble is that data are scarce – for
example, a given basket of blue chips may not have any defaults at all in
recent history. In contrast, calibration using market prices of basket CDS is
hampered by the lack of a liquid market with observable prices. Even if
frequently traded basket CDS prices were observable, we would need many
different basket combinations in order to extract full correlation informa-
tion among all the names. Therefore, in the modeling process we need to
choose some way of proxying the required data. McNeil et al. (2005) report
that asset price correlations are commonly used as a proxy for default time
correlations. This is also the approach taken by Cherubini et al. (2004), who
remark that it is consistent with most market practice.

From the perspective of Merton-style value threshold models of default,
it makes sense to use firm value correlations, since downward value
co-movements will be associated with co-defaults. However, firm values are
frequently not available, so asset prices can be used instead – even if, as
Schönbucher (2003) points out, liquidity effects may lead to higher
correlations for asset prices than for firm values.

Another way to simplify this calibration problem is to restrict to a family
of copulas with only a small number of parameters, such as Archimedean
copulas. Because this introduces too much symmetry among the assets, we
choose instead to use asset price correlations as a proxy for default time
correlations in this paper. This specific choice does not affect our
conclusions, which apply to calibrating the copula of any asset-specific
data set chosen to represent default time dependence.

A good choice of copula family for calibration is the t-copula, because it
naturally incorporates default contagion through tail dependence, which is
not present in the Gaussian copula. An even better choice is the skewed
t-copula, for which the upper and lower tail dependence need not be equal.

When applying this copula approach, a direct calibration of the t-copula
or skewed t-copula is time-consuming because there is no fast method of
finding the degree of freedom n except by looping. Instead, we will show that
it is much faster to find the copula by calibrating the full multivariate
distribution and extracting the implied copula, as in Eq. (33). This may seem
counterintuitive, since the full distribution also contains the marginals
as well as the dependence structure. However, for calibrating the full
distribution function, we have at our disposal the fast EM algorithm; we
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know of no corresponding algorithm for the copula alone. Moreover, we
will see that the marginals are needed anyway to construct uniform variates.
If they are not provided as a by-product of calibrating the full distribution,
they need to be separately estimated.

7. PRICING OF BASKET CREDIT DEFAULT SWAPS:

ELLIPTICAL COPULAS VERSUS THE SKEWED

t DISTRIBUTION

7.1. Basket CDS Contracts

We now address the problem of basket CDS pricing. For ease of illustration we
will look at a 5-year basket CDS, where the basket contains the five firms used
in Section 5.4; other maturities and basket sizes are treated in the same way.

All the settings are the same as the single CDS except that the default
event is triggered by the kth default in the basket, where k is the seniority
level of this structure, specified in the contract. The seller of the basket CDS
will face the default payment upon the kth default, and the buyer will pay
the spread price until kth default or until maturity T. Let (t1, . . . , t5) denote
the default order.

The premium leg, accrued payment, and default leg are

PL ¼Myq
Xn
i¼1

EðBð0; tiÞIftk4tigÞ (56)

AP ¼Myq
Xn
i¼1

E
tk � ti�1

ti � ti�1
Bð0; tkÞIfti�1otk � tig

� �
(57)

DL ¼Mð1� RÞEðBð0; tÞI ftk�TgÞ (58)

The spread price q� is the q such that the value of CDS is zero, that is,

PLðqnÞ þAPðqnÞ ¼ DL (59)

7.2. Pricing Method

To solve this equation, we now need the distribution of tk, the time of the
kth default in the basket, so that we can evaluate the foregoing expectations.
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To do this, we need all the preceding tools of this paper. Here is a summary
of the steps:

1. Select firm-specific critical variables X whose dependence structure will
proxy for the dependence structure of default times. (In the study below
we use equity prices.)

2. Calibrate the copula C of X from a selected parametric family of copulas
or distributions, such as the t copula or the skewed t distribution. In the
distribution case, use the EM algorithm.

3. Separately, calibrate deterministic default intensities from single name
CDS spread quotes, as in Section 5.

4. Use the default intensities to calculate survival functions Si(t) for each of
the firms, using Eq. (53).

5. Using the copula C, develop the distribution of kth-to-default times by
Monte Carlo sampling of many scenarios, as follows. In each scenario,
choose a sample value of U from the copula C. Use Eq. (54) to determine
the default time for each firm in this scenario. Order these times from first
to last to define t1, . . . , t5. By repeating this simulation over many
scenarios, we can develop a simulated unconditional distribution of each
of the kth-to-default times tk.

6. Use these distributions to compute the expectations in Eq. (59) in order
to solve for the basket CDS spread price q�.

7.3. The Distribution of kth-to-Default Times

Before describing our empirical results for this basket CDS pricing method,
we elaborate a little on item 5 above, and examine via some experiments how
the distributions depend on the choice of copula, comparing four different
commonly used bivariate copulas: Gaussian, t, Clayton, and Gumbel.

To simplify the picture, we assume there are two idealized firms, with
Kendall’s t ¼ 0.5 for all copulas. We take a 5-year horizon and set the default
intensity of the first firm to be a constant 0.05 and 0.03 for the second firm.We
want to look at FTD and LTD probabilities at different times before maturity.

7.3.1. Algorithm
We calculated the kth to default probabilities using the following procedure:

1. Use Matlabt copula toolbox 1.0 to simulate Gaussian, t, Clayton, and
Gumbel copulas uniform variables ui,j with the same Kendall’s t
correlation, where i ¼ 1, 2, j ¼ 1, . . . , n, and n is the number of samples.
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2. From Eq. (54), we get ti,j and sort according to column. The kth row is a
series of kth to default times tki .

3. Divide the interval from year 0 to year 5 into 500 small sub-intervals.
Count the number of tki values that fall into each sub-interval and divide
by the number of samples to get the default probabilities for each small
sub-interval, and hence an approximate probability density function.

In the following, we illustrate results for FTD and LTD using
n ¼ 1,000,000 samples.

7.3.2. Empirical Probabilities of Last to Default and First to Default
First, we recall that the t-copula is both upper and lower tail dependent; the
Clayton copula is lower tail dependent, but upper tail independent; the
Gumbel copula is the reverse; and the Gaussian copula is tail independent in
both tails.

We can see from Fig. 2 that a copula function with lower tail dependence
(Clayton copula) leads to the highest default probabilities for LTD, while a
copula function with upper tail dependence (Gumbel copula) leads to the
lowest default probabilities. The tail dependent t-copula leads to higher
default probabilities than tail independent Gaussian copula.
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Fig. 2. Default Probabilities of Last to Default (LTD).
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Default events tend happen when the uniform random variables U are
small (close to 0). Since the LTD requires that both uniform variables in the
basket are small, a lower tail dependent copula will lead to higher LTD
probabilities than a copula without lower tail dependence.

In Fig. 3, we see that the Clayton copula with only lower tail dependence
leads to the lowest FTD probabilities, while the Gumbel copula with only
upper tail dependence leads to the highest FTD probabilities. These results
illustrate the sometimes unexpected relationships between tail dependence
and FTD probabilities.

7.4. Empirical Basket CDS Pricing Comparison

We now use the method described in Section 7.2 to compare two approaches
to the calibration of the copula C. The first approach, popular in the
literature, is to directly calibrate a t copula. Since this copula has tail
dependence, it provides a way to introduce default contagion explicitly into
the model. In order to get uniform variates, we will still need to specify
marginal distributions, which we will take to be the empirical distributions.
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Fig. 3. Default Probabilities of First to Default (FTD).
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The second approach is to calibrate the skewed t distribution using the
EM algorithm described earlier. Calibrating the full distribution frees us
from the need to separately estimate the marginals. Also, the skewed t distri-
bution, has heavier tails than the t distribution, and does not suffer from the
bivariate exchangeability of the t copula, which some argue is an unrealistic
symmetry in the dependence structure of defaults.

In this experiment, we use for our critical variables the equity prices for
the same five underlying stocks as used above: AT&T, Bell South, Century
Tel, SBC, Sprint. We obtained the adjusted daily closing prices from
http://www.finance.yahoo.com for the period 07/02/1998 to 07/02/2004.

7.4.1. Copula Approach
We first use the empirical distribution to model the marginal distributions
and transform the equity prices into uniform variables. Then we can
calibrate the t copula using those variates. For comparison, we also calibrate
a Gaussian copula.

If we fix in advance the degree of freedom n, the calibration of the t copula
is fast – see Di Clemente and Romano (2003a), Demarta and McNeil (2005),
and Galiani (2003). However, we know of no appropriate method to
calibrate the degree of freedom n. With this data, we find the degree of
freedom to be 7.406, which is found by maximizing the log likelihood using
direct search, looping n from 2.001 to 20 with step size 0.001. Each step takes
about 5 s, and the full calibration takes about 24 h (2005 vintage laptop
running Windows XP).

The maximum log likelihood for the Gaussian copula was 936.90, while
for the t copula it was 1043.94, substantially better. After calibration, we
follow the remaining steps of Section 7.2 and report the results in the table
below.

Demarta and McNeil (2005) also suggest using the skewed t copula, but
we were not able to calibrate it directly for this study.

7.4.2. Distribution Approach
We calibrate the multivariate t and skewed t distributions using the EM
algorithm described in Section 2. The calibration is fast compared to the
copula calibration: with the same data and equipment, it takes less than
1min, compared to 24 h for the looping search of n. The calibrated degree of
freedom for both t and skewed t is 4.31. The log likelihood for skewed t and
t are almost the same: 18420.58 and 18420.20, respectively.

Spread prices for the kth to default basket CDS are reported in Table 3.
We can see that lower tail dependent t copula, compared to the Gaussian,
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leads to higher default probability for LTD and lower probability for FTD,
thus leads to higher spread price for LTD and lower spread price for FTD.
The t distribution has almost the same log likelihood and almost the same
spread price of kth to default as the skewed t distribution. Both distributions
lead to higher spread price for LTD and lower spread price for FTD.

The calibration of the t distribution is a superior approach, both because
there is no extra requirement to assume a form for the marginals, and
because the EM algorithm has tremendous speed advantages. Basket CDS
or collateralized debt obligations usually have a large number of securities.
For example, a synthetic CDO called EuroStoxx50 issued on May 18, 2001
has 50 single name CDS on 50 credits that belong to the DJ EuroStoxx50
equity index. In this case, the calibration of a t copula will be extremely slow.

8. SUMMARY AND CONCLUDING REMARKS

We follow Rukowski’s single name credit risk modeling and Schönbucher
and Schubert’s portfolio credit risk copula approach to price basket CDS.

The t copula is widely used in the pricing of basket CDS for its lower tail
dependence. However, we need to specify the marginal distributions first
and calibrate the marginal distributions and copula separately. In addition,
there is no good (fast) method to calibrate the degree of freedom n.

Instead, we suggest using the fast EM algorithm for t distribution and
skewed t distribution calibration, where all the parameters are calibrated
together. To our knowledge, we are the first to suggest calibrating the full
multivariate distribution to price basket CDS with this trigger-variable
approach.

As compared to the Gaussian copula, the t copula leads to higher default
probabilities and spread prices of basket LTD credit default swaps, and
lower default probabilities and spread prices for FTD, because of the
introduction of tail dependence to model default contagion.

Table 3. Spread Price for kth to Default Using Different Models.

Model FTD 2TD 3TD 4TD LTD

Gaussian copula 525.6 141.7 40.4 10.9 2.2

t copula 506.1 143.2 46.9 15.1 3.9

t distribution 498.4 143.2 48.7 16.8 4.5

Skewed t distribution 499.5 143.9 49.3 16.8 4.5
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Both the t distribution and the skewed t distribution lead to yet higher
spread prices of basket LTD credit default swaps and lower spread prices for
FTD than the t copula. This is suggestive of a higher tail dependence of
default times than is reflected in the pure copula approach. Because default
contagion has shown itself to be pronounced during extreme events, we
suspect that this is a more useful model of real default outcomes.

We feel the skewed t distribution has potential to become a powerful tool
for quantitative analysts doing rich-cheap analysis of credit derivatives.
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CREDIT RISK DEPENDENCE

MODELING WITH DYNAMIC

COPULA: AN APPLICATION

TO CDO TRANCHES

Daniel Totouom and Margaret Armstrong

ABSTRACT

We have developed a new family of Archimedean copula processes for
modeling the dynamic dependence between default times in a large
portfolio of names and for pricing synthetic CDO tranches. After
presenting a general procedure for constructing these processes, we focus
on a specific one with lower tail dependence as in the Clayton copula.
Using CDS data as on July 2005, we show that the base correlations given
by this model at the standard detachment points are very similar to those
quoted in the market for a maturity of 5 years.

1. INTRODUCTION

Base correlation, first developed by JP Morgan (McGinty and Ahulwalia,
2004), has become the industry standard for pricing CDO tranches. The
base correlation model is based on The Homogeneous Large Pool Gaussian
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Copula Model, which is a simplified version of the Gaussian copula widely
used in the market. This model is not new, it is a simple methodology that
is almost identical to the original CreditMetrics model (Gupton, Finger, &
Bhatia, 1997). It is a simplified form of earlier one-factor models (Vasicek,
1987). It provides a mapping between CDO tranche prices or spreads and a
single factor correlation surface.

Unfortunately it does not link prices/spreads at different times, which is
needed for pricing different maturities and more importantly for forward
starting CDOs. Ideally we would like a mathematically consistent model of
the dependence structure between default times (as in factor copulas) that
reproduces market prices and spreads (as base correlations do).

Over the past 5 years the factor copulas first proposed by Li (2000) have
been widely used for pricing CDOs (see Andersen & Sidenius, 2005;
Andersen, Sidenius, & Basu, 2003; Gregory & Laurent, 2003; Hull & White,
2003; Burtschell, Gregory, & Laurent, 2005a). Their strong points are that
the pricing is semi-analytic and that the dependence structure between
default times can be specified independent of the marginal credit curves. But
as the CDS market became more liquid, it became clear that a flat
correlation model did not price CDO tranches correctly (see Burtschell,
Gregory, & Laurent, 2005b, for an example). Tests by Burtschell et al.
(2005a) showed that the Clayton copula gave better results than other
copulas, notably the Gaussian and Student’s t. Why is this?

Factor copulas based on the normal distribution (or Student’s t) have
symmetric upper and lower tails. They are effectively saying that defaults
occur in the same way in bull and bear markets. In tough times, one default
tends to trigger others, which is not the case in normal times. The classic
‘‘icecream cone’’ shape of the Clayton copula with its lower tail dependence
(Fig. 1, left) captures this insight; the symmetric Gaussian (normal
distribution) copula (Fig. 1, right) does not. The Clayton copula belongs
to a special family of copulas called Archimedean copulas. While books
have been written about their statistical properties (Nelsen, 1999; Joe, 1997),
very little work has been done on stochastic processes based on them. In this
chapter we present a family of dynamic Archimedean copula processes
suitable for pricing synthetic CDO tranches.

This chapter is organized as follows. In the next section, after giving an
overview of Archimedean copulas we introduce the new family of dynamic
copula processes. In Section 3, we present a specific copula process related to
the Clayton, which is lower tail dependent but not upper tail dependent. In
Section 4 this model is used to price standard CDO tranches assuming a
bullet exposure at maturity (5 years) and a large but not necessarily
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homogeneous portfolio. Using market data (Anonymous, 2005) we show that
a correlation skew similar to that observed in the market in July 2005, can be
obtained with a suitable set of parameter values. In fact a wide range of
correlation skews (both convex and concave) can be obtained, depending on
the parameter values. The conclusions follow in the last section.

2. DYNAMIC ARCHIMEDEAN COPULA PROCESSES

Copulas express the dependence structure between two or more variables
X1, . . . ,XN separately from their marginal distributions. The original
variables X1, . . . , XN are replaced their cumulative distribution functions
V1=F1(X1), . . . , VN ¼ FN(XN) which are uniform on [0, 1]. In our case they
will represent the latent variables of default probabilities of N names in a
credit portfolio. Archimedean copulas are a special type of copula that are
defined via a generator, f :1

Cðv1; . . . ; vNÞ ¼ f �1½ f ðv1Þ þ � � � þ f ðvNÞ� (1.a)

The copula function C represents a joint distribution function for random
variables Vi:

Cðv1; . . . ; vNÞ ¼ ProbabilityðV1 � v1; . . . ;VN � vNÞ (1.b)

Fig. 1. Clayton Copula with Parameter y=5 (Left) and Gaussian Copula with

r=0.87 (Right).
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While many bivariate Archimedean copulas are known, few multivariate
ones exist because their generators have to be Laplace transforms. Table 1
lists selected multivariate Archimedean copulas with their Laplace transforms.
For example, the Clayton copula corresponds to a gamma distribution.

Burtschell et al. (2005a) showed that the Clayton copula was useful for
modeling the correlation smile at a fixed point in time. The question was
how to develop a dynamic continuous time stochastic process whose values
at any given time have a given Archimedean copula (in our case, one with
lower tail dependence). Our approach is based on an observation found in
Rogge and Schonbucher (2003): let Y be a positive random variable whose
Laplace transform is j(s) and let Ui be n uniform random variables on [0, 1]
that are mutually independent and also independent of Y. Then the n
random variables Vi defined by

Vi ¼ j
�lnðUiÞ

Y

� �
for i ¼ 1; . . . ; n (2)

are uniform on [0, 1], and their cumulative distribution function is given as

ProbðV1 � v1; . . . ;VN � vNÞ ¼ j
XN
i¼1

j�1ðviÞ

 !
(3)

Consequently their multivariate copula is the Archimedean copula having
j�1 as its generator (see Rogge and Schonbucher, 2003, for details). This

Table 1. The Laplace Transforms Corresponding to Selected Strict
Bivariate Copulas (Which can be Extended to n-Copulas).

Copula Name Generator (Laplace Transform)

Clayton jðsÞ ¼ ð1þ sÞ�1=y; y40

Gumbel jðsÞ ¼ expð�s1=yÞ; y41

Frank
jðsÞ ¼ �

1

y
ln½1� expð�sÞf1� expð�yÞg�; ya0

LTE jðsÞ ¼ ð1þ s1=dÞ�1=y

LTF jðsÞ ¼ ð1þ d�1lnð1þ sÞÞ�1=y; d40; y � 1

LTG jðsÞ ¼ expf1� ½d�1lnð1þ sÞ�1=yg; d40; y � 1

LTH jðsÞ ¼ 1� ½1� expf�s1=dg�1=y; d40; y � 1

LTI jðsÞ ¼ 1� ½1� ð1þ sÞ�1=d�1=y; d40; y � 1

The names LTE, LTF, LTG, LTH, and LTI are derived from the naming system used by Joe

(1997).
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provides a fast and efficient method for simulating realizations, one that is
not mentioned by Nelsen (1999).2 At this point we diverge from their
approach. We let Y(t) be a stochastic process that represents the state of the
economy, and so the Vi become stochastic processes, Vi(t). Provided the
Ui(t) are mutually independent and independent of Y(t), then the static
copula of the Vi(t) is the Archimedean copula given in (3). Ui(t) can be
interpreted as the prior probability of default, which is then updated by the
current state of the economy Y(t). So Vi(t) conditional on the realization of
Y(t) is the conditional prior probability of default, since the Laplace
transform computes the expectation depending on the distribution of Y(t).

The specific properties of Vi(t) and Vi(t+dt), and of Vi(t) and Vj(t+dt) for
i 6¼j depend on the way the Ui(t) are constructed (see Totouom & Armstrong,
2005, for details).

3. SPECIFIC DYNAMIC ARCHIMEDEAN

COPULA PROCESS

First we construct a new type of compound gamma process Y(t) conditional
on an underlying gamma process a(t). As usual a(0)=0. For tW0, its
increments are independent gammas:3

aðtþ dtÞ � aðtÞ � Gða1 	 dt; a2Þ (4)

The parameters a1 and a2 are constant over time. For tW0, a(t) has the
gamma distribution: G(a1t, a2).

The values of Y(t) are drawn from the gamma distribution: G(a(t), b(t))
where b(t) is a strictly positive, deterministic function of time. There are two
obvious choices: b(t)=1 and b(t)=1/t. While the first one leads to a Levy
process, the second does not. To the best of our knowledge, this process has
not been studied before. In the next section we compute the Laplace transform
of Y(t), and hence its moments. The mean and variance of the two processes
given in Table 2 will be used later when calibrating the model to market data.

Table 2. Moments of the Processes a(t) and Y(t).

Mean Variance

a(t) a1a2t a1a
2
2t

Y(t) a1a2tb(t) a1a2 tbðtÞ½1þ a2 bðtÞ�
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3.1. Laplace Transform of Y(t)

As the process Y(t) is always positive, its Laplace transform is given by:

jtðsÞ ¼ Efexp½�s	 YðtÞ�g ¼ E ½EaðtÞfexp½�s	 YðtÞ�g� (5)

We first compute the conditional Laplace transform of Y(t) given a(t).

jtðsjaðtÞÞ ¼ ð1þ sbðtÞÞ�aðtÞ ¼ expf�laðtÞg where l ¼ lnð1þ sbðtÞÞ (6)

Deconditioning over all values of a(t) gives the Laplace transform of Y(t):

jtðsÞ ¼ ð1þ a2lnð1þ sbðtÞÞÞ�a1t

¼ exp½�a1t lnð1þ a2lnð1þ sbðtÞÞÞ� ð7Þ

For any given time t, the associated static copula is not a standard Clayton
copula but it has the same type of lower tail dependence (Fig. 1). For a better
name we call it an extended Clayton copula. The shape can be interpreted as
follows. When Y(t) takes low values, the values of the Vi(t) will be low and
hence correlated. If one of the names defaults, others are likely to follow suit.
Conversely, when Y(t) takes high values, the Vi(t) will be weakly correlated.
So if one name defaults the others are unlikely to do so. So this dynamic
copula process effectively reproduces what one would intuitively expect.

3.2. Simulating Vi(t)

A simple three-step procedure is used for simulating Vi(t)

(a) Simulate the process a(t)
� Initialize a(0) to 0
� For any tW0 and dtW0, simulate an increment

aðtþ dtÞ � aðtÞ � Gða1 	 dt; a2Þ

� Compute a(t+dt)
(b) Simulate the compound gamma process Y(t)
� At time tW0, draw a value of Y(t) with the conditional gamma
distribution

GðaðtÞ; bðtÞÞ
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� The values at different times, Y(t1) and Y(t2), are drawn conditional
on the values of the underlying process, a(t1) and a(t2), but otherwise
independent of each other. This adds random noise around a(t).

(c) Simulate the Ui(t) then deduce the Vi(t)
� For each of the N realizations of Y(t) simulate NUi(t) where N is the
number of names in the portfolio.

(d) In a case of a bullet exposure, the default time can be estimated as in a
classical static copula, otherwise a barrier has to be calibrated such that
the cumulative probability for Vi(t) crossing the barrier equals the
cumulative default probability of the name i. The default then happened
when the barrier threshold is breached.

3.3. Asymptotic Loss Distribution with Bullet Exposure

Assume that the credit portfolio consists of N underlying credits whose
notional are Pi=P/N, with fixed recovery rates Ri=R, (i=1, . . . , N). The
aggregate loss from today to time t is a fixed sum of random variables:

LossNðtÞ ¼
XN
i¼1

ð1� RiÞPi 1fti�tg ¼
ð1� RÞP

N

XN
i¼1

1fti�tg (8)

where 1fti�tg is the indicator function for the default of the ith name. Its
Laplace transform is

Efexpð�s LossNðtÞÞg ¼ E exp �
sPð1� RÞ

N

XN
i¼1

1fti�tg

 !( )

¼ E
YN

i¼1
fð1� 1fti�tgÞ þ 1fti�tgZ

1=Ng

n o
ð9Þ

Letting Z ¼ expð�sNð1� RÞÞ40

Efexpð�sLossNðtÞÞg ¼ Ef½ð1� Z1=NÞ expð�Ytj�1t ðPDðtÞÞÞ þ 1�Ng

We now compute its limit asN the number of names tends to infinity. Since

lim
N!þ1

fNðZ1=N � 1Þg ¼ lim
n!þ1

ðZ1=N � 1Þ

1=N

� �
¼

x¼0

@Zx

@x

 ¼ lnðZÞ ¼ �sNð1� RÞ
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we obtain

LossNðtÞ 
N!þ1

Pð1� RÞ expð�Ytj�1t ðPDðtÞÞÞ (10)

3.4. Evolution of Vi(t) Over Time

In this section we compute the bivariate distribution function of Vi(t) and
Vi(t+dt) for two different cases. To simplify the notation, let

KViðtÞ;ViðtþdtÞða; bÞ ¼ ProbðViðtÞoa; Viðtþ dtÞobÞ

HUiðtÞ;UiðtþdtÞða; bÞ ¼ ProbðUiðtÞoa; Uiðtþ dtÞobÞ
(11)

Note that these can also be viewed as integral transforms. In the multi-
period case, we extend this notation in the obvious way:

KViðtÞ;...ViðtþkdtÞ;...;ViðtþndtÞðv
t
i ; . . . ; v

tþkdt
i ; . . . ; vtþndti Þ

¼ ProbðViðtÞovti ; . . . ;Viðtþ kdtÞovtþkdti ; . . . ;Viðtþ ndtÞovtþndti Þ

By conditioning on the values of Y(t) and Y(t+dt) and noting that

j
� lnðUiÞ

Y

� �
� Vi3Ui � expð�Yj�1ðviÞÞ

it is easy to show that

ProbðViðtÞow; Viðtþ dtÞozjYðtÞ; Yðtþ dtÞÞ

¼ HUiðtÞ;UiðtþdtÞðe
�j�1t ðwÞYðtÞ; e�j

�1
tþdtðzÞYðtþdtÞÞ ð12Þ

Hence

KViðtÞ;ViðtþdtÞðw; zÞ ¼ E ½HUiðtÞ;UiðtþdtÞðe
�j�1t ðwÞYðtÞ; e�j

�1
tþdtðzÞYðtþdtÞÞ� (13)

Case 1. One-time step analysis
We assumeUi(t) andUi(t+dt) are independent and that Y(t) is a stochastic
process with independent identically distributed increments. Because of the
independence and because the process U(t) is uniform on [0, 1]

HUiðtÞ;UiðtþdtÞða; bÞ ¼ ProbðUiðtÞoaÞ 	 ProbðUiðtþ dtÞobÞ ¼ a	 b
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If we let 1dtW0 be an indicator function that takes the value 1 if dtW0,
and 0 otherwise, then

HUiðtÞ; UiðtþdtÞðu
t
i ; u

tþdt
i Þ ¼ 1dt40 	 uti 	 utþdti þ ð1� 1dt40Þ 	Minðuti ; u

tþdt
i Þ

Consequently,

KViðtÞ;ViðtþdtÞðw; zÞ ¼E 1dt40 	 e�½j
�1
t ðwÞYðtÞ þ j�1

tþdtðzÞYðtþdtÞ�
h
þð1� 1dt40Þ 	 e�YðtÞMax½j�1t ðwÞ;j

�1
tþdtðzÞ�

i
ð14Þ

Since Y(t) is a stochastic process with independent identically
distributed increments

KViðtÞ;ViðtþdtÞðw; zÞ

¼

1dt40 	 E ½e�½j
�1
t ðwÞþj

�1
tþdtðzÞ�YðtÞ� 	 E½e�j

�1
tþdtðzÞ½YðtþdtÞ�YðtÞ��

þ

ð1� 1dt40Þ 	 E ½e�YðtÞMax½j�1t ðwÞ;j
�1
tþdtðzÞ��

8>><
>>:

(15)

Since jt is a decreasing function, this simplifies to

KViðtÞ;ViðtþdtÞðw; zÞ ¼

1dt40 	 jtðj
�1
t ðwÞ þ j�1tþdtðzÞÞ 	 jdtðj

�1
tþdtðzÞÞ

þ

ð1� 1dt40Þ 	Minðw; zÞ

8><
>: (16)

If dt=0

KViðtÞ;Viðtþ0Þðw; zÞ ¼Min½w; z�

As dt-0

As dt! 0þ KViðtÞ;ViðtþdtÞðw; zÞ ! jtðj
�1
t ðwÞ þ j�1t ðzÞÞ

� KViðtÞ;Viðtþ0Þðw; zÞ ¼Min½w; z� ð17Þ

Fig. 2 shows how the joint probability that Vi(t) is less than w and
Vi(t+dt) is less than z, evolves as a function of t, especially as dt!0. Note
the discontinuity at zero.
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Case 2. Multi-time step analysis
As before, we assume Ui(t) and Ui(t+dt) are independent and that Y(t) is
a stochastic process with independent identically distributed increments.
Because of the independence,

HUiðtÞ;...;UiðtþkdtÞ;...;UiðtþndtÞðu
t
i ; . . . ; u

tþkdt
i ; . . . ; utþndti Þ

¼ 1dt�0 	
Yn
k¼0

utþkdti þ ð1� 1dt�0Þ 	Min uti ; . . . ; u
tþkdt
i ; . . . ; utþndti

� �

KViðtÞ;...;ViðtþkdtÞ;...;ViðtþndtÞðv
t
i ; . . . ; v

tþkdt
i ; . . . ; vtþndti Þ

¼ E

1dt�0 	 exp �
Pn
k¼0

j�1tþkdtðv
tþkdt
i ÞYðtþ kdtÞ

� �
þ

ð1� 1dt�0Þ 	 expð�YðtÞMax½j�1t ðv
t
iÞ; . . . ;j

�1
tþndtðv

tþndt
i Þ�Þ

2
66664

3
77775

(18)

Remark. Since

Xn
k¼0

j�1tþkdtðv
tþkdt
i ÞYðtþ kdtÞ ¼YðtÞ 	

Xn
k¼0

j�1tþkdtðv
tþkdt
i Þ

þ
Xn
m�1

fðYðtþ kdtÞ � YðtÞÞ 	 j�1kdtðv
tþkdt
i Þg

0 δT +∞

1
Min[w, z]

w*z

Fig. 2. The Relation between the Probability When dt=0 and When dt-0. Note

the Discontinuity at Zero.
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we obtain

KViðtÞ;...;ViðtþkdtÞ;...;ViðtþndtÞðv
t
i ; . . . ; v

tþkdt
i ; . . . ; vtþndti Þ

¼ E

1dt�0 	 jt

Pn
k¼0

j�1tþkdtðv
tþkdt
i Þ

� � Qn
m¼1

jkdtðj
�1
tþkdtðv

tþkdt
i ÞÞ

þ

ð1� 1dt�0Þ 	Min½vti ; . . . ; v
tþkdt
i ; . . . ; vtþndti �

2
66664

3
77775

(19)

4. PRICING OF A CORRELATION PRODUCT: CDO

Pricing synthetic CDOs involves computing aggregate loss distributions
over different time horizons. So CDO tranche premiums depend upon
the individual credit risk of names in the underlying portfolio and the
dependence structure between default times.

4.1. Notation and Definitions

i=1, . . . ,N: Single name credits in the base portfolio for CDO pricing
t1,t2, . . . ,tN: Default times
LGDi: Loss given default on the name i
PDi(t): Defines a cumulative default probability of on the name i at time t
Ni: Nominal of the name i

The aggregated loss in the portfolio at time t is given by:

LossðtÞ ¼
XN
i¼1

Ni LGDi 1ftiotg (20)

If Ku and Kd are the upper and lower detachment points, the loss in the
tranche [Kd, Ku] at time t is

LosstðKd;KuÞ ¼Min½Ku;LossðtÞ� �Min½Kd;LossðtÞ� (21)

The Expected Loss (EL) in the base tranche [0, K] at time t is just:

EL ¼ EfMin½K ;LossðtÞ�g (22)
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Having analytic expressions for the expected loss makes it easy to
compute the Greeks for the portfolio.

4.2. Data Source

We used market data (Anonymous, 2005) as of July 22, 2005 (see Table 3).
Fig. 3 shows the base correlation as a function of the detachment point. The
next step was to compute the cleanspreads and the default probabilities for
the 125 names, for different horizons: 1, 3, 5, 7, or 10 year(s), from the
second spreadsheet. A constant loss given default of 60% was assumed on
all names.

The cumulative default probability at any time horizon was computed as
follows:

cleanSpreadiðHorizonÞ ¼
SpreadiðHorizonÞ

LGDi
(23)

PDiðHorizonÞ ¼ 1� exp �
cleanSpreadiðHorizonÞ

10; 000
	Horizon

� �

The average 5-year default probability in the portfolio is 4.30%. Table 4
gives the summary statistics of default probabilities at a 5-year horizon.

Table 3. Attachment and Detachment Points for the Market Data for
July 22, 2005.

July 22, 2005 Extracted Dealer Source (a)

Attachment (%) Detachment (%) Correlation (%) 26 July 25 July 18 July

0 3 12.08 12.3 11.4 11.6

0 7 33.8 32.9 32.3 33.6

0 10 44.14 43.2 42.5 44.1

0 15 58.14 56.2 55.4 57.2

0 30 79.78 80.2 78.8 80.5

$Index not $Index EL Index (bps) Index (bps) Index (bps) Index (bps)

$125,000 $2,933.69 53 53 53 56

Extracted from Excel file on Wilmott website, together with the correlation expressed as a

percentage.
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4.3. Calibrating the Parameters for Monte Carlo Pricing of the CDO

A simple iterative procedure was used to calibrate the parameters of the
gamma distribution. The base correlation was computed by running Monte
Carlo simulations of the portfolio and comparing this with the market base
correlation. Typically 10,000 simulations were carried out. For simplicity all
the exposures are bullet. Further work will be needed to improve the
calibration procedure.

The risk-free rate shown in Fig. 4 was used within the model and within
the Gaussian copula model to obtain the base correlation but the risk-free
rate has little or very few impact on the pricing since the asset and the
liability of the CDO are floating rate instrument, only default matters. This
choice has no impact on the base correlation. So the result is the same as if
we assumed that it was zero as does JP Morgan (see McGinty & Ahulwalia,
2004).

Fig. 3. Base Correlation as a Function of the Detachment Point for the Market

Data as on July 22, 2005.

Table 4. Summary Statistics of 125 5-Year Default Probabilities.

Minimum 0.09% Median 3.05%

Maximum 36.80% Mode 2.26%

Mean 4.30% Skewness 4.30

Standard deviation 4.78% Kurtosis 22.13
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The parameters were calibrated for a maturity of 5 years because this is
the most liquid. There is no unique optimum. Three possible sets of values
are shown in Table 5. The resulting base correlations are compared to those
for the market, at the standard detachment points. As different parameter
values give comparable base correlations for this maturity, other maturities
should be used to choose the most appropriate set overall. Table 6 shows the
term structure for the equity tranche for the standard maturities (5, 7, and
10 years) for the same sets of parameters.

Fig. 5 presents the base correlation as a function of the detachment point,
for the four maturities (3, 5, 7, and 10 years) for different values of the
second parameter a2. Note how the convexity of the curve changes with the
maturity. The model can produce convex curves as well as concave ones.

Fig. 4. Term Structure of the Risk-Free Rate as on July 22, 2005.

Table 5. The Base Correlations Computed from the Model Using Three
Sets of Parameter Estimates for the Process a(t), Together with the

Market Values. The Parameters are Shown Below.

Detachment Points Market Set 1 Set 2 Set 3

3% 12% 16.6% 15.5% 17.9%

7% 34% 28.7% 28.3% 30.6%

10% 44% 38.9% 38.8% 41.0%

15% 58% 52.9% 52.8% 55.2%

30% 80% 80.7% 80.7% 82.7%

a1 5 5.55 4.55

a2 60 90 110
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Table 6. The Term Structure (i.e., the Base Correlation for the Equity
Tranche for the Same Parameters).

Maturity Market Set 1 Set 2 Set 3

3 years 46.1% 44.1% 49.2%

5 years 16.6% 15.5% 17.9%

7 years 9.3% 8.6% 9.9%

10 years 6.1% 5.9% 6.6%

a1 5 5.55 4.55

a2 60 90 110

Fig. 5. The Base Correlation as a Function of the Detachment Point for the Four

Standard Maturities: 3 Years (Top Left), 5 Years (Top Right), 7 Years (Lower Left),

and 10 Years (Lower Right). Note That the Change in the Convexity with Maturity.

Credit Risk Dependence Modeling with Dynamic Copula 99



Fig. 6 illustrates the impact of these two ratios on the terms structure. In
both cases, increasing one parameter for a fixed value of the other one leads
to a decrease in the base correlation of the equity tranche.

5. CONCLUSIONS

In this chapter we have chosen to model default probabilities dependency
explicitly rather than intensities, and have developed a new class of dynamic
copula processes, based on the well-known relation between Archimedean
copulas and Laplace transforms:

Vi ¼ j
�lnðUiÞ

Y

� �
for i ¼ 1; . . . ; n

Replacing the random variables Y and Ui, by suitably chosen processes
Y(t) and Ui(t), provides a simple way of constructing and simulating a wide
range of dynamic copula processes. This framework based on conditional
independence effectively overcomes the difficulties of constructing multi-
variate copulas that have been well documented in the literature on copulas
(Nelsen, 1999; Joe, 1997). The difficulties in the standard multivariate
copulas construction is the complexity of the computation.

After presenting the procedure for simulating this class of copula
processes (Section 2), we focus on a particular case: where Y(t) is a new
type of compound gamma process, because this gives rise to a dynamic

Fig. 6. The Term Structure of the Equity Tranche for Different Maturities; on the

Left, for a Fixed Value of the First Parameter a1, on the Right, for a Fixed Value of

the Second Parameter a2.
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process in which the copulas have lower tail dependence but not upper tail
dependence. As we use Y(t) to represent the current economic climate, this
means that defaults are correlated in unfavorable times but not during
normal times, as one would intuitively expect. The Ui(t) can be interpreted
as the prior probability of default, which is updated given the state of the
economy to obtain the posterior probability of default Vi(t).

In Section 4, we use market data to calibrate the model. We show that the
model reproduces the base correlations observed at that time. We have also
studied the types of term structure given by the model. One advantage of
this approach compared to those based on default intensities is that it
provides a simple way of computing base correlations without having to
specify or calibrate the marginal densities, but its primary strong point is
that it provides a mathematically consistent framework for modeling the
structure of defaults over different time horizons.

NOTES

1. To avoid confusion, note that in this chapter we use j to denote a Laplace
transform, and f for the generator of an Archimedean copula, whereas Nelsen (1999)
uses j for the generator of an Archimedean copula. The function f must be a
continuous and strictly decreasing.
2. Nelsen (1999) gives several general methods for simulating bivariate

Archimedean copulas and some ad hoc methods for specific copulas. These are
presented in Exercise nos. 4.13, 4.14, and 4.15, p. 108.
3. To make it simpler to use standard software to do the simulations, we have

changed to the standard notation:
if the random variable X has the gamma distribution Gða; bÞ, its density is

f ðXÞ ¼
Xa�1

GðaÞba
e�X=b X � 0
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PERTURBED GAUSSIAN COPULA

Jean-Pierre Fouque and Xianwen Zhou

ABSTRACT

Gaussian copula is by far the most popular copula used in the financial
industry in default dependency modeling. However, it has a major
drawback – it does not exhibit tail dependence, a very important property
for copula. The essence of tail dependence is the interdependence when
extreme events occur, say, defaults of corporate bonds. In this paper, we
show that some tail dependence can be restored by introducing stochastic
volatility on a Gaussian copula. Using perturbation methods we then
derive an approximate copula – called perturbed Gaussian copula in this
paper.

A copula is a joint distribution function of uniform random variables.
Sklar’s Theorem states that for any multivariate distribution, the univariate
marginal distributions and the dependence structure can be separated. The
dependence structure is completely determined by the copula. It then implies
that one can ‘‘borrow’’ the dependence structure, namely the copula, of one
set of dependent random variables and exchange the marginal distributions
for a totally different set of marginal distributions.

An important property of copula is its invariance under monotonic
transformation. More precisely, if gi is strictly increasing for each i, then
(g1(X1), g2(X2), . . . , gn(Xn)) have the same copula as (X1, X2, . . . , Xn).
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From the above discussion, it is not hard to see that copula comes in
default dependency modeling very naturally. For a much detailed coverage
on copula, including the precise form of Sklar’s Theorem, as well as
modeling default dependency by way of copula, the readers are referred to
Schonbucher (2003).

Let (Z1, . . . ,Zn) be a normal random vector with standard normal
marginals and correlation matrix R, and F( � ) be the standard normal
cumulative distribution function. Then the joint distribution function of
(F(Z1), . . . , F(Zn)) is called the Gaussian copula with correlation matrix R.

Gaussian copula is by far the most popular copula used in the financial
industry in default dependency modeling. This is basically because of two
reasons. First, it is easy to simulate and second, it requires the ‘‘right’’
number of parameters – equal to the number of correlation coefficients
among the underlying names. However, Gaussian copula does not exhibit
any tail dependence, a very important property for copula (we refer to
Carmona, 2004, for a detailed analysis of tail dependence). Tail dependence,
which is roughly the interdependence when extreme events occur, is a
desirable feature of a copula when modeling for instance defaults of
corporate bonds. In fact, the lack of it is considered as a major drawback of
Gaussian copula.

On the other hand, by introducing stochastic volatility into the classic
Black-Scholes model, Fouque, Papanicolaou, and Sircar (2000), by way of
singular perturbation method, gave a satisfactory answer to the ‘‘smile
curve’’ problem of implied volatilities in the financial market, leading to a
pricing formula which is in the form of a robust simple correction to the
classic Black-Scholes constant volatility formula. Furthermore, an applica-
tion of this perturbation method to defaultable bond pricing has been
studied by Fouque, Sircar, and Solna (2006). By fitting real market data,
they concluded that the method works fairly well. An extension to multi-
name first passage models is proposed by Fouque, Wignall, and Zhou
(2008).

In this paper, we will show the effect of stochastic volatility on a Gaussian
copula. Specifically, in Section 1, we first set up the stochastic volatility
model and state the objective – the transition density functions. Then by
singular perturbation, we obtain approximate transition density functions.
In order to make them true probability density functions, we introduce
the transformation 1 þ tan h( � ). In Section 2, we study this new class of
approximate copula density functions, first analytically and then numeri-
cally. Section 3 concludes this paper.
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1. ASYMPTOTICS

1.1. Model Setup

A two-dimensional Gaussian copula can be generated by a pair of correlated
Brownian motions. We propose to ‘‘create’’ additional correlation through a
common process driving their diffusion coefficients. For that, we start with
a process ðX

ð1Þ
t ;X

ð2Þ
t ;YtÞ defined on the complete probability space (O, F , P)

and which follows the dynamics:

dX
ð1Þ
t ¼ f 1ðYtÞdW

ð1Þ
t

dX
ð2Þ
t ¼ f 2ðYtÞdW

ð2Þ
t

dYt ¼
1

�
ðm� YtÞdtþ

n
ffiffiffi
2
pffiffi
�
p dW

ðYÞ
t

where W
ð1Þ
t ;W ð2Þ

t , and W
ðYÞ
t are standard Brownian motions correlated as

follows:

dhW ð1Þ;W ð2Þit ¼ rdt; dhW ð1Þ;W ðYÞit ¼ r1Ydt; dhW ð2Þ;W ðYÞit ¼ r2Ydt

with �1rr, r1Y , r2Yr1 and making the correlation matrix

1 r r1Y
r 1 r2Y
r1Y r2Y 1

2
64

3
75

symmetric positive definite, e and n are positive constant numbers with e{1.
The fi’s are real functions for i=1, 2, and are assumed here to be bounded
above and below away from 0. It is worth noting that fi’s are not explicit
functions of t. They depend on t only through Yt.

Observe that Yt is a mean-reverting process and 1/e is the rate of mean-
reversion so that Yt is fast mean-reverting. Furthermore, Yt admits the
unique invariant normal distribution N ðm; n2Þ.

For a fixed time TW0, our objective is to find, for toT, the joint distribution

P X
ð1Þ
T � x1;X

ð2Þ
T � x2jXt ¼ x;Yt ¼ y

n o
and the two marginal distributions

P X
ð1Þ
T � x1jXt ¼ x;Yt ¼ y

n o
; P X

ð2Þ
T � x2jXt ¼ x;Yt ¼ y

n o
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where Xt � ðX
ð1Þ
t ;X

ð2Þ
t Þ; x � ðx1; x2Þ; and x1; x2 are two arbitrary numbers.

Equivalently, we need to find the following three transition densities:

u� � P X
ð1Þ
T 2 dx1;X

ð2Þ
T 2 dx2jXt ¼ x;Yt ¼ y

n o
v�1 � P X

ð1Þ
T 2 dx1jXt ¼ x;Yt ¼ y

n o
v�2 � P X

ð2Þ
T 2 dx2jXt ¼ x;Yt ¼ y

n o

where we show the dependence on the small parameter e. Indeed v�1 and v�2 can
be obtained from ue by integration.

1.2. PDE Representation

Let us consider ue first. In terms of partial differential equation (PDE), ue

satisfies the following Kolmogorov backward equation

L�u�ðt;x1; x2; yÞ ¼ 0

u�ðT ;x1; x2; yÞ ¼ dðx1; x1Þdðx2; x2Þ

where d(xi; xi) is the Dirac delta function of xi with spike at xi ¼ xi for
i ¼ 1, 2, and operator L� has the following decomposition:

L� ¼ 1

�
L0 þ

1ffiffi
�
p L1 þ L2

with the notations:

L0 ¼ ðm� yÞ
@

@y
þ n2

@2

@y2
(1)

L1 ¼ n
ffiffiffi
2
p

r1Yf 1ð yÞ
@2

@x1@y
þ v

ffiffiffi
2
p

r2Yf 2ð yÞ
@2

@x2@y
(2)

L2 ¼
@

@t
þ

1

2
f 21ð yÞ

@2

@x21
þ

1

2
f 22ð yÞ

@2

@x22
þ rf 1ð yÞf 2ð yÞ

@2

@x1@x2
(3)

As in Fouque et al. (2000), we expand the solution ue in powers of
ffiffi
�
p

:

u� ¼ u0 þ
ffiffi
�
p

u1 þ �u2 þ �
3=2u3 þ � � �
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In the following, we will determine the first few terms appearing on the
right-hand side of the above expansion. Specifically, we will retain

�u � u0 þ
ffiffi
�
p

u1 (4)

as an approximation to ue (later we will propose another approximation in
order to restore positiveness).

1.3. Leading Order Term u0

Following Fouque et al. (2000), the leading order term u0, which is
independent of variable y, is characterized by:

hL2iu0ðt;x1; x2Þ ¼ 0

u0ðT ;x1; x2Þ ¼ dðx1; x1Þdðx2; x2Þ ð5Þ

where / �S denotes the average with respect to the invariant distribution
N ðm; n2Þ of Yt, that is,

hgi �

Z 1
�1

gðyÞ
1

n
ffiffiffiffiffiffi
2p
p exp �

ðy�mÞ2

2n2

� �
dy

for a general function g of y.
We define the effective volatilities �s1 and �s2 and the effective correlation

�r by:

�s1 �
ffiffiffiffiffiffiffiffiffiffi
hf 21i;

q
�s2 �

ffiffiffiffiffiffiffiffiffiffi
hf 22i;

q
�r �

rhf 1f 2i
�s1 �s2

(6)

Using Eq. (3) and the notations (6), Eq. (5) becomes

@u0
@t
þ

1

2
�s21
@2u0
@x21
þ

1

2
�s22
@2u0
@x22
þ �r �s1 �s2

@2u0
@x1@x2

¼ 0

u0ðT ;x1;x2Þ ¼ dðx1; x1Þdðx2; x2Þ

It can be verified that u0 is the transition density of two correlated scaled
Brownian motions with instantaneous correlation �r and scale factors �s1 and
�s2, respectively. That is,

u0ðt; x1;x2Þ ¼
1

2p �s1 �s2ðT � tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �r2

p 	 exp �
1

2ð1� �r2Þ
ðx1 � x1Þ

2

�s21ðT � tÞ

��

�2 �r
ðx1 � x1Þðx2 � x2Þ

�s1 �s2ðT � tÞ
þ
ðx2 � x2Þ

2

�s22ðT � tÞ

��
ð7Þ
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1.4. Correction Term
ffiffi
�
p

u1

Again, similar to Fouque et al. (2000), the correction term u1, which is also
in dependent of variable y, is characterized by:

hL2iu1ðt;x1;x2Þ ¼ Au0
u1ðT ;x1;x2Þ ¼ 0 ð8Þ

where the operator A is defined by

A ¼ hL1L�10 ðL2 � hL2iÞi

and the inverse L�10 acts on the centered quantity L2 � hL2i.
From the definition of L2 given in Eq. (3), it is straightforward to obtain

that

L2 � hL2i ¼
1

2
ð f 21ðyÞ � h f

2
1iÞ

@2

@x21
þ

1

2
ð f 22ðyÞ � h f

2
2iÞ

@2

@x22
þ rð f 1ðyÞf 2ðyÞ

� h f 1 f 2iÞ
@2

@x1@x2

Let us denote by f1( y), f2( y), and f12( y), the solutions of the following
Poisson equations, respectively

L0f1ð yÞ ¼ f 21ð yÞ � h f
2
1i

L0f2ð yÞ ¼ f 22ð yÞ � h f
2
2i

L0f12ð yÞ ¼ f 1ð yÞf 2ð yÞ � h f 1 f 2i

Their existence (with at most polynomial growth at infinity) is guarantied
by the centering property of the right-hand sides and the Fredholm
alternative for the infinitesimal generator L0. They are defined up to additive
constants in y, which will play no role after applying the operator L1, which
takes derivatives with respect to y. It then follows that

L�10 ðL2 � hL2iÞ ¼
1

2
f1ðyÞ

@2

@x21
þ

1

2
f2ðyÞ

@2

@x22
þ rf12ðyÞ

@2

@x1@x2
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Now, by definition of L1 given in Eq. (2), we have

L1L�10 ðL2 � hL2iÞ

¼ n
ffiffiffi
2
p

r1Yf 1ðyÞ
1

2
f01ðyÞ

@3

@x31
þ

1

2
f02ðyÞ

@3

@x1@x22
þ rf012ðyÞ

@3

@x21@x2

� �

þn
ffiffiffi
2
p

r2Yf 2ðyÞ
1

2
f01ðyÞ

@3

@x21@x2
þ

1

2
f02ðyÞ

@3

@x32
þ rf012ðyÞ

@3

@x1@x22

� �

Therefore, the operator
ffiffi
�
p
A can be written

ffiffi
�
p
A ¼ R1

@3

@x31
þ R2

@3

@x32
þ R12

@3

@x1@x22
þ R21

@3

@x21@x2

where the constant parameters R1, R2, R12, and R21 are defined as follows:

R1 �
nr1Y

ffiffi
�
pffiffiffi
2
p h f 1f

0
1i

R2 �
nr2Y

ffiffi
�
pffiffiffi
2
p h f 2f

0
2i

R12 �
nr1Y

ffiffi
�
pffiffiffi
2
p h f 1f

0
2i þ n

ffiffiffiffiffi
2�
p

rr2Y h f 2f
0
12i

R21 �
nr2Y

ffiffi
�
pffiffiffi
2
p h f 2f

0
1i þ n

ffiffiffiffiffi
2�
p

rr1Y h f 1f
0
12i

Note that they are all small of order
ffiffi
�
p

.
It can be checked directly that u1 is given explicitly by

u1 ¼ �ðT � tÞAu0

and therefore

ffiffi
�
p

u1 ¼ �ðT � tÞ R1
@3

@x31
þ R2

@3

@x32
þ R12

@3

@x1@x22
þ R21

@3

@x21@x2

� �
u0 (9)

Explicit formulas for the third-order partial derivatives of u0 are given in
appendix.
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1.5. Regularity Conditions for Density Functions

Since

1 ¼

Z 1
�1

Z 1
�1

u0ðt; x1; x2; x1; x2Þdx1dx2

by Lebesgue dominated convergence theorem, we then have

0 ¼
@k1þk21

@xk11 @x
k2
2

¼

Z 1
�1

Z 1
�1

@k1þk2

@xk11 @x
k2
2

u0ðt;x1; x2; x1; x2Þdx1dx2

for integers k1, k2Z0 such that (k1, k2) 6¼ (0, 0). It follows thatZ 1
�1

Z 1
�1

ffiffi
�
p

u1ðt; x1; x2; x1; x2Þdx1dx2 ¼ 0

and hence Z 1
�1

Z 1
�1

�uðt;x1;x2; x1; x2Þdx1dx2 ¼ 1

where �u � u0 þ
ffiffi
�
p

u1 is the approximation introduced in (4).
In order to guarantee that our approximated transition density function is

always non-negative, which is the other regularity condition for a density
function, we seek a multiplicative perturbation of the form

~u � û0ð1þ tan hð
ffiffi
�
p

û1ÞÞ

where û0 and û1 are defined such that

u0 þ
ffiffi
�
p

u1 ¼ û0ð1þ
ffiffi
�
p

û1Þ

for any eW0. It can be easily seen that this is achieved with the choice:

û0 ¼ u0; û1 ¼
u1

u0

Now instead of using �u as our approximation for ue, we use

~u ¼ u0 1þ tan h

ffiffi
�
p

u1

u0

� �� �

¼ u0 1þ tan h �ðT � tÞ
1

u0
R1
@3u0
@x31
þ R2

@3u0
@x32
þ R12

@3u0
@x1@x22

���

þR21
@3u0
@x21@x2

���
ð10Þ
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Before proving that ~u given in (10) is indeed a probability density
function, we clarify a definition first.

Definition 1. Let g be a function of n variables ðx1;x2; . . . ;xnÞ 2 Rn. The
function g is called an n-dimensional even function if

gð�x1;�x2; . . . ;�xnÞ ¼ gðx1;x2; . . . ; xnÞ

for all ðx1; x2; . . . ;xnÞ 2 Rn, and an n-dimensional odd function if

gð�x1;�x2; . . . ;�xnÞ ¼ �gðx1;x2; . . . ;xnÞ

for all ðx1; x2; . . . ;xnÞ 2 Rn.

With this definition, we can state the following proposition.

Proposition 1. Let g(x) be a probability density function on Rn for nZ1
and j(x) be an odd function. If g is an even function, then the function f
defined by

f ðxÞ ¼ ð1þ tan hðjðxÞÞÞgðxÞ

is also a probability density function on Rn.

Proof. We need to prove that f is globally non-negative and its integral
over Rn is equal to 1. Observe that tan h( � ) is strictly between –1 and 1,
and this together with the non-negativity of g justifies that f is always non-
negative. On the other hand, tan h( � ) is a (one-dimensional) odd function,
and hence tan h (j(x)) is an (n-dimensional) odd function. Now by change
of variables y=–x, we have

I �

Z
Rn

tan hðjðxÞÞgðxÞdx ¼
Z
Rn

tan hðjð�yÞÞgð�yÞdy

¼ �

Z
Rn

tan hðjðyÞÞgðyÞdy ¼ �I

which implies that I=0. Therefore,Z
Rn

f ðxÞdx ¼

Z
Rn

gðxÞdxþ I ¼ 1þ 0 ¼ 1

The proof is complete. �

Now observe that u0 is a probability density function with respect to the
variables (x1, x2), and is even in (x1�x1, x2�x2). In addition,

ffiffi
�
p

u1=u0 is an
odd function in (x1�x1, x2�x2). By Proposition 1, we know that ~u given in
(10) is indeed a probability density function.
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As for the approximation accuracy j ~u� u�j, we first note that

tan hðxÞ  x�
x3

3

when x is close to 0. Now for fixed (t, x1, x2), when e is small, we have

~u ¼ u0 1þ tan h

ffiffi
�
p

u1

u0

� �� �

 u0 1þ

ffiffi
�
p

u1

u0
�

1

3

ffiffi
�
p

u1

u0

� �3
" #

¼ u0 þ
ffiffi
�
p

u1 � �
3=2 u31

3u20

� �
¼ �u� �3=2

u31
3u20

� �

Therefore, j ~u� �uj is small of order e3/2, while j �u� u�j is small of order e
(see Fouque, Papanicolaou, Sircar, & Solna, 2003). Thus, j ~u� u�j is small of
the same order of e as j �u� u�j, that is, the approximation accuracy remains
unchanged when replacing �u by ~u.

1.6. Marginal Transition Densities

For the marginal transition density function

v�1 � PfX
ð1Þ
T 2 dx1jXt ¼ x; Yt ¼ yg

the above argument goes analogously, and we obtain

v�1  �v1 � p1ðt; x1;T ; x1j �s1Þ � ðT � tÞR1
@3

@x31
p1ðt;x1;T ; x1j �s1Þ

where p1ðt;x1;T ; x1 �s1j Þ is the transition density of the scaled Brownian
motion with scale factor �s1, that is,

p1ðt;x1;T ; x1 �s1j Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pðT � tÞ
p

�s1
exp �

ðx1 � x1Þ
2

2 �s21ðT � tÞ

� �

A straightforward calculation shows that

@3p1
@x31
¼ �

3ðx1 � x1Þffiffiffiffiffiffi
2p
p

�s51ðT � tÞ5=2
þ

ðx1 � x1Þ
3ffiffiffiffiffiffi

2p
p

�s71ðT � tÞ7=2

" #
exp �

ðx1 � x1Þ
2

2 �s21ðT � tÞ

� �
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Note again that Z 1
�1

�v1ðt;x1;T ; x1Þdx1 ¼ 1

To guarantee the non-negativity of the approximated density function,
we, again, use instead

~v1 � p1 1þ tan h � T � tð ÞR1
1

p1

@3p1
@x31

� �� �

as our approximation to v�1.
By symmetry, we have

v�2 � P X
ð2Þ
T 2 dx2jXt ¼ x;Yt ¼ y

n o
 �v2 � p2ðt; x2;T ; x2j �s2Þ � ðT � tÞR2

@3

@x32
p2ðt; x2;T ; x2j �s2Þ

 ~v2 � p2 1þ tan h � T � tð ÞR2
1

p2

@3p2
@x32

� �� �

where

p2ðt;x2;T ;x2j �s2Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pðT� tÞ
p

j �s2
exp �

ðx2�x2Þ
2

2 �s22ðT� tÞ

� �

@3p2
@x32
¼ �

3ðx2�x2Þffiffiffiffiffiffi
2p
p

�s52ðT� tÞ5=2
þ

ðx2�x2Þ
3ffiffiffiffiffiffi

2p
p

�s72ðT� tÞ7=2

" #
exp �

ðx2�x2Þ
2

2 �s22ðT� tÞ

� �

and ~v2 is our approximation to v�2.
By exactly the same argument used for ~u, one can show that ~v1 and ~v2 are

indeed probability density functions of x1 and x2, respectively. Furthermore,
the approximation accuracies remain unchanged when switching from �v1 to
~v1, and from �v2 to ~v2.

2. DENSITY OF THE PERTURBED COPULA

2.1. Approximated Copula Density

Now suppose that conditional on fXt ¼ x;Yt ¼ yg; ðX 1ð Þ
T ;X

ð2Þ
T Þ admits the

copula C( � , � ) then, by Sklar’s Theorem, its density function c( � , � ) can be
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represented as

cðz1; z2Þ ¼
u�ðt;x1;x2; y;T ; x1; x2Þ

v�1ðt;x1; y;T ; x1Þ v
�
2ðt;x2; y;T ; x2Þ

where

z1 ¼ PfX
1ð Þ
T � x1jXt ¼ x;Yt ¼ yg

z2 ¼ PfX
ð2Þ
T � x2jXt ¼ x;Yt ¼ yg

Observe that if the volatility terms (f1( � ), f2( � )) for ðX
1ð Þ
t ;X

2ð Þ
t Þ were

constant numbers, say, the process {Yt}trT was constant or the fi’s were
both identically constant, then C would be a Gaussian copula.

Using our approximations to u�; v�1, and v�2, we have

cðz1; z2Þ  ~cðz1; z2Þ �
~uðt;x1; x2;T ; x1; x2Þ

~v1ðt;x1;T ; x1Þ ~v2ðt;x2;T ; x2Þ
(11)

where

z1 ¼
Z x1

�1

~v1ðt;x1;T ; x1Þdx1

¼

Z x1

�1

p1ðt;x1;T ; x1Þ

	 1þ tan h �ðT � tÞR1
1

p1ðt;x1;T ; x1Þ
@3p1ðt;x1;T ; x1Þ

@x31

� �� �
dx1

z2 ¼
Z x2

�1

~v2ðt;x2;T ; x2Þdx2

¼

Z x2

�1

p2ðt;x2;T ; x2Þ

	 1þ tan h �ðT � tÞR2
1

p2ðt;x2;T ; x2Þ
@3p2ðt;x2;T ; x2Þ

@x32

� �� �
dx2

The function ~u is given by (10), and the marginals (p1, p2) and their
derivatives @3p1=@x

3
1; @

3p2=@x
3
2 are given explicitly in Section 1.6.

Before justifying that ~c is a probability density function defined
on the unit square [0, l]2, we need the following proposition.

Proposition 2. Suppose function Y(x1, x2, . . . , xn) is an n-dimensional
probability density function on Rn for nZ2, and h1(x1), h2(x2), . . . , hn(xn)
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are one-dimensional strictly positive probability density functions. Then
the function c defined on the unit hyper-cube [0, 1]n by

cðz1; z2; . . . ; znÞ ¼
Yðx1; x2; . . . ;xnÞ

Pn
i¼1hiðxiÞ

with ziA[0, 1] given by

zi ¼

Z xi

�1

hiðyiÞdyi

is a probability density function on [0, 1]n. Furthermore, c is a copula
density function if and only if h1(x1), h2(x2), . . . , hn(xn) are the marginal
density functions of Y(x1, x2, . . . , xn), meaning that

hiðxiÞ ¼

Z
Rn�1

Yðx1;x2; . . . ;xnÞdx1dx2 . . . dxi�1dxiþ1 . . . dxn

for every i=1, 2, . . . , n.

Proof. Let Hi be the cumulative distribution function of hi. Then Hi is
strictly increasing, implying the existence of its inverse function, and

zi ¼ HiðxiÞ; or equivalently; xi ¼ H�1i ðziÞ

for each i. Since Y is non-negative, and hi’s are strictly positive, the
function c is non-negative. On the other hand,

Z
0;1½ �n

cðz1; z2; . . . ; znÞdz1dz2 . . . dzn

¼

Z
Rn

cðH1ðx1Þ;H2ðx2Þ; . . . ;HnðxnÞÞ
Yn
i¼1

hiðxiÞdx1dx2 . . . dxn

¼

Z
Rn

Yðx1;x2; . . . ;xnÞdx1dx2 . . . dxn ¼ 1

Therefore c(z1, z2, . . . , zn) is a probability density function on 0; 1½ �n.
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Now if the additional condition is satisfied, then we haveZ
0;1½ �n�1

cðz1; z2; . . . ; znÞdz2 . . . dzn

¼

Z
Rn�1

cðz1;H2ðx2Þ; . . . ;HnðxnÞÞ
Yn
i¼2

hiðxiÞdx2 . . . dxn

¼
1

h1ðx1Þ

Z
Rn�1

Yðx1; x2; . . . ; xnÞdx2 . . . dxn ¼ 1

This is to say that the marginal density function for the variable z1
is 1, and hence the marginal distribution for the variable z1 is uniform.
Similarly, we can show that the marginal distributions for the variables
z2, . . . , zn are also uniform. By definition of copula, we know that
function c is a copula density function. The converse can be obtained by
reversing the above argument. The proof is complete. �

Now from definition of ~c given in Eq. (11), by combining the fact that ~u,
~v1, and ~v2 are all probability density functions, one can see that ~c is a density
function on [0, l]2 by applying Proposition 2. However, ~c is not a copula
density function in general, because the additional condition required
in Proposition 2 is not satisfied in general in our case, and hence ~C, the
‘‘copula’’ corresponding to density function, ~c, is not an exact copula in
general.

Asymptotically, when e tends to 0, for fixed (t, x1, x2), the density ~c
converges to

fðz1; z2Þ �
u0ðt;x1;x2;T ; x1; x2Þ

p1ðt;x1;T ; x1Þp2ðt;x2;T ; x2Þ

with

zi ¼

Z xi

�1

piðt;xi;T ; xiÞdxi ¼ F
xi � xi

�si
ffiffiffiffiffiffiffiffiffiffiffiffi
T � t
p

� �

for i=1, 2, where F( � ) denotes the univariate standard normal cumulative
distribution function. One should observe that f( � , � ) is the two-
dimensional Gaussian copula density function with correlation parameter
�r, and that it depends only on the parameter �r, independent of any other
variables/parameters, including x1, x2, t, T, �s1; �s2, etc.
As a consequence, ~C converges to the Gaussian copula with correlation

parameter �r. Since the method used in this paper is a perturbation method,
we call ~C a perturbed Gaussian copula.
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2.2. Numerical Results

In this section, we illustrate the effectiveness of our approximation method
by showing some numerical results.

In Fig. 1, we plot p1(t, x1; T, x1), �v1ðt;x1;T ; x1Þ, and ~v1ðt; x1;T ; x1Þ as
functions of x1. Note that p1(t, x1; T, x1) is a standard Gaussian density
without any perturbation. The upper graph demonstrates the difference
between p1(t, x1; T, x1) (standard Gaussian) and ~v1ðt;x1;T ; x1Þ (perturbed
Gaussian), and the lower one between �v1ðt;x1;T ; x1Þ (simply perturbed
Gaussian) and ~v1ðt;x1;T ; x1Þ (perturbed Gaussian).

It can be seen from Fig. 1 that

� �v1ðt; x1;T ; x1Þ (simply perturbed Gaussian) takes on negative values at
some places;
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� ~v1ðt; x1;T ; x1Þ (perturbed Gaussian), however, does not take on negative
values, which is guaranteed by its formation;
� �v1ðt; x1;T ; x1Þ and ~v1ðt; x1;T ; x1Þ are almost globally identical, which
justifies the modification of the form 1þ tan h( � );
� ~v1ðt; x1;T ; x1Þ is considerably different from p1(t, x1; T, x1) (standard
Gaussian); specifically, it shifts to the right from p1(t, x1; T, x1);
� Despite the difference between ~v1ðt;x1;T ; x1Þ and p1(t, x1; T, x1), the areas
under them do seem to be of the same size, which is justified by the fact
that both are probability density functions and hence the overall integrals
should both be one.

In Fig. 2, we plot ~cð�; �Þ in the lower graph and f( � , � ) in the upper graph,
the Gaussian copula density that ~c converges to when e tends to 0. It can
be seen from Fig. 2 that the standard Gaussian copula density (upper
graph) and the perturbed Gaussian copula density (lower graph) both
give singularities at (0, 0) and (1, 1) but the perturbed one has more tail
dependence at (0, 0). Our numerous numerical experiments show that this
picture is extremely sensitive to the choice of parameters and gives a lot of
flexibility to the shape of the perturbed Gaussian copula density (the Matlab
code is available on demand).

Tail dependence is a very important property for a copula, especially
when this copula is to be used in modeling default correlation. The essence
of tail dependence is the interdependence when extreme events occur, say,
defaults of corporate bonds. The lack of tail dependence has for years been
a major criticism on standard Gaussian copula.

Throughout the computation, we used the following parameters:

R1 ¼ 0:02; R2 ¼ 0:02; R12 ¼ 0:03

R21 ¼ 0:03; �r ¼ 0:5; T � t ¼ 1

�s1 ¼ 0:5; �s2 ¼ 0:5; x1 ¼ 0; x2 ¼ 0

3. CONCLUSION

In summary, based on a stochastic volatility model, we derived an
approximate copula function by way of singular perturbation that was
introduced by Fouque et al. (2000). In the derivation, however, in order
to make the candidate probability density functions globally non-
negative, instead of directly using the obtained perturbation result as in
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Fouque et al. (2000), we introduced a multiplicative modification, namely
the 1þ tan h( � ) form. It turns out that this modification is both necessary
(to restore positiveness) and sufficient to guarantee the resulting functions
to be density functions. Finally the resulting approximate copula – the
so-called perturbed Gaussian copula in this paper – has a very desirable
property compared to standard Gaussian copula: tail dependence at point
(0, 0). Some numerical results were provided and they strongly supported
the methods described above, both the singular perturbation and the
modification.
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APPENDIX. EXPLICIT FORMULAS

As stated in Section 1.3,

u0ðt; x1; x2Þ

¼
1

2p �s1 �s2ðT � tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �r2

p
	 exp �

1

2ð1� �r2Þ
ðx1 � x1Þ

2

�s21ðT � tÞ
� 2 �r

ðx1 � x1Þðx2 � x2Þ

�s1 �s2ðT � tÞ
þ
ðx2 � x2Þ

2

�s22ðT � tÞ

� �� �
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By a straightforward calculation, we obtain

@3u0
@x31
¼ exp �

1

2ð1� �r2Þ
ðx1 � x1Þ

2

�s21ðT � tÞ
� 2 �r
ðx1 � x1Þðx2 � x2Þ

�s1 �s2ðT � tÞ
þ
ðx2 � x2Þ

2

�s22ðT � tÞ

� �� �

	 �
2ðx1 � x1Þ

�s21
þ
2 �rðx2 � x2Þ

�s1 �s2

� �
3

4p �s31 �s2ðT � tÞ3ð1� �r2Þ5=2

(

� �
2ðx1 � x1Þ

�s21
þ
2 �rðx2 � x2Þ

�s1 �s2

� �3
1

16p �s1 �s2ðT � tÞ4ð1� �r2Þ7=2

)

@3u0
@x21@x2

¼ exp �
1

2ð1� �r2Þ
ðx1 � x1Þ

2

�s21ðT � tÞ
� 2 �r
ðx1 � x1Þðx2 � x2Þ

�s1 �s2ðT � tÞ
þ
ðx2 � x2Þ

2

�s22ðT � tÞ

� �� �

	
2 �rðx1 � x1Þ

�s1 �s2
�
2ðx2 � x2Þ

�s22

� �
1

4p �s31 �s2ðT � tÞ3ð1� �r2Þ5=2

(

� �
2ðx1 � x1Þ

�s21
þ
2 �rðx2 � x2Þ

�s1 �s2

� �
�r

2p �s21 �s
2
2ðT � tÞ3ð1� �r2Þ5=2

� �
2ðx1 � x1Þ

�s21
þ
2 �rðx2 � x2Þ

�s1 �s2

� �2
2 �rðx1 � x1Þ

�s1 �s2
�
2ðx2 � x2Þ

�s22

� �

	
1

16p �s1 �s2ðT � tÞ4ð1� �r2Þ7=2

)

The partial derivatives @3u0=@x32 and @3u0=@x1@x22 are obtained by
symmetry.
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THE DETERMINANTS OF DEFAULT

CORRELATIONS

Kanak Patel and Ricardo Pereira

ABSTRACT

This chapter analyses the ability of some structural models to predict
corporate bankruptcy. The study extends the existing empirical work on
default risk in two ways. First, it estimates the expected default
probabilities (EDPs) for a sample of bankrupt companies in the USA
as a function of volatility, debt ratio, and other company variables.
Second, it computes default correlations using a copula function and
extracts common or latent factors that drive companies’ default correla-
tions using a factor-analytical technique. Idiosyncratic risk is observed to
change significantly prior to bankruptcy and its impact on EDPs is found
to be more important than that of total volatility. Information-related
tests corroborate the results of prediction-orientated tests reported by
other studies in the literature; however, only a weak explanatory power is
found in the widely used market-to-book assets and book-to-market
equity ratio. The results indicate that common factors, which capture the
overall state of the economy, explain default correlations quite well.
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1. INTRODUCTION

Corporate defaults exhibit two key characteristics that have profound
implications for default risk management. First, default risk is correlated
through time. Bankruptcies are normally the end of a process that begins
with adverse economic shocks and end with financial distress. Although
some bankruptcies are unexpected and, therefore, are point events, like
Enron and Worldcom, investors become aware of the company’s difficulties
some years prior to the bankruptcy event. Second, financial wealth of
companies in the same industry, or within the same economic area, is a
function of managers’ skills and common factors that introduce correla-
tions.

Companies’ default risk is linked through sector-specific and/or macro-
economic factors. While a great deal of effort has been made by
practitioners to measure and explain companies’ default correlations,
academics have only recently begun to devote attention to this issue. The
existing literature on default correlations can be divided into two
approaches: the structural approach that models default correlations
through companies’ assets values; and the reduced-form approach that
models default correlations through default intensities. While financial
institutions, namely banks, are aware of these relationships, their ability to
model such correlations is still not fully developed. The Basel Committee on
Banking and Supervision (BCBS, 1999, p. 31) states ‘‘ . . . the factors
affecting the credit worthiness of obligors sometimes behave in a related
manner . . . ’’ which ‘‘ . . . requires consideration of the dependencies between
the factors determining credit related losses.’’ While there are many different
models and approaches to compute default probabilities, there is no
consensus on the importance of different factors that drive default
correlations. The BCBS (1999) report points out that while practitioners
have been managing and studying this dependence, there is a lack of
theoretical and empirical work on this issue that tests the robustness of the
frameworks.

In this chapter, we concentrate our empirical investigation on the
determinants of default correlation. Our analysis comprises three stages:
first, we apply a set of structural models, Merton (M, 1974), Longstaff and
Schwartz (LS, 1995), and Ericsson and Reneby (ER, 1998), to compute
companies’ expected default probabilities (EDPs). Second, based on cross-
sectional tests we analyse the effect of volatility and idiosyncratic risk on
EDPs. Given that unexpected events or fraudulent defaults lead to market-
wide jumps in credit spreads, which reduce the ability to diversify this risk, it
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is important to examine the relationship between company’s idiosyncratic
risk and bankruptcy. Third, using a factor-analytical technique, we extract
common or latent factors that explain default correlations. This analysis
enables us to assess the extent to which default correlation can be ascribed
to the latent factors and to the systematic variables from capital and bond
markets.

The results show that the set of structural models applied are able to
predict bankruptcy events. Another important finding is the relevance of
idiosyncratic risk (and not of total volatility) in predicting default events.
This suggests that company-specific signals provide useful information to
investors about the deterioration in company’s economic and financial
conditions prior to bankruptcy. Factor-analytical techniques extract factors
that explain around 83% of the variability of default correlations. The
determinants of these factors are variables that proxy the overall state of the
economy and the expectations of its evolution.

The most popular credit risk frameworks used and sold by financial
institutions are the KMV (building on the Merton, 1974, model) and
CreditMetrics.1 In the Merton model, dependence between companies’
defaults is driven by dependence between assets and threshold values. In the
actuarial CreditRisk+2 framework, default correlations are driven by
common factors. For each pair of obligors, the asset value is assumed to
follow a joint normal distribution. The efficacy of diversification within a
portfolio of claims requires accurate estimates of correlations in credit
events for all pairs of obligors. For example, Collateralized Bond
Obligations (CBOs) and the evaluation of credit derivatives examined by
Hull, Predescu, and White (2005) require estimates of the joint probability
of default over different time periods and for all obligors. Default
correlations can lead to a dramatic change in the tails of a portfolio’s
probability density function of credit losses (PDCLs) and, consequently, in
the economic capital required to cover unexpected losses. The common
assumption of independence between events produces the right tails of the
theoretical PDCLs to be thinner than the ones observed in practice, which
implies that observed unexpected losses are higher than the ones estimated.
BCBS (1999) points out that PDCLs of portfolios are skewed toward large
losses and are more difficult to model. The PDCLs that result from the
combination of single credit exposures depends on the assumptions made
about credit correlations.

The rest of the chapter is organized as follows: Section 2 presents a brief
digression on dependence measures, with an exposition of copula functions.
Section 3 provides a discussion on empirical analyses of structural models
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and the variables that can account for default correlations and contagion
effects. Section 4 contains our empirical work. Section 5 discusses the
implications of the results and Section 6 provides some concluding remarks.

2. A BRIEF DIGRESSION ON MEASURES OF

DEPENDENCE

The Pearson correlation coefficient, r, commonly used in finance as a
measure of dependence between two variables, assumes that financial
variables follow a multivariate normal distribution, which means that it can
only be used in the elliptical world (see Embrechtz, McNeil, & Straumann
(2001) for the limitations of this measure). However, the probability
distribution of security returns is not normal; it has fat tails and skewness.
This characteristic is crucial for credit risk management, which requires
careful consideration of other dimensions of risk. One of these dimensions is
the dependence structure between the variables. The copula function allows
us to measure this dimension.

In this section, we briefly describe the basic concepts of copula functions.3

A copula function defines the dependence structure between random
variables. It links univariate marginals to their multivariate distribution.
Consider p uniform random variables, u1, u2, . . . , up. The joint distribution
function of these variables is defined as

Cðu1; u2; . . . ; upÞ ¼ ProbfU1 � u1;U2 � u2; . . . ;Up � upg (1)

where C is the copula function. Copula functions are used to relate
univariate marginal distributions functions, F1(x1), F2(x2), . . . , Fp(xp), to
their joint distribution function

CðF1ðx1Þ;F2ðx2Þ; . . . ;FpðxpÞÞ ¼ Fðx1;x2; . . . ;xpÞ (2)

For the random variable, the univariate marginal distribution can be
chosen according to its features. The copula function does not constrain the
choice of the marginal distribution. Sklar (1959) (cited in Frees & Valdez,
1998) proves that any multivariate distribution function, F, can be written in
the form of Eq. (2). He also shows that if each marginal distribution
function is continuous, then there is a unique copula representation.

Copula functions have been used in biological science to analyse the joint
mortality pattern of groups of individuals. Li (2000) applied this concept to
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default correlation between companies. Schonbucher and Schubert (2001)
use a different approach, the frailty model, to study default correlations
within an intensity model, which is used in biological studies to model
heterogeneity via random effects.

The copula summarizes different types of dependencies even when they
have been scaled by strictly monotone transformations (invariance
property). The properties of bivariate copula functions, C(u, u, r), where
u and uA(0, 1)2 and r is a correlation parameter (Pearson correlation
coefficient, Spearman’s Rho, Kendall’s Tau) are as follows:

(i) since u and u are positive numbers, C(0, u, r)=C(u, 0, r)=0
(ii) the marginal distribution can be obtained by C(1, u, r)=u or

C(u, 1, r)=u
(iii) if u and u are independent variables, C(u, u, r)=uu
(iv) the upper and lower bound for a copula function is max(0, u+u�1)r

C(u, u)rmin(u, u)

The generalization of these properties to higher dimensions is straight-
forward. The joint distribution function is defined by its marginals and the
copula. This means that we can examine the copula function to capture the
association between random variables. Both Spearman’s Rho, rS, and
Kendall’s Tau, t, can be defined in terms of the copula function as follows:

rS ¼ 12

Z
½Cðu; uÞ � uu�du du (3)

t ¼ 4

Z
Cðu; uÞdCðu; uÞ � 1 (4)

The nonparametric correlation measures do not depend on the marginal
distributions and are not affected by nonlinear transformations like the
Pearson correlation coefficient.

Mendes and Souza (2004) demonstrate that copula density functions split
the joint distribution function into parameters of marginals, g, and
parameters of dependence structure, d. To fit a copula to bivariate data
we maximize the log-likelihood function, i

i ¼ ðu; u; gu; gu; dÞ ¼ log ½cðFuðu; guÞ;Fuðu; guÞ; dÞ� þ log f uðu; guÞ þ log f uðu; guÞ

(5)

where c is the copula density function and f is the marginal density
function.4
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Durrleman, Nikeghbali, and Roncalli (2000) present different methods
for choosing the right copula. In this study, we rely on the standard
measures, Akaike Information Criterion (AIC) and the Bayesian Informa-
tion Criterion (BIC).

3. DEFAULT RISK AND CORRELATIONS

Over the past few decades, dependence within financial markets has been
extensively studied both in portfolio diversification and financial integra-
tion. Only recently, however, important events like the Asian crisis have
spurred academic interest in explaining the causes and consequences of the
bubble bursting in new economies and fraudulent bankruptcies of Enron
and WorldCom. More recently, researchers have started to examine the
dependence structure of extreme events across companies.

The structural models attempt to capture the salient features of the real
economy that cause corporate defaults. These models can be divided into
two sets: Merton (1974) model that considers default only at the maturity of
the zero coupon bonds; and those models that allow default to occur at any
time within the prediction horizon – the first-passage models. We must note
that as these models work with risk-neutral measures, and their EDP can
differ from the real one and is likely to be higher. This is because the drift of
the real process of the asset value is normally higher than the risk-neutral
process (see Appendix A). Thus, we expect to observe EDPs resulting from
the first-passage models to be higher than the one resulting from the
Merton-type of models.

The empirical analyses of structural models, including Jones, Mason, and
Rosenfeld (1984), Huang and Huang (2003), and Eom, Helwege, and Huang
(2004), report that these models tend to systematically underestimate
observed yield spreads and, given the high dispersion of predicted spreads,
are inaccurate. In our opinion, this does not affect the accuracy of a
structural model in estimating EDPs of companies. The existing studies on
observed yield spreads do not consider all the relevant components that
affect yield spreads. As Fisher (1959) argues, an observed bond yield spread
provides compensation to investor for credit risk and marketability risk.
Several authors (see Delianedis & Geske, 2001, and Ericsson & Reneby,
2005) point out that default spread is only a small proportion of the
observed yield spread. The studies by Leland (2002), Patel and Vlamis
(2006), and Patel and Pereira (2007), report that EDPs from structural
models are able to predict bankruptcies, in some cases up to 2 years before
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the event. Evidently, the EDPs contain valuable information especially in
cases when companies are close to economic/financial distress.

Recently, a number of authors have investigated the extremal dependence
of risk factors to model default. Insofar as defaults are infectious, an
analysis of default correlations is crucial. Li (2000) is one of the earliest
studies to systematically examine default correlations. The author models
default correlation between two companies as the correlation between their
survival times. He uses the copula concept to define the joint distribution of
survival times with given marginal distributions. Li (2000) points out that
CreditMetrics uses a bivariate normal copula function with asset correlation
as the correlation factor. Laurent and Gregory (2005) extend this work to
several obligors. Frey and McNeil (2001) use a copula function and the
notion of extremal dependence of risk factors to model default correlations
in loan portfolio management. Davis and Lo (2001) study how ‘‘infectious
defaults’’ (or contagion effects) can be introduced within the Binomial
Expansion Technique developed by Moody’s. The authors investigate this
issue assuming that default correlation among all firms of a CBO is equal
and time independent.

Hull and White (2000) develop a method to value a vanilla credit
default swap with counterparty default risk, which assumes that the
dependence structure of defaults follows a multivariate normal distribution.
Hull et al. (2005) extend the previous model to several obligors. They
assume that default threshold has a systematic and an idiosyncratic
component. The systematic component is defined as the sensitivity of the
threshold to a factor (systematic), common to all firms. Default correlation
is defined as the product of each company loading to the systematic variable.
Zhou (2001) provides an analytical formula for computing default
correlations and joint default probability for the first-passage models.
However, the empirical application of this framework to portfolios of loans
or bonds becomes cumbersome since it only allows pairwise comparison of
obligors.

In another line of investigation, Schonbucher (2003) analyses default
correlation spreads through channels other than business ties. Assuming
an imperfect market, with asymmetric information, default contagion
can arise from information effects, learning effects or updating of beliefs,
which means that the default of one company provides information about
the default risk of other companies. Collin-Dufresne, Goldstein, and
Helwege (2003) study default contagion via updating of beliefs, within a
reduced-form model. According to the authors, unexpected or fraudulent
defaults lead to market-wide jumps in credit spreads, which reduces
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investors’ ability to diversify this risk. Giesecke (2004) argues that macro-
economic variables and operational and/or financial ties can explain default
correlations between companies. More specifically, default correlations
between companies are due to their dependence on macroeconomic
variables, which cause cyclical default correlations, and operational and
financial relationships with other companies that cause default contagion
effects.

Makiel and Xu (2000) find that investors price idiosyncratic risk because
they cannot hold a diversifiable portfolio. Similar evidence is presented
by Goyal and Santa-Clara (2003). Arguably, if investors’ ability to diversify
risk is limited, idiosyncratic risk is likely to be an important determinant
of default correlation in the period leading up to company’s financial
distress.

4. DATA AND METHODOLOGY

The stock price and financial data on a sample of bankrupt companies in the
USA used in this study is obtained from the Datastream and Osı́ris
database. The names of bankrupt companies are collected from Moody’s
Investor Service Reports (2003, 2005). A company is classified as bankrupt
if it missed or delayed disbursement of interest or principal or if it entered
into liquidation, receivership, or administration. Our initial sample
comprised 59 bankruptcy events between 1996 and 2004, a total of 56
bankrupt companies. In order to ensure reliability of the results, we
excluded thinly traded companies (when there is more than 10 days without
any trade) and companies with less than 5 years of financial data. The
remaining sample comprises 34 bankruptcy events and 282 yearly
observations on related economic and financial variables, a total sample
of 34 bankrupt companies. For the risk-free rate, we use the yield on 1-year
treasury constant maturity (TCM) securities from 1990 to 2004 reported
by the US government securities dealers to the Federal Reserve Bank of
New York.

Our empirical methodology comprises three stages: Stage 1 involves
estimation of EDPs of companies, using three structural models: Merton
(1974), Longstaff and Schwartz (1995), and Ericsson and Reneby (1998).
Prediction-oriented and information-related tests are employed to infer the
performance of these models. Stage 2 involves an estimation of the idio-
syncratic risk of companies. Stage 3 involves factor analyses of the default
correlation matrix and latent factors associated with the companies.
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4.1. Estimation of EDPs

Appendix A presents an outline of the Merton (M, 1974), Longstaff and
Schwartz (LS, 1995), and Ericsson and Reneby (ER, 1998) models. Each of
these models has a set of parameters that we either estimate or assume to be
given. Table 1 describes the parameters and how they are computed in our
analysis. Our calibration approach is not very different from the standard
one employed in previous studies except that the focus here is solely on the
parameters needed to compute the EDPs.

Ideally, to apply these structural models, we should have companies with
simple capital structures with only the equity and zero coupon bonds. One
practical approach is to assume that company’s debt can be converted to a
1-year zero coupon bond with a face value equal to its debt value. The total
market value of the company, and its volatility, can be computed using an
iterative procedure based on Ito’s Lemma5 (a similar procedure is used by
KMV). For the initial estimate of the company’s volatility, sv, we compute
the standard deviation of daily equity returns, sE, over the past 12 months.
Then, using Eq. (A.4), we compute iteratively the daily market value of the
company, Vt, corresponding to the market value of equity, Et, until the
difference in values of sv from two consecutive iterations converge to less
than 10E�4. Once the convergence has been achieved, the final estimate of

Table 1. Calibration Procedure of M, LS, and ER Models.

Parameters Model Estimated As

Firms’ specific parameters

Vt: Company’s value All Ito’s lemma

sV: Company’s volatility All Ito’s lemma

F: Debt’s face value M Book value of total liabilities

T: Years to maturity All Assumed 1 year

d: Payout ratio ER Assumed at 6%

t: Prediction horizon ER Assumed 1 year

a: Bankruptcy costs LS Assumed at 49%

K: Threshold value/distress barrier LS; ER Debt’s face value

Interest rate parameters

r: Interest rate All 1-year TCM

a: Mean reversion speed LS Vasicek’s risk-free yield curve

l: Mean reversion level LS Vasicek’s risk-free yield curve

sr: Short rate standard deviation LS Assumed at 1.5%

r: Correlation coefficient between r and Vt LS Computed
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sv is then used to compute the market value of the company, Vt. We
consider T and t to equal 1 year, assuming that investors’ prediction
horizons are equal to 1 year. The parameter d captures the payments made
by the company to its shareholders and bondholders, such as dividends,
share repurchases, and bond coupons. According to Huang and Huang
(2003), 6% can be assumed to be a reasonable estimate for this parameter.6

Several studies in the literature report that, bondholders’ recovery rate
varies according to the seniority of the debt. For example, Altman (2002)
finds that during the period 1985–1991, the average recovery rate for a
sample of defaulted bond issues was 0.605 for secured debt, 0.523 for senior
debt, 0.307 for senior subordinated debt, 0.28 for cash-pay subordinated
debt, and 0.195 for non-cash-pay subordinated debt. Given this evidence,
Longstaff and Schwartz (1995), Leland (2002), Huang and Huang (2003),
and Eom et al. (2004), assume an average recovery rate of 51% of debt face
value.

In the one-factor models (M and ER), we use the yield on 1-year TCM
rate as the risk-free rate. In the two-factor LS model, we assume the interest
rate is driven by the Vasicek process described in Eq. (A.1). Based on the
evidence reported by Eom et al. (2004), who apply Vasicek and Nelson-
Siegel models to estimate the term structure of the risk-free yield curve, we
fit the Vasicek model to 1-year TCM rates assuming that sr=0.015 (see
Appendix A and Eq. (A.2) for details of the estimation procedure). We
estimate the parameters a and l using this procedure for each year, from
1990 to 2004, with the daily observations of 1-year TCM. The correlation
coefficient is computed with 1-year TCM rates and Vt for each common
year.

4.2. Estimation of Idiosyncratic Risk

A widely used procedure for estimating the idiosyncratic risk involves
extracting the residuals of an asset-pricing model. Obviously, the estimates
are sensitive to the chosen asset-pricing model and the specified variables.
Since the existing literature has tended to employ the three-factor model7 by
Fama and French (1993), who use the following model:

Rit � Rft ¼ bm;iðRm;t � Rf ;tÞ þ bsmb;iRsmb;t þ bhml;iRhml;t þ �i;t (6)

where Rit is the return on company i on day t. Rmt�Rft is the market excess
return. Rsmb,t is the return on a portfolio that captures the size effect, which
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is computed as the average return for the smallest 30% of stocks minus the
average return of the largest 30% of stocks. Rhml,t is the return on a
portfolio that captures the book-to-market equity effect (value premium),
which is computed as the average return for the 50% of stocks with the
highest book-to-market ratio minus the average return of the 50% of stocks
with the lowest book-to-market ratio. The standard deviation of eit is used
as a proxy for the idiosyncratic risk of company i. We fit this model using
daily observations over the previous year.

4.3. Regression Analysis of Default Correlation

Based on Eq. (5), we fit copula functions to each pair of companies’ EDPs.
To fit the copula functions, we define a minimum of 5-year common period
for each company. This reduces our sample from 25 to 24 bankruptcy
events. The estimated copula functions for each pair of companies’ EDPs
(a total of 276 copula functions) are then transformed into Kendall’s Tau
using Eq. (4)8 and used to construct each model default correlation matrix.
Each model default correlation matrix is then used in the factor analysis
(see Appendix B) in order to extract the common or latent factors, Facts,t,
that are not directly observable but explain the companies default
correlations. These common factors will then serve as dependent variables
in regression Eq. (7) below.

Our next task is to identify variables that drive default correlations so that
we can use the variables in a regression equation as the extracted factors,
Facts,t. We selected the following set of variables for their theoretical
robustness and empirical measurability:

(1) Treasury Interest Rates Level. Several authors (e.g., Longstaff &
Schwartz, 1995; Leland & Toft, 1996) argue that an increase in the
spot rate increases the drift of a company’s asset value process and
causes EDPs to fall. Since the majority of the models consider the
default threshold to be constant or deterministic, an increase in the drift
pushes the company’s value away from its threshold value and decreases
default probability. Since an increase in the level of interest rates
decreases EDPs, we should also expect to observe a decrease in default
correlations. We use the yield on the 10-year TCM securities r10t for the
interest. In line with Collin-Dufresne, Goldstein, and Martin (2001), we
use (r10t )2 to capture potential nonlinear effects due to convexity.
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(2) Slope of the Yield Curve. The impact of this variable on default
probabilities and default correlations is controversial. In our opinion,
since this variable reflects investors’ expectations about the evolution of
the economy, an increase in the slope of the yield curve implies
strengthening of the economy, which, consequently, would lower EDPs
and default correlations. We define this variable as the difference
between the 10-year and 2-year TCM yields, r10t � r2t .

(3) Market Volatility. Market volatility is a critical parameter in structural
models. The effect of volatility depends on the model specification. In the
first-passage model, an increase in volatility increases the probability of
default and increases default correlations, because the probability of a
company’s value crossing the threshold at any point in time also increases.
In the European type model (Merton, 1974) the effect is not obvious; it
can be positive or negative. We measure market volatility, sS&P, as the
standard deviation of S and P daily returns over the past 12 months.

(4) Equity Premium. Equity premium can be considered to be a proxy for
the overall state of the capital markets. An increase in equity premium
reflects an increase in risk and, therefore, is expected to result in higher
defaults and default correlations. We measure equity premium,
RM � r1mt , as the difference between the value-weighted return on all
NYSE, AMEX, and NASDAQ and 1-month treasury bill rate.

(5) Default Return Spread. This variable captures the systematic risk factor
as well as the specific risk when there are unexpected events of
bankruptcy or fraud. As explained by Schonbucher (2003), this variable
can be interpreted as a learning or information effect variable. An
increase in default return spread increases an overall uncertainty in the
bond market, which causes an increase in default correlations as
investors become more sensitive to bad news. We define default return
spread, DefSpread, as the difference between Moody’s AAA and BAA
long-term bonds yields.9

Table 2 summarizes the expected signs of the relationship between the
default correlation factors and the variables outlined above. The first four
variables capture cyclical default correlation, while the last one captures the
systematic component of default contagion effects. We estimate the
following regression equation, the results of which will be reported later
(see Table 10)

Facts;t ¼ aþ b1r
10
t þ b2ðr

10
t Þ

2
þ b3ðr

10
t � r2t Þ

þ b4sS&P;t þ b5ðRM;t � r1mt Þ þ b6DefSpreadt
(7)
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5. EMPIRICAL EVIDENCE

In this section, we report and discuss the results of the three structural
models obtained from prediction-oriented and information-related tests. We
also analyze the importance of idiosyncratic risk in predicting bankruptcy
events. We do this by extracting latent factors of companies’ default
correlations based on the competing structural models. Looking ahead, in
Section 5.1 we look at the predictive power of the EDPs generated by the
competing structural models. In Section 5.2, we provide the summary
statistics of the EDPs of the competing models. In Section 5.3, we conduct
several cross-section analyses of EDPs. In Section 5.4, we conduct a logistic
analysis of the EDPs and several explanatory variables, while in Section 5.5
we apply factor analysis methods to the correlation matrices of the
Kendall’s Tau based on the copula analysis of the EDPs of the competing
structural models.

5.1. Prediction-Oriented Tests

Prediction-oriented tests provide an in-sample accuracy measure. We
classify the results into error type I (predicting no default when there is
actually one) and type II (predicting a default when there actually is none).
Since our sample comprises only bankrupt firms, we can only observe Error
type I when the model fails to predict bankruptcy. The models correctly
predict bankruptcy if in the final available year the EDP is above 20%.10

The results show misclassification of three bankruptcy events in the M and

Table 2. The Expected Signs of the Effect of Explanatory Variables of
Default Correlations.

Variable Predicted Sign

r10t : Yield on 10-year TCM �

r10t � r2t : 10-year TCM minus 2-year TCM yields �

sS&P: S&P100 daily returns volatility 7
RM�rf: Return on NYSE, AMEX, and NASDAQ – 1 M treasury bill +

DefSpread: Moody’s BAA yield – Moody’s AAA yield +

The Table 2 summarizes the expected signs of the relationships between default correlations

and the variables outlined below: Facts;t ¼ aþ b1r
10
t þ b2ðr

10
t Þ

2
þ b3ðr

10
t � r2t Þ þ b4sS&P;tþ

b5ðRM;t � r1mt Þ þ b6DefSpreadt.
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LS models, which corresponds to 8.3% of the bankruptcy events. The ER
model has the best performance with only two misclassified bankruptcy
events, which corresponds to 5.5% of the sample. Overall, the structural
models predict corporate bankruptcy at least 1 year in advance of the event.

5.2. Summary Statistics of EDPs

Table 3 reports the statistics of EDPs for ‘‘All years’’ and for up to n�6
previous years (it is not feasible to present all the results over the period
1990–2004). The first important observation in Table 3, also depicted in
Fig. 1, is that average EDP of the M model is lower than those of LS and
ER models. As mentioned earlier, the former model is a European option
with one period debt, and the latter models are a kind of Barrier option

Table 3. Summary Statistics of EDPs.

Total Sample n�1 n�2 n�3 n�4 n�5 n�6 All Years

M Mean 0.57 0.35 0.24 0.19 0.09 0.09 0.17

Standard deviation 0.27 0.27 0.26 0.24 0.16 0.17 0.25

LS Mean 1.23 0.80 0.55 0.39 0.25 0.22 0.38

Standard deviation 0.66 0.74 0.61 0.45 0.61 0.49 0.60

ER Mean 1.11 0.74 0.53 0.47 0.22 0.21 0.37

Standard deviation 0.43 0.48 0.50 0.58 0.37 0.37 0.50

The Table 3 presents the standard statistics of the M, LS, and ER models’ EDPs.

0.00

0.20

0.40

0.60

0.80

1.00

1.20

1.40

n-1 n-2 n-3 n-4 n-5 n-6

Pr
ob

ab
ili

ty
 o

f 
D

ef
au

lt 

M LS ER

Fig. 1. EDPs of Bankrupt Companies.
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models. Focusing on the behavior of EDPs, we observe a gradual increase in
EDPs up to 2 years ahead of bankruptcy and then a steep rise a year before
the event.

The second important observation is that the standard deviations of
EDPs of the M model (approximately 25%) are comparatively lower than
those of the LS and ER models (approximately 60% and 40%, respectively).
This suggests that the M model is more accurate in predicting bankruptcy
than the LS and ER models (see Figs. 2–4). For the first-passage LS model,
we observe a distinct clustering, however, this model appears to be the least
accurate with more extreme values (see Figs. 3 and 4).

Overall, the results suggest that the first-passage LS model does not add
value over and above the M model. Surprisingly, the two-factor LS model

Fig. 2. Distribution of EDPs: Merton’s Model.
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has the worst performance, suggesting that the effort to capture more
realistic features of the company in this model is not justified as far as EDPs
are concerned.

5.3. Cross-Section Analysis of EDPs

Tables 4–6 present the results of the multivariate linear regressions of EDPs
volatility and debt ratio, the two crucial parameters of structural models. In
Table 4, all the coefficients of these two variables are statistically significant
and have the expected signs. A high percentage of the variability of EDPs is
explained by volatility debt ratio (only in the LS model, this percentage is

Fig. 3. Distribution of EDPs: Longstaff and Schwartz Model.

KANAK PATEL AND RICARDO PEREIRA138



Fig. 4. Distribution of EDPs: Ericsson and Reneby Model

Table 4. Cross-Section Analysis EDPs and Volatility.

EDP=a+b Debt Ratio+c Volatility+ei

Model a t-stat b t-stat c t-stat F Adj R2

M �0.344 �10.9 0.704 16.3 0.26 10.9 150.2a 0.515

LS �0.706 �8.3 1.601 13.8 0.344 5.4 95.5a 0.402

ER �0.632 �9.9 1.474 16.9 0.333 6.9 143a 0.503

The Table 4 reports the results of a cross-sectional multiple linear regression relating models’

EDPs to the companies’ debt ratio and volatility.
aConfidence level at 1%.
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below 50%). The EDPs are more sensitive to the debt ratio than to the
volatility. The first-passage models are more sensitive to debt ratio than the
M model. All regressions are statistically significant at the 1% level.

Table 5 reports the results of the relationship between idiosyncratic risk
and EDPs. The explanatory power of the regressions increases substantially
(approximately 70%). The debt ratio and idiosyncratic risk explain
approximately 77% of the variability of EDP of the M model. These
results confirm the significance of the idiosyncratic risk in explaining
bankruptcy.

Table 6 presents the results of the tests incorporating all three variables:
debt ratio, idiosyncratic risk, and volatility. Compared to the results in
Table 5, the explanatory power of the regressions has not improved. It is
clear, however, that idiosyncratic risk is the most important variable. The
coefficient of idiosyncratic risk is statistically significant. It is surprising to

Table 5. Cross-Section Analysis of EDPs and Idiosyncratic Risk.

EDP=a+b Debt Ratio+c Idiosyncratic Risk+ei

Model a t-stat b t-stat c t-stat F Adj R2

M �0.368 �18.1 0.263 8.7 0.543 23.7 471.7a 0.77

LS �0.845 �13.1 0.871 9.1 1.001 13.8 218.8a 0.608

ER �0.716 �15.1 0.837 11.9 0.834 15.7 314.3a 0.69

The Table 5 reports the results of a cross-sectional multiple linear regression relating models’

EDPs to the companies’ debt ratio and idiosyncratic risk.
aConfidence level at 1%.

Table 6. Cross-Section Analysis of EDPs Volatility and Idiosyncratic
Risk.

EDP=a+b Debt Ratio+c Volatility+d Idiosyncratic Risk+ei

Model a t-stat b t-stat c t-stat d t-stat F Adj R2

M �0.415 �19.9 0.361 10.9 0.103 5.9 0.476 19.6 365.1a 0.795

LS �0.854 �12.2 0.889 8 0.02 0.3 0.988 12.1 145.4a 0.607

ER �0.749 �14.7 0.908 11.2 0.074 1.7 0.533 13.2 212.1a 0.693

The Table 6 reports the results of a cross-sectional multiple linear regression relating models’

EDPs to the companies’ debt ratio, volatility, and idiosyncratic risk.
aConfidence level at 1%.
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observe the coefficient of volatility becomes smaller and statistically
insignificant in the LS and ER models.

5.4. Information-Related Tests

Based on Shumway (2001), we assume that the relationship between EDPs
and independent variable(s) is represented by a logistic curve that
asymptotically approaches one (zero) as covariates tend to positive
(negative) infinity. This relationship is written as follows:11

Pt�1ðYit ¼ 1Þ ¼
1

½1þ expð�ðaþ bXi;t�1ÞÞ�

where Xi,t�1 is the vector of time varying covariates, known at the end of
previous year, a denotes the constant. Yit is the dependent variable, EDPs,
and which equals one when a company goes bankrupt and zero otherwise.
Each year that a company is alive corresponds to an observation in the
estimation equation.

The logistic regressions analysis complements the prediction-oriented
tests. This method, however, has several limitations: first, it assumes a
dichotomous decision (0 or 1 value). Second, it does not distinguish the
relative importance of Error type I and II for credit risk management. For a
credit risk manager, it is more serious to have a bankrupt firm classified as
nonbankrupt than a nonbankrupt firm classified as bankrupt. Third, the
classification of firms as bankrupt or as nonbankrupt is somewhat subjective
because it implies the definition of a cut-off value. Fourth, it is not clear
which model explains the variability of companies’ default risk better.
Moreover, this procedure has the limitation of considering bankruptcy as an
event and not as a process.12

Table 7 reports the results of logistic regressions. Columns 1–8 display
univariate regressions with EDPs of the structural models13 and with
idiosyncratic risk, debt ratio, market-to-book assets ratio (MB), book-to-
market equity ratio (BE), and volatility. According to Vassalou and Xing
(2004), default risk is explained by the BE ratio, while MB ratio is
introduced as a proxy for companies’ growth opportunities. We use
Nagelkerke R2 as an indicator of the explanatory power.

All models are statistically significant and the coefficients have the
expected signs. The M model has the highest explanatory power (around
40%), which contrasts with the results of the prediction-oriented tests
reported in Chapter 5. The ER model also shows a good performance and is
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Table 7. Logistic Regressions.

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

M 5.356 3.856

(0.000) (0.000)

LS 1.839

(0.000)

ER 2.701 1.542

(0.000) (0.011)

Idiosyncratic risk 3.353 4.423 4.691

(0.000) (0.005) (0.014)

Debt ratio 9.326 4.439 4.557

(0.000) (0.008) (0.031)

MB assets �1.160

(0.012)

BM equity �0.010

(0.291)

Volatility �0.411

(0.618)

Constant �3.475 �3.025 �3.563 �4.642 �9.004 �0.596 �1.922 �1.800 �6.374 �6.263

(0.000) (0.000) (0.000) (0.000) (0.000) (0.240) (0.000) (0.000) (0.000) (0.000)

Observations 282 282 282 282 282 282 282 282 282 282

�2logL 148.3 166.5 154.8 170.9 154.9 204.8 214.4 214.9 137.4 147.8

Nagelkerke R2 0.397 0.298 0.362 0.273 0.361 0.069 0.007 0.003 0.452 0.399

Two-sided p-values are in parentheses. The –2logL statistic has a w2 distribution with n-q degrees of freedom, where q is the number of

parameters in the model. In all logistic regressions, we cannot reject the null hypothesis, implying that the model fits the data (the w2 statistics
are corrected according to Shumway (2001) suggestions).
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very close to the M model. The LS model has a comparatively lower
performance. Overall, the performance of these models is better than that
reported by Campbell, Hilscher, and Szilagyi (2006) at the 1-month horizon.
Considering that the financial and accounting data for some failed
companies suffer from observation lags of up to 2 years, these results are
highly encouraging.

It is worth drawing attention to the estimated values of the coefficients of
idiosyncratic risk and debt ratio. Both these variables have the expected sign
and are significant at the 1% confidence level. The default risk, however,
appears not to be sensitive to volatility, and the explanatory power of this
coefficient is almost zero. These results show that idiosyncratic risk is an
important variable. Comparing the explanatory power of idiosyncratic risk
(column 4) and volatility (column 8), it is evident that the former variable
has greater power in predicting bankruptcy events than the latter variable.
This suggests that investors are aware of the specific circumstances
responsible for a company’s deterioration and anticipate bankruptcy. The
coefficient of debt ratio is significant, as expected. It is worth noting
the lower explanatory power of the ER and LS models, which, given the
complexity of these models, is somewhat intriguing. In contrast to
the results reported by Vassalou and Xing (2004), the explanatory power
of the BE ratio is almost zero, and this variable is not significant. The MB
ratio has the expected sign and is significant at 5% confidence level, but its
explanatory power is very low (see columns 6 and 7).

In columns 9 and 10, we use a stepwise procedure with the M/ER models
and the other variables. Idiosyncratic risk and debt ratio enter in regressions
and the former variable always dominates the other variables, and it is
statistically more significant than the debt ratio. Finally, according to
the –2logL statistic that has a w2 distribution with n�q degrees of freedom
where q is the number of parameters in the model, we cannot reject the null
hypothesis of logistic regressions, implying that the model fits the data.

5.5. Factor Analysis of Correlation Matrix

Next we present results of the joint variability of companies default risk,
that is, of the companies default correlation matrix, based on factor-
analytical tests (see Appendix B for details). We compute a correlation
matrix per model and fit copula functions14 by maximizing the log-
likelihood function, as explained in Eq. (4), to each pair of EDPs. Given the
restrictions outlined in Section 4 above, the sample comprises 23 companies,
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which are 25 bankruptcy events (remember two companies failed twice) and
276 copula functions with matching time frames (see footnote 8). The results
(based upon the Akaike and Schwartz goodness-of-fit criteria) show that all
fitted copula functions belong to the normal family. Next, we construct
companies’ correlation matrix with Kendall’s Tau. This correlation matrix is
used in the factor analysis to estimate the determinants of default
correlations. We employ the principal components method to extract the
factors from the correlation matrix. We retain the factors that have an
eigenvalue greater than one.

Table 8 reports the results of the factor analysis for each model
(see Appendix B for details). We extract five factors for the M and six
factors the LS and ER models. The RMSR and the nonredundant residuals
of the residual matrix are small in all models, implying a good factor
solution. The five factors of the M model and the six factors of the LS and
ER models, referred to as common or latent factors, explain a high
percentage of the observed variance (79.5%, 86.5%, and 82.8%, respec-
tively). This is an encouraging result for our search for the determinants of
default correlation. In contrast with Zhou (2001), the results suggest that
only a small percentage (21.5%, 13.5%, and 17.2% for M, LS, and ER
models, respectively) of observed variance or default correlation is explained
by nonretained factors. An orthogonal rotation (Varimax rotation) is

Table 8. Factor Analysis.

Factors M Model LS Model ER Model

Eigenvalue Cumulative

%

Eigenvalue Cumulative

%

Eigenvalue Cumulative

%

1 7.6 32.8 7.1 31.0 6.9 30.1

2 5.8 57.9 4.9 52.3 5.3 53.4

3 2.0 66.5 2.8 64.5 2.4 63.9

4 1.9 74.8 2.4 75.2 1.9 72.0

5 1.1 79.5 1.5 81.8 1.5 78.4

6 1.1 86.5 1.0 82.8

RMSR 0.057 0.039 0.048

Nonredundant

residuals

7.1% 1.2% 3.2%

Root mean square residual ðRMSRÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPp

i¼1

Pp
j¼1res

2
ij=pðp� 1Þ=2

q
, where p is the number of

companies and res gives the amount of correlation that is not explained by the retained factors.

Nonredundant residuals are computed as a percentage of the number of nonredundant

residuals with absolute values greater than 0.10.

KANAK PATEL AND RICARDO PEREIRA144



performed to achieve a simpler factor structure. We use the rotated
component matrix to estimate time series values for each model’s factors.

Since it is difficult to interpret and analyse the determinants of default
correlations with so many factors, we use principal component analysis to
reduce the factors. We use the rule of eigenvalue greater than one to retain
the new factors. The initial five common factors of the M model and six
common factors of LS and ER models are reduced to two common factors
for each model. The two common factors explain around 90% of the total
variability of its initial common factors (see Table 9).

Table 10 presents the determinants of default correlations. We estimate
Eq. (7) using a stepwise estimation procedure15 because of multicollinearity
problems. As expected, given the parameter assumptions in the stepwise
procedure, all the variables and all regressions are statistically significant, at
the 5% confidence level. Overall, the regressors’ explanatory power is very
high, around 55%, with a maximum of 71%. Further, the signs of the
estimated coefficients are generally as expected in Table 2. Market volatility
and equity premium explain 56% of the variability of the common factor 1
in the M model. This factor can be interpreted as the capital market effect.
The equity premium has the expected sign and market volatility has a
negative effect on default correlation. Surprisingly, volatility does not
explain the variability of default correlation in the first-passage models. The
slope of the yield curve explains the variability of the common factor 2 in
the M model, but the estimated coefficient does not have the expected sign.
One possible explanation for this is that an increase at the slope of the yield
curve makes it more difficult for distressed firms to renegotiate the debt, and
this possibly increases the default risk and default correlations. Only the
common factor 1 in the ER model has the expected sign. Common factor 2

Table 9. Principal Components.

PCA Factors M Model LS Model ER Model

Eigenvalue Percentage

of variance

Eigenvalue Percentage

of variance

Eigenvalue Percentage

of variance

1 2.7 55.0 2.9 49.0 3.7 62.2

2 1.7 34.3 2.1 39.4 1.7 29.0

Cumulative percentage

explained by PCA

89.3 88.4 91.2

The Table 9 presents the principal components of a principal component analysis (PCA) applied

to the factors extracted from the defaults correlation matrix.
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is explained by both the treasury interest rates and market equity premium,
which allows us to interpret them as a return-driven factor. Consistent with
Longstaff and Schwartz (1995) and Collin-Dufresne et al. (2001), we find
that the effect of an increase in the risk-free rate is to lower EDPs and
default correlations. The estimated coefficients of equity premium are of the
same magnitude in all models. The default return spread, which is a proxy
for default contagion, is not significant in any of the regressions, suggesting
that either it does not explain default correlations, as argued by
Schonbucher (2003) and Collin-Dufresne et al. (2003), or that this variable
is not a good proxy. We should point out that, given the nature of this effect,
it is probably better to capture this effect by a nonsystematic variable or a
variable that considers the company’s business and financial ties. Convexity
is not statistically significant in any of the regressions, which is consistent
with the findings of Collin-Dufresne et al. (2001). The Ljung-Box test
indicates that standardized residuals from the regressions are not
autocorrelated; the average serial correlation of standardized residuals is
0.02, and the average Durbin-Watson statistic is 1.81.

Table 10. Determinants of Default Correlation Factors.

M Model LS Model ER Model

Fact 1 Fact 2 Fact 1 Fact 2 Fact 1 Fact 2

Intercept 1.54 �0.81 �0.88 2.78 0.88 2.87

(0.017) (0.027) (0.011) (0.004) (0.011) (0.006)

r10t n. e. n. e. n. e. �40.09 n. e. �41.94

(0.007) (0.009)

ðr10t Þ
2 n. e. n. e. n. e. n. e. n. e. n. e.

r10t � r2t n. e. 80.78 88.10 n. e. �88.26 n. e.

(0.007) (0.002) (0.002)

sS&P �8.00 n. e. n. e. n. e. n. e. n. e.

(0.030)

RM � r1mt �2.59 n. e. n. e. �3.70 n. e. �3.42

(0.025) (0.001) (0.002)

DefSpread n. e. n. e. n. e. n. e. n. e. n. e.

Adj. R2 0.56 0.43 0.52 0.71 0.52 0.65

F 9.12 10.62 15.17 16.94 15.30 13.12

(0.005) (0.007) (0.002) (0.000) (0.002) (0.001)

For each model s and each default correlation factor, 1 or 2, we estimate the following regression:

Facts;t ¼ aþ b1r
10
t þ b2ðr

10
t Þ

2
þ b3ðr

10
t � r2t Þ þ b4sS&P;t þ b5ðRM;t � r1mt Þ þ b6DefSpreadt, using

a stepwise procedure. Beneath the variables, in parenthesis, we report significance values. n. e.

denotes not entered in the regression.
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In summary, default correlations are driven essentially by common
factors that explain on average around 83% of total variance. Only a small
percentage of default correlation is due to nonretained factors. These results
are consistent with economic intuition and existing empirical evidence (see
Vassalou and Xing, 2004), according to which during periods of recession
default risk increases and clusters of bankruptcy events are observed. The
factors driving default correlations are the capital market equity premium
and treasury interest rates, which reflect the overall state of the economy.
This is consistent with the theoretical intuition of Hull et al. (2005) when
they argue that the systematic variable that drives default correlations is a
capital market Wiener process. Second, the slope of the yield curve reflects
investors’ expectations about the evolution of the economy. So, as long as
default correlations are basically driven by systematic factors, portfolio
diversification should be able to reduce default risk.

6. CONCLUSION

In this study we analyse the determinants of default correlations for a
sample of the US bankrupt companies. We apply a set of structural models
(Merton, 1974; Longstaff and Schwartz, 1995; Ericsson & Reneby, 1998) to
estimate companies’ EDPs. Given that we observe a sharp increase in EDPs
up to 2 years in advance of default event, these models provide timely and
accurate estimates of companies’ default risk.

Another novel finding is the importance of idiosyncratic risk (and not
total volatility) in predicting default events. This suggests that company-
specific signals provide useful information to investors about the deteriora-
tion in company’s economic and financial conditions prior to bankruptcy.

We compute companies’ default correlation matrices using the copula
function approach and employ factor analysis techniques to extract factors
that explain default correlations. The results of prediction-oriented tests
suggest that the ER model is the best model as it misclassifies only 5.5%
of bankruptcy events. The results of information-related tests suggest that
the M and LS models have a similar performance. Variables such as MB
asset ratio and BE ratio, which other studies have found to be significant,
have poor explanatory power in our regression analysis. We observe that
common factors explain around 83% of the variability of default
correlations. This evidence supports the belief that common factors are
explained by the overall state of the economy and by the expectations of its
evolution.
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NOTES

1. CreditMetrics was developed by RiskMetrics Group. KMV was developed by
KMV Corporation.
2. CreditRisk+ was developed by Credit-Suisse Financial Products.
3. A fuller exposition is available in Frees and Valdez (1998), Nelsen (1999), and

Costinot, Roncalli and Teiletche (2000).
4. See Mendes and Souza (2004) for an example of the fitting process. The

authors assume that the margins of IBOVESPA and S&P500 follow a t-Student
distribution and fit four copulas: the t-student, the BB1, the Gumbel, and the
Gaussian copula.
5. We solve Ito’s equations

sv ¼ EtðVt;sv;T � tÞ=VtsENðd1Þ

and EtðVt;sv;T � tÞ ¼ Êt

where Et(Vt, sv, T�t) is the theoretical value of company’s assets, sE the volatility of
equity, N( � ) the standard normal distribution function, and Êt denotes the observed
market value of equity.
6. This value is the weighted average, by the average leverage ratio of all S&P 500

firms, between the observed dividend yield and historical coupon rate (during the
period 1973–1998). Huang and Huang (2003) also argue that the use of one
payout ratio for firms with different credit ratings is not erroneous given that,
probably, firms with lower credit rating may have higher debt payouts than the ones
with higher credit rating but they are also likely to make less payment to
shareholders.
7. We thank Kenneth French for making available this data on his web page:

http://mba.tuck.darmouth.edu/pages/faculty/ken.french
8. We have 276 copulas because of the following reason: there are 25 bankruptcy

events consisting of 23 companies, 2 of which went bankrupt twice. This leaves us
with 24 events having sufficient data to form bivariate copulas. Since the copulas
formed are bivariate copulas we wind up with combinations of 24 items taken two at
a time which provides 24	 23/2=276 copulas.
9. Collin-Dufresne et al. (2001) define this variable as the difference between BBB

index yield and 10-year treasury yield, which can bias the spread since these two
classes of securities have different degrees of liquidity.
10. Moody’s Report (2005) presents the term structure of default rates over

several period of time. Default probability of a Caa-C firm, during the period 1920–
2004, at 1-year horizon, was around 15%. For the period 1983–2004, at the same
horizon, was around 22%. Standard and Poor’s transition probability from CCC to
default is around 19.8% (see Crouhy, Galai, & Mark, 2000).
11. This nonlinear relationship can be rewritten as a linear one ln[Pt�1/

(1�Pt�1)]=a+bXi,t�1, where the dependent variable represents the log of the odds.
12. One way to solve this problem is to use lag values in logistic regression. We did

not use this procedure because it would entail loss of observations and because fixing
a number of lagged values introduces bias.
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13. Based on Patel and Pereira (2007), we also perform logistic regressions with
model scores. We do not show these results because they are very similar to the ones
reported.
14. Several copula families were also fitted including the normal and extreme

values families.
15. Several studies (e.g., Collin-Dufresne et al., 2001) argue that default

probabilities can be explained by nonlinear, cross term, and lagged values of
regressors (such as squared and cubic slope of the yield curve or ðr10t � r2t ÞsS&P;t).
However, none of these terms seems to explain default correlations and that is why
we restrict this analysis to the variables in Eq. (7).
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APPENDIX A. STRUCTURAL MODELS

In this section, we present a brief summary of the models by Merton (1974),
Longstaff and Schwartz (1995), and Ericsson and Reneby (1998). Since our
main concern here is with the empirical performance of these models, we do
not discuss in detail the theoretical properties of the models. Throughout
this section, we assume that uncertainty in the economy is modeled by a
filtered probability space (O, G, P), where O represents the set of possible
states of nature, Gt is the information available to investors over time t, and
P, the probability measure. All models assume a perfect and arbitrage-free
capital market, where risky and default-free bonds and companies’ equity
are traded. The risk-free numeraire (or money market account) value, at
time t, At, follows the process

At ¼ exp

Z t

0

rsds

� �
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where r denotes the short-term risk-free interest rate, which can be
deterministic or modeled by a stochastic process. When modeled as a
stochastic process, the dynamics of r is driven by a Vasicek model

drt ¼ aðl� rtÞdtþ srdWr (A.1)

where a is the short-term interest rate mean reversion speed, l and sr are its
mean reversion level and standard deviation, respectively. The variable dWr

is a Wiener process. In this economy, the investors are assumed to be risk
neutral, which means that the probability measure, P, is a martingale with
respect to At. The value of a riskless discount bond that matures at T is
(Vasicek, 1977)

Dðr;TÞ ¼ expðAðTÞ � BðTÞrÞ (A.2)

AðTÞ ¼
s2r
2a2
� l

� �
T þ

s2r
a3
�

al
a2

� �
ðexpð�aTÞ � 1Þ �

s2r
4a2

� �
ðexpð�2aTÞ � 1Þ

BðTÞ ¼
½1� expð�aTÞ�

a

Under the risk-neutral probability space, the value of the company’s
assets, V, follows a geometric Brownian motion (Gt – adapted diffusion
process) given by

dVt ¼ ðrt � dÞVtdtþ svVtdW
v (A.3)

where d denotes company’s assets payout ratio and sv company’s assets
volatility. The variable dWv is a Wiener process under the risk-neutral
probability measure. r is the instantaneous correlation coefficient between
dWr and dWv.

The dynamics of company’s assets value, under the real probability space,
is given by

dVt ¼ ðm� dÞVtdtþ svVtdW
Pv

where m denotes company’s assets expected total return and dWPv is a
Wiener process under the real probability measure. For the dynamic process
described by Eq. (A.3), and the given assumptions, the standard hedging
framework leads to the following partial differential equation

1

2
s2vV

2 @
2F

@V2
þ ðr� dÞV

@F

@V
� rF þ

@F

@t
þ P ¼ 0
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where F is the price of any derivative security, whose value is a function of
the value of the firm, V, and time, and P represents the payments received by
this security. The two-factor models by Longstaff and Schwartz (1995)
assume that F is a function of the value of the firm, V, time and interest
rates.

The standard hedging framework leads to the following partial
differential equation:

1

2
s2vV

2 @
2F

@V2
þ rsvsrV

@F

@V@r
þ

1

2
s2r
@2F

@r2

þ ðr� dÞV
@F

@V
þ ðal� arÞ

@F

@r
þ
@F

@t
� rF þ P ¼ 0

Given our focus on the empirical performance of structural models in
predicting corporate failure, we outline only the equations relevant for the
expected default probability (EDP) in each model. We refer the reader to the
original papers for the full description the models.

Merton (M) Model

Merton (1974) model is an extension of the Black and Scholes (1973) option
pricing model to value corporate securities. The company’s assets value,
which corresponds to the sum of the equity and debt values, is driven by the
process described by Eq. (A.3) and is assumed to be independent of
company’s capital structure. Under these assumptions, equity value, Et, is
defined by a call option on the assets of the firm, with maturity T and
exercise price F:

Et ¼ VtNðd1Þ � e�rðT�tÞFNðd2Þ (A.4)

where

d1 ¼
lnðVt=FÞ þ ðrþ 0:5s2vÞðT � tÞ

sv
ffiffiffiffiffiffiffiffiffiffiffiffi
T � t
p ; d2 ¼ d1 � sv

ffiffiffiffiffiffiffiffiffiffiffiffi
T � t
p

and N( � ) represents the standard normal distribution function. Debt’s
value, at time t, is equal to

Dt ¼ Vt � Et

If at maturity, company’s assets value, VT, is higher than the face value of
its debt, F, the firm does not default, bondholders receive F and shareholders
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VT�F. However, if VToF, the firm defaults and there is a transfer of
company’s ownership from shareholders to bondholders. Firm only
defaults at time T, and N(�d2) represents the risk-neutral probability of
default.

Longstaff and Schwartz (LS) Model

Longstaff and Schwartz (1995) developed a two-factor model to value risky
debt, extending the one-factor model of Black and Cox (1976) in two ways:
(i) incorporating both default risk and interest rate risk; (ii) allowing for
deviations from strict absolute priority. An important feature of this model
is that firms with similar default risk can have different credit spreads if their
assets have different correlations with changes in interest rates. Their
assumptions are not very different from the ones used by Black-Scholes,
Merton (1974), and Black and Cox (1976), except for the fact that short-
term risk-free interest rate follows the dynamics described by Eq. (A.1) (and
the riskless discount bond can be priced using Eq. (A.2)) and that there are
bankruptcy costs, a. The default boundary, K, is constant and exogenously
specified, which is consistent with the assumption of a stationary capital
structure. Setting X equal to the ratio V/K, the price of a risky discount
bond that matures at T is

DðX ; r;TÞ ¼ Dðr;TÞ � aDðr;TÞQðX ; r;TÞ (A.5)

where

QðX ; r;T ; nÞ ¼
Xn
i¼1

qi (A.6)

q1 ¼ Nða1Þ

qi ¼ NðaiÞ �
Xi�1
j¼1

qjNðbijÞ i ¼ 2; 3; . . . ; n

ai ¼
� lnX �MðiT=n;TÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

SðiT=nÞ
p bij ¼

Mð jT=n;TÞ �MðiT=n;TÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðiT=nÞ � Sð jT=nÞ

p
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and where

Mðt;TÞ ¼
al� rsvsr

a
�

s2r
a2
�

s2v
2

� �
tþ

rsvsr
a2
þ

s2r
2a3

� �
expð�aTÞðexpðatÞ � 1Þ

þ
r

a
�

al
a2
þ

s2r
a3

� �
ð1� expð�atÞÞ �

s2r
2a3

� �
expð�aTÞð1� expð�atÞÞ

SðtÞ ¼
rsvsr
a
þ

s2r
a2
þ s2v

� �
t�

rsvsr
a2
þ

2s2r
a3

� �

	 ð1� expð�atÞÞ þ
s2r
2a3

� �
ð1� expð�2atÞÞ

The term Q(X, r, T ) is the limit of Q(X, r, T, n) when n-N (the authors
argue that the convergence between these terms is rapid and that when
n=200, the differences between the results of the terms are virtually
indistinguishable).

The first term in Eq. (A.5) represents the value of a riskless bond. The
second term represents a discount factor for the default of the bond.
The factor can be decomposed into two components: aD(r, T) is the
present value of the writedown on the bond if default occurs; Q(X, r, T)
is the probability, under the risk-neutral measure, that a default occurs
(this probability can differ from the real one).

Ericsson and Reneby (ER) Model

Ericsson and Reneby (1998) demonstrate that corporate securities can be
valued as portfolios of three basic claims: a down-and-out option that
expires worthless if the underlying variable reaches a pre-specified lower
boundary, prior to the expiration date; a down-and-out binary option that
yields a unit payoff at the expiration date if the underlying asset exceeds the
exercise price; and unit down-and-in option that pays off one unit the first
time the underlying variable reaches a lower boundary. This formulation
allows to value finite maturity coupon debt with bankruptcy costs,
corporate taxes, and deviations from the absolute priority rule. The default
is triggered if company’s value falls below a constant K (the reorganization
barrier), at any time prior to maturity of the firm, or if, at debt’s maturity,
company’s value is less than some constant F, which normally is debt’s face
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value. The time of default is denoted as t. The price of a unit down-and-in
option that matures at T and pays one monetary unit if bankruptcy happens
before T and 0 otherwise, is

GKfVt; tjt � Tg ¼ GKfVtjt � 1gð1�QGft4T ;Vt4KgÞ (A.7)

where

GKfVtjt � 1g ¼
Vt

k

� ��y

QGft4T ;Vt4Kg ¼ N dG
T

V

K

� �� �
�

V

K

� ��2=svmGX
N dG

T

K2

VK

� �� �

dG
T ðxÞ ¼

ln x

s
ffiffi
t
p þ mGX

ffiffi
t
p

mBX ¼
r� d� 0:5s2

s
mGX ¼ mBX � ys y ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmBX Þ

2
þ 2r

q
þ mBX

s

Eq. (A.7) represents the EDP.

APPENDIX B. FACTOR ANALYSIS

A full understanding of factor analysis can be obtained by reading Sharma
(1995), for example. Factor analysis uses the correlation matrix to identify
the smallest number of common factors (via factor rotation) that best
explain the correlation among the variables; and provide an interpretation
for these common factors.

This technique assumes that the total variance of a variable can be
divided into the variance explained by the common factor and the one
explained by a specific factor. A factor model that contains m factors can be
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represented as

x1 ¼ l11x1 þ l12x2 þ � � � þ l1mxm þ �1
x2 ¼ l21x1 þ l22x2 þ � � � þ l2mxm þ �2
: : : : : : : :

xp ¼ lp1x1 þ lp2x2 þ � � � þ lpmxm þ �p

where x1, x2, . . . , xp are variables of the m factors, lpm is the pattern loading
of the pth variable on the mth factor, and ep, the specific factor for the pth
variable. The previous construct can be represented as

x ¼ Knþ e (B.1)

x is a p	 1 vector of variables, K, a p	m matrix of factor pattern loadings,
n, a m	 1 vector of latent factors, and e, a p	 1 vector of specific factors.
Eq. (B.1) is the factor analysis equation. The assumptions are that the
common factors are not correlated with the specific factors, and the means
and variances of variables and factors are zero and one, respectively.
Variables’ correlation matrix, R, is

R ¼ KUK0 þW (B.2)

K is the pattern loading matrix, U, factors’ correlation matrix, and W, a
diagonal matrix of the specific variances. R�W gives us the variance
explained by the common factors. The off-diagonals of R are the correlation
among variables. Factor analysis estimate parameter matrices given the
correlation matrix. The correlation between the variables and the factors is
given by

A ¼ KU

If the m factors are (not) correlated, the factor model is referred to as an
oblique (orthogonal) model. In an orthogonal model, it is assumed
that U=I. Orthogonal rotation technique implies the identification of a
matrix, C, such that the new loading matrix is given by K�=KC and
R=K�K�u.

Varimax rotation technique estimate matrix C such that each factor will
be a set of different variables. This is achieved by maximizing the variance of
the squared loading pattern across variables, subject to the constraint that
the communality of each variable is unchanged. C is obtained maximizing
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the following equation, subject to the constraint that the common variance
of each variable remains the same.

pV ¼
Xm
j¼1

Xp
i¼1

l4ij �

Pm
j¼1

Pp
i¼1l

2
ij

	 
2
p

where V is the variance explained by the common factors.
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DATA MINING PROCEDURES IN

GENERALIZED COX REGRESSIONS

Zhen Wei

ABSTRACT

Survival (default) data are frequently encountered in financial (especially
credit risk), medical, educational, and other fields, where the ‘‘default’’
can be interpreted as the failure to fulfill debt payments of a specific
company or the death of a patient in a medical study or the inability to
pass some educational tests.

This paper introduces the basic ideas of Cox’s original proportional
model for the hazard rates and extends the model within a general
framework of statistical data mining procedures. By employing regular-
ization, basis expansion, boosting, bagging, Markov chain Monte Carlo
(MCMC) and many other tools, we effectively calibrate a large and
flexible class of proportional hazard models.

The proposed methods have important applications in the setting of
credit risk. For example, the model for the default correlation through
regularization can be used to price credit basket products, and the frailty
factor models can explain the contagion effects in the defaults of multiple
firms in the credit market.
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1. INTRODUCTION

Survival (default) data are frequently encountered in financial (especially
credit risk), medical, educational, and other fields, where the ‘‘default’’ can
be seen as the failure to fulfill debt payments of a specific company or the
death of a patient in a medical study or the inability to pass some
educational tests.

Survival data usually consist of either cross-sectional data in the form of
the triplet (xij, zij, dij), for i=1, . . . , m and j=1, . . . , Ji, where

� m is the total number of groups and Ji is the number of subjects in the ith
group.
� xij is a vector of covariates that is included to build the survival model. It
can be random.
� zij is the observed failure time or censoring time, whichever comes first.
� dij is the default indicator for the jth subject in the ith group.

The survival data can also consist of the time series type data (xijt, dijt), for
i=1, . . . , m, j=1, . . . , Ji, and t=tij, . . . , Tij, where m, Ji, xijt, and dijt are
similarly defined and the covariates xijt can be stochastic processes. Our
goal is to make prediction on the survival probability of each subject
(entity) and the survival correlation within a pool of them using the
information from the covariates. Various models are proposed, built on
the past data, and their predictive powers and accuracies are assessed. One
important class of models prevailing in medical and biological practices is
the Cox’s (proportional) model, which also has potential applications in
credit risk.

This paper introduces the basic ideas of Cox’s original proportional
model for the hazard rates and extends the model within a general
framework of statistical data mining procedures. Traditionally, these models
are calibrated using the martingale approach, which is based on theories in
counting processes (Andersen & Gill, 1982; Allen, 1971). In contrast, this
paper presents a pool of various procedures that are based solely on
maximum (partial) likelihoods without using the martingale properties.
Moreover, the data mining procedures described in this paper can also be
employed to solve other regression/classification problems that are beyond
the scope of survival analysis.

The rest of the paper is divided in two parts. The first part introduces
various statistical data mining procedures for (generalized) Cox regression
with time-independent covariates (for cross-sectional type data). The second
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part deals with time-dependent covariates. It can be seen that the tools used
in Part I can also be applied to Part II and vice versa. Although the
described procedures are very efficient for model calibration and many of
them have very profound theoretical backgrounds, we omit most of the
theoretical proofs for the purpose of emphasizing the methods themselves.
For example, there is a universal ‘‘Oracle property’’ for many of the
regularization methods that states the asymptotic efficiency of the estima-
tion and selection procedures. Whenever possible, we present the algorithm
as a recipe in several iterative steps, so that the reader can easily implement
the ideas.

2. PART I: GENERALIZED COX REGRESSION WITH

TIME-INDEPENDENT COVARIATES

For a brief review of the definitions in classical survival analysis, I refer the
reader to Appendix A. Under the settings in Appendix A, our goal is to
predict the survival probability over time of a particular entity given the
current status of covariates. Furthermore, by separating the elements of the
covariate x into group of systematic and idiosyncratic factor components,
one may further explore the correlation between the defaults of multiple
names.

In this part, we only consider a single observation of default timing for
each entity, which should be useful for cross-sectional data in default
modeling or survival data for clinical (medical) experiments. Later we will
extend the model to time series data where the covariates could also have a
stochastic feature.

2.1. Generalized Cox Hazard Models

2.1.1. Proportional Hazard Model
Let us first consider the model for hazard rate:

hðtÞ ¼ h0ðtÞ expðx
TbÞ (1)

for some baseline function h0(t). To estimate the survival probability of a
given subject or correlation among the defaults, it suffices to estimate the
parameter b (condition on current state of the covariates).
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Given the observed data {(xi, zi, di): i=1, . . . , n}, the likelihood function
is given by (the defaults are independent given the covariates)

L ¼
Y
di¼1

f ðzijxiÞ
Y
di¼0

SðzijxiÞ ¼
Y
di¼1

hðziÞ
Yn
i¼1

SðzijxiÞ

¼
Y
di¼1

h0ðziÞ expðx
T
i bÞ

Yn
i¼1

expð�H0ðziÞ expðx
T
i bÞÞ ð2Þ

where

H0ðtÞ ¼

Z t

0

h0ðuÞdu

is the cumulative baseline hazard function.

2.1.2. Partial Likelihood Function
Usually, it is not easy to directly maximize the criterion (2). Breslow (1974)
assumes that H0 is a step function that jumps only at censored observations:

H0ðtÞ ¼
X
dj¼1

hjIðzj � tÞ

Then, the logarithm of the likelihood function (2) is

X
dj¼1

ðlogðhjÞ þ xTj bÞ �
Xn
i¼1

X
dj¼1

hjIðzj � ziÞ expðx
T
i bÞ

0
@

1
A

Taking the derivative with respect to hj generates

ĥj ¼
Xn
i¼1

Iðzj � ziÞ expðx
T
i bÞ

 !�1

for dj=1. Plugging ĥj into (2) generates, up to a scalar product, the so-called
partial likelihood function

LðbÞ ¼
Y
di¼1

expðxTi bÞPn
j¼1Iðzi � zjÞ expðx

T
j bÞ

(3)
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We see that it is much more easier to examine the properties of the partial
likelihood function (3) than the likelihood function (2) itself.

2.1.3. Generalized Proportional Models, Parameter Regularization, and
Boosting
It is natural to extend the proportional model (1) to the following form

hðtÞ ¼ h0ðtÞ expðZðxÞÞ (4)

where Z( � ) can be a generic function. The linear form xTb can be seen as the
first-order parameter expansion of Z. It is also easy to see that the partial
likelihood function for (4) is given by

LðbÞ ¼
Y
di¼1

expðZðxÞÞPn
j¼1Iðzi � zjÞ expðZðxÞÞ

Since in real situations the dimensionality of the covariate is high, it is
unrealistic (or less interpretable) to build a model by directly maximizing (3).
For parametric model (1), we can usually use the idea of shrinkage (or
regularization) to confine the parameters in a reasonable subspace. L1
regularization (LASSO) is one of the most popular methods, which by
controlling the absolute sum of the parameters, can often do the job of
estimation and variable selection at the same time.
‘ðbÞ the log-partial likelihood function for the proportional hazard

model (1) can be given as

‘ðbÞ ¼
Xn
i¼1

di xTi b� log
Xn
j¼1

Iðzi � zjÞ expðx
T
j bÞ

 !" #
(5)

The LASSO estimate (Tibshirani, 1996, 1997) of b is given by

b̂ ¼ argmax
b
‘ðbÞ; subject to

X
jbjj � s (6)

For nonparametric estimation of h(t) by (4), we can use Friedman’s
general gradient boosting machine (Friedman, 2001), with possible
combination of basis expansion (spline) or kernel smoothing in the line
search step.

The following sections will talk about the details of LASSO shrinkage and
gradient boosting for parametric/nonparametric hazard models.

Data Mining Procedures in Generalized Cox Regressions 163



2.2. Regularized Cox Regressions

2.2.1. Least Angle Regression (LARS) for L1 Regularized Partial Likelihood
Let Z ¼ ðZ1; . . . ; ZnÞ with Zi ¼ xTi b, then (5) can be written as

‘ðbÞ ¼
Xn
i¼1

di ni � log
Xn
j¼1

IðzjÞ expðZjÞ

 !" #
(7)

Let u=(u1, . . . , un) with

ui ¼
@‘

@Zi
¼ di � eZi

Xn
k¼1

dkIðzk � ziÞPn
l¼1Iðzk � zlÞ expðZlÞ

and A ¼ ðaijÞn	n, where

aii ¼
�@2‘

@Z2i

¼ eni
Xn
k¼1

dkIðzk � ziÞPn
j¼1Iðzk � zjÞ expðZjÞ

� e2Zi
Xn
k¼1

dkIðzk � ziÞ

ð
Pn

l¼1Iðzk � zlÞ expðZlÞÞ
2

and for i6¼j

aij ¼ �
@2‘

@Zi@Zj
¼ eZiþZj

Xn
k¼1

dkIðzk � ziÞIðzk � zjÞ

ð
Pn

l¼1Iðzk � zlÞ expðZlÞÞ
2

The LASSO regularized partial likelihood is maximized by an iterative
reweighted least square with L1 constraint procedure:

1. Fix s, and initialize b̂ ¼ 0.
2. Compute Z, u, A, and z=ZþA

�
u based on b̂, where A

� is a generalized
inverse of A satisfying AA�A=A.

3. Minimize ðz� XbÞTAðz� XbÞ; subject to
P
jbij � s.

4. Repeat Steps 2 and 3 until b̂ does not change.

In each iteration, we need to solve an L1 regularized weighted least square
problem. This task can be solved by the LARS algorithm proposed by
Efron, Hastie, Johnstone, and Tibshirani (2004), which takes only a
computing time of a least square fit and calculates the full LASSO path.
Before applying LARS to the procedure, we should modify Step 3 a little bit
so that it can fit into the LARS procedure. Let the SVD decomposition of
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A be A=VDVT, and let T ¼ D1=2VT ; ~z ¼ Tz, and ~X ¼ TX then Step 3 is
equivalent to minimizing ð~z� ~XbÞT ð~z� ~XbÞ subject to

P
bi
  � s, which can

be solved by the LARS algorithm taking ~z as the response variable and the
columns of ~X as predictor variables.

The LARS algorithm for least square regression model works as
follows. Consider we are doing a regression, where y is the response and
x1, . . . , xp are the standardized predictors. The LARS algorithm works as
follows:

1. Initialize r ¼ y; b̂1 ¼ b̂2 ¼ � � � ¼ b̂p ¼ 0.
2. Find predictor xj most correlated with r.
3. Increase bj in the direction of sign (corr (r, xj)) until some other

competitor xk has as much correlation with current residual as does xj.
4. Move ðb̂j ; b̂kÞ in the joint least squares direction for (xj, xk) until some

other competitor x‘ has much correlation with current residual.
5. Continue until all predictors have been included. Stop when corr(r, xj)=0

for 8j, and we get the ordinary least square solution.

It turns out that a slight modification of the above procedure can produce
all the LASSO and forward stagewise regression paths.

2.2.2. Ld Regularization and Extensions
The idea of shrinkage can be extended profitably to other kinds of penalties.
In a special tractable case, the L2 regularized partial likelihood method
replaces Step 3 in the last section by

Minimize ðz� XbÞTAðz� XbÞ; subject to
X

b2i � s

for some s. This is a well-known weighted ridge regression, and the solution
is given by

b̂ ¼ ðXTAXþ lIÞ�1XTAz

with l depending on s. The optimization steps in this case can be seen as
iterative reweighted ridge regressions.

If we define a (generally convex) penalty function by p( � ), then the Step 3
can be changed to

Minimize ðz� XbÞTAðz� XbÞ; subject to pðbÞ � s
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or

Minimize ðz� XbÞTAðz� XbÞ þ l � pðbÞ (8)

In the one-dimensional case of p, we see that the LASSO (L1 regulariza-
tion) is a special case when pðxÞ ¼

P
jxij; and the weighted Ld regularization

corresponds to pðxÞ ¼
P

oijxij
d : Furthermore, the definition in the

penalized log-partial likelihood function in Huang and Harrington (2002)
corresponds to pðxÞ ¼ xT

P
x for some positive definite matrix

P
.

For a two-dimensional penalty example, let l ¼ ðl1; l2Þ
T ; pðxÞ ¼P

jxij;
P

x2i
� �

; then problem (8) defines a naive elastic net (Hui & Hastie,
2005). In this case, it is recommended that we use the elastic net estimate
instead of the naive one.

2.2.3. Regularized Cox Regression with Basis Expansion
The concept discussed in the previous sections can also be extended by
using other data mining tools. The key lies in the functional expansion of
Z( � ). The replacement of the linear expansion by other basis functions,
can lead to other procedures, which can be used for fitting the Cox regres-
sions.

For example, if we expand Z by natural cubic splines with K knots, or
write

ZðxÞ ¼
XK
i¼1

biNiðxÞ

where for 0rkrK�2

N1ðxÞ ¼ 1;N2ðxÞ ¼ x;Nkþ2ðxÞ ¼ dkðxÞ � dK�1ðxÞ (9)

and

dkðxÞ ¼
ðx� xkÞ

3
þ � ðx� xK Þ

3
þ

xK � xk

then Step 3 of the iteration changes to

Minimize ðz�NbÞTAðz�NbÞ; subject to pðbÞ � s

and the same method applies.
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For another example, if we expand Z by Gaussian Kernels with

ZðxÞ ¼
XK
i¼1

biKaðx; xiÞ

where

Kaðxi;xjÞ ¼ e�akxi�xjk
2

(10)

for some aW0 then Step 3 of the iteration changes to

Minimize ðz� KabÞ
TAðz� KabÞ; subject to pðbÞ � s

In the case of Kernel expansion, the penalty function p is often set to

pðbÞ ¼ bTKab

In the next section, we will introduce some of the details of elastic net.

2.2.4. Elastic Net and Flexible Penalty
We are now considering a general setting of regression with elastic net
penalty. The procedure can replace Step 3 of the iterative updating
algorithm for generalized Cox regression exactly, and it shows favorable
properties over LASSO and ridge regression.

Suppose we already standardize the dataset ðxi; yiÞ
n
i¼1

Definition 1. The naive elastic net solution bnaive solves the following
optimization problem

bnaive ¼ arg minbLðl1; l2;bÞ

where

Lðl1l2;bÞ ¼ jy� Xbj2 þ l1
Xp
i¼1

bi
 þl2j

Xp
i¼1

b2i

Given the dataset ðxi; yiÞ
n
i¼1 and l ¼ ðl1; l2Þ

T , bnaive solves the LASSO
problem

bnaive ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ l2
p arg minbLðg;bÞ
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where

Lðg; bÞ ¼ j ~y� ~Xbj2 þ g
Xp
i¼1

jbij

~X ¼ ð1þ l2Þ
�1=2

X ffiffiffiffiffiffiffiffiffi
l2Ip

p
 !

~y ¼
y

0

 !

g ¼
l1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ l2
p

From our former discussion, the entire path of naive elastic net can also be
solved by the LARS algorithm with the computing time of least squares.

Empirical evidence shows that the naive elastic net does not perform
satisfactorily, unless it is close to LASSO or ridge regression. This
introduces our rescaled elastic net estimate:

Definition 2. The elastic net solution belastic is defined by

belastic ¼ ð1þ l2Þb̂

It is then natural to observe that

Theorem 1. Given the dataset ðxi; yiÞ
n
i¼1 and l ¼ ðl1; l2Þ

T , the elastic net
estimate belastic is given by

belastic ¼ arg minbb
T XTX þ l2I

1þ l2

� �
b� 2yTXbþ l1

Xp
i¼1

bi
 

Comparing with the LASSO solution

bLASSO
¼ arg minbb

T
ðXTXÞb� 2yTXbþ l1

Xp
i¼1

bi
 

we can consider the elastic net estimate as a stabilized version of LASSO.
The two coincide when l2=0. The elastic net procedure is equivalent
to shrinking the covariance matrix

P
¼ XTX toward the identity matrix

I by ð1� gÞ
P
þgI : This observation also opens the possibility of other
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covariance matrix shrinkage procedures that will stabilize the estimate of
LASSO or ridge regression.

2.2.5. Threshold Gradient Descent Based Forward Stagewise Selection
It has been pointed out by Hastie, Tibshirani, and Friedman (2001) and
Efron et al. (2004) that the ‘‘incremental’’ forward stagewise strategy is
closely related to the LASSO (LARS) strategy. For example, if the path of
the coefficients is monotone, then the two strategies coincide exactly.

The threshold gradient descent method of Friedman and Popescu (2004)
uses the above idea and provides a procedure for a more flexible way of
variable selection and coefficient estimation. Specifically, under the Cox
proportional model (1), the gradient of the negative log-partial likelihood
with respect to parameter b is given by

g ¼
�@ð�‘Þ

@b
¼

X@‘

@Z
¼ Xu

where

ui ¼
@‘

@Zi
¼ di � ent

Xn
k¼1

dkIðzk � ziÞPn
l¼1Iðzk � zlÞ expðZlÞ

and Zi ¼ xTi b. Then if we fix a threshold value t and a small D as increment
size in the forward stagewise selection algorithm, the threshold gradient
decent algorithm works as follows:

1. Initialize b(0)=0, s=0.
2. Calculate Z, u, and g based on current value of b.
3. Calculate f iðsÞ ¼ IfjgiðsÞj � t max0�k�pjgkðsÞjg.
4. Update bðsþ DÞ ¼ bðsÞ þ DgðsÞ � f ðsÞ; s ¼ sþ D.
5. Repeat Steps 2–4 for M times for largest enough M. The optimal b is

determined by the optimal tuning parameter s, the selection of which will
be discussed later.

If we set t=0, then the above algorithm produces the standard gradient
decent based procedure that encourages equal coefficient changes in the
direction of the path. On the other hand, if t=1, then the algorithm only
changes the coefficient of the predictor variable that has the largest absolute
gradient value in the direction of its path in each step. The idea of this
threshold gradient decent path finding algorithm is that, by choosing a
suitable threshold parameter, we can have the freedom in controlling the
greediness of the algorithm in finding the optimal paths of the coefficients.
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2.3. Cox Regression with Group Frailty

It is frequently argued that the Cox regression is insufficient in capturing the
correlation of defaults (survival) among subjects, since under the assump-
tions of Cox proportional model, conditional on the covariate values (which
can be stochastic themselves), the survival time of subjects are independent.
However, this is unrealistic for practical purposes.

In reality, it is reasonable to assume a ‘‘group frailty’’ effect, i.e., a
common stochastic factor within groups, which controls the in-group
correlation effect. For example, it is reasonable to assume a frailty effect
among patients of similar age and a similar likelihood to default among the
companies with the similar credit rating or industry. Under such,
conditional on the covariate values, the default timing of the subjects is
correlated through group frailty (Fan & Li, 2002). To put it formally, let

hijðtÞ ¼ h0ðtÞui expðx
T
ij bÞ

for the jth subject in the ith group, i=1, . . . , m, j=1, . . . ., Ji, where ui is the
frailty factor within the ith group. It is usually assumed that ui are i.i.d. and
with mean 1 so that all the parameters in the model are estimable. Usually,
we take a gamma frailty model with parameter a for mathematical
tractability, i.e., the density for Zi is given by

gðuÞ ¼
aaua�1e�au

GðaÞ

Then the likelihood condition on the frailty factor {ui: i=1, . . . , m} is
given by

Lðb x; d; z; uj Þ ¼
Ym
i¼1

YJt
j¼1

ðhðzijÞÞ
dij SðzijÞ

� �Ym
i¼1

gðuiÞ

¼ exp bT
Xm
i¼1

XJi
j¼1

dijxij

 !Ym
i¼1

	
YJi

j¼1

ðh0ðzijÞÞðd
ij
Þ

 !
uAi

i e
�
PJi
j¼1

H0ðzij Þx
T
ij b

� �
ui

gðuiÞ

2
64

3
75
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where

Ai ¼
XJi
j¼1

dij

By integrating with respect to u1; . . . ; um, we get the likelihood function up
to a multiplicative constant

Lðbjx; d; zÞ / exp bT
Xm
i¼1

XJi
j¼1

dijxij

 !Ym
i¼1

QJi

j¼1ðh0ðzijÞÞ
dij

PJi

j¼1H0ðzijÞx
T
ij bþ a

	 
Aiþa

Using the previous idea, the parameter estimation and variable selection
can be done via the penalized log-likelihood (up to a additive constant):

‘ðbjx; d; zÞ ¼
Xm
i¼1

XJi
j¼1

dij log h0ðzijÞ � ðAi þ aÞ log
XJi
j¼1

H0ðzijÞx
T
ij bþ a

 !( )

þ bT
Xm
i¼1

XJi
j¼1

dijxij þ l � pðbÞ ð11Þ

for some penalty function p.
Using the least informative step function estimate for H0( � )

H0ðzÞ ¼
XN
k¼1

hkIðzk � zÞ

where {z1, . . . , zN} are pooled observed failure times, then differentiating
(11) with respect to hk gives

h�1l ¼
Xm
i¼1

ðAi þ aÞ
PJi

j¼1Iðzl � zijÞ expðx
T
ij bÞPN

k¼1

hk
PJi

j¼1Iðzl � zijÞ expðx
T
ij bÞ þ a

(12)

So our estimation procedure can be done by an iterative procedure:

1. Initialize b and {hi}.
2. Update {hi} by (12) using current values for b and {hi}.
3. Update b by maximizing (11) for fixed tuning parameter l using a

Newton–Raphson procedure.
4. Repeat Steps 2 and 3 until the algorithm converges.
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One can also extend the above algorithm to estimate the parameter a. The
selection of the tuning parameter l will be discussed later. For frailty models
with time-dependent or hidden covariates, one may resort to the expectation
maximization (EM) algorithm with a possible combination of stochastic
integration algorithms. For example, Gibbs sampling and the acceptance–
rejection scheme may be employed to calculate the stochastic paths of the
frailty factors.

2.4. Optimal Choice of the Parameter s or l

Generally, the optimal tuning parameter s (or l) is determined by
(bootstrapped) cross validation, as in any model selection scenarios.
Specifically, in our special case of Cox regression, we have at least the
following two choices:

� Generalized cross validation (GCV) statistics
Since the constraint in Step 3 of our Ld regularization problem can be
written as X

b2j jbjj
d�2 � s

Hence, if we define

W ¼

diag jb̂jj
n o	 
�

for d ¼ 1

diag jb̂jj
d�2

n o
for d � 2

8><
>:

The effective number of parameters (degree of freedom) in our
regularized fit b̂ is given by

df ðsÞ ¼ trðXðXTAXþ lWÞ�1XTAÞ

and the generalized cross validation statistic (Wahba, 1980) is defined by

GCVðsÞ ¼
�‘ðb̂Þ

nð1� df ðsÞ=nÞ2

The optimal s� should minimize the criterion GCV(s).
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� Cross validated partial likelihood (CVPL)

The cross validated partial likelihood is defined by

CVPLðsÞ ¼ �
1

n

Xn
i¼1

‘ b̂
ð�iÞ

s

	 

� ‘ð�iÞ b̂

ð�iÞ

s

	 
	 


where b̂
ð�iÞ

s is the coefficient estimate without the ith subject and using
tuning parameter s and ‘ð�iÞ the log-partial likelihood function without
the ith subject.

Let b be the true value of coefficient if our model is right, then it
can be seen that minimizing CVPL(s) is asymptotically equivalent to
minimizing

CVPLð0Þ þ E½ðb̂s � bÞTAðb̂s � bÞ�

2.5. Boosting Generalized Cox Regressions

2.5.1. Friedman’s Gradient Boosting Machine
Suppose we are under the general setting of estimating a function F( � ) by
the following expansion

FðxÞ ¼
XM
m¼0

bmhðx; amÞ

where the base learner (or weak learner) h(x; am) can be seen as a basis
function. It can be in the simple linear form h(x; am)=x, or can be generated
by more complicated machinery like spline, kernel expansion, neural net,
classification and regression trees (CART), multiple adaptive regression
splines (MARS), wavelets, support vector machine (SVM), etc.

For finite sample problems encountered in real world cases, we have
sample ðxi; yiÞ

n
i¼1. Given a loss function L, our goal is to minimize over the

functional space the following criterion:

F̂ðxÞ ¼ min
F

Xn
i¼1

Lð yi;FðxiÞÞ (13)
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Friedman (2001) proposed the influential idea of a general gradient
boosting machine, which trains our estimate of F by the following steps:

1. Initialize F0(x)=arg minr
Pn
i¼1

Lð yi; pÞ, or just initialize F0(x)=0.
2. For m=1 to M do:

(a) Compute the ‘‘pseudo’’ responses ~yi ¼ �
@Lðyi;FðxiÞÞ

@FðxiÞ

� �
FðxÞ¼Fm�1ðxÞ

for
i=1, . . . , N

(b) Calculate the least square fit am ¼ arg minam;b
Pn

i¼1½ ~yi � bhðxi; aÞ�2

(c) Line search:

rm ¼ arg minr
Xn
i¼1

Lð yi;Fm�1ðxÞ þ rhðxi; amÞÞ

(d) Update FmðxÞ ¼ Fm�1ðxÞ þ rmhðx; amÞ
3. Boosted estimate: F̂ðxÞ ¼ FMðxÞ ¼ F0ðxÞ þ

PM
i¼1 rmhðx; amÞ.

In particular, if h(x; am) is a regression tree, the above steps describe the
algorithm to construct a famous class of models: multiple additive
regression trees (MART). See Hastie et al. (2001) for more details.

2.5.2. Boosted Cox Regression using Basis Expansion
In the setting of Cox regression by (7), our minimizing criterion (13) changes
to

ẐðxÞ ¼ min
F

LðZðxÞÞ

where

LðZðxÞÞ ¼
Xn
i¼1

di ZðxiÞ � log
Xn
j¼1

Iðzi � zjÞ expðZðxiÞÞ

 !" #

Then, in Step 2a of the gradient machine (notice that the loss criterion is
not additive)

~yi ¼
@LðZðxÞÞ
@ZðxiÞ

¼ di �
Xn
k¼1

dkIðzk � ziÞ expðZðxiÞÞPn
j¼1Iðzk � zjÞ expðZðxkÞÞ
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We have the flexibility in choosing the form of the basis h(x; a) in Step 2b.
In the simplest case,

hðx; aÞ ¼ a0 þ
Xp
i¼1

aixi

then, Step 2b just fits a simple linear regression. As always, other choices of
the form of h(x; a) lead to other gradient boosting algorithm for the Cox
regression.

For example, if h(x; a) has the form

hðx; aÞ ¼
XK
i¼1

aiNiðxÞ

where Ni is the basis for natural cubic spline defined in (9), then Step 2b will
fit an unconstrained natural cubic spline with response ~y.

For another example, if h(x; a) has the form

hðx; aÞ ¼
XK
i¼1

aiKaðx; xiÞ

where Ka is the Gaussian Kernel defined in (10), then Step 2b amounts to fit
a kernel smoothed local regression.

Step 2c amounts to a linear proportional hazard model to the responses
ðzi; diÞ

n
i¼1 with predictor h(x; am) offset Zm�1ðxÞ; and regression coefficient r.

2.6. Bagging and Subsample Aggregating

Bagging (or bootstrap aggregating) and subsample aggregating (also called
subagging) are model-averaging methods which are designed to stabilize the
fitting and predicting results. It turns out that they also increase the
accuracy of parameter estimation or prediction as well.

The bootstrap was introduced by Efron (1979) and extended by many
others. The original idea of bootstrap is to sample from the data using the
same size with replacement and use the bootstrap sample to do estimation
and inferences. For example, we can use the bootstrap procedure to estimate
the standard deviation of any statistic. This is particularly useful for small
datasets. For large dataset, we do not need to reuse the original data so
many times and one can use the so-called subsampling procedure, which is
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to sample a subset of the data each time without replacement and use the
resulting subsamples to do estimation and inferences.

Now, we consider fitting a model to the dataset fxi; yig
n
i¼1, and make

prediction f̂ ðxÞ at future inputs x. Bagging makes the prediction by
averaging over a collection of bootstrap samples, and subsample aggregat-
ing makes the prediction by averaging over a collection of subsamples.
Similarly, Bagging (subsample aggregating) estimates the parameter by
average over a collection of estimated parameters from bootstrap samples
(subsamples). This works for all the data mining procedures mentioned
before.

Specifically, for each bootstrap sample xnb
i ; y

nb
i

� �n
i¼1

for b=1, . . . , B, we fit

our model and give the prediction f̂
nb
ðxÞ; the bagging estimation is

^f bagðxÞ ¼
1

B

XB
b¼1

f̂
nb
ðxÞ

Similar procedure works for subsample aggregating. Asymptotical results
for bagging and subsample aggregating can be found in standard references.
For example, see Peter Bühlmann (2003), which also propose a more robust
version of bagging.

3. PART II: GENERALIZED COX REGRESSION WITH

TIME-DEPENDENT AND HIDDEN COVARIATES

3.1. Time-Varying Covariates

When our dataset has a time series feature, instead of only one survival
time or censoring time for each subject, we have observations over time
of the survival of a subject. For example, we may have the data consisting
the time series of multiple firms with default indicator for each observation.
In this case, the classical Cox proportional model (1) should be extended.

Now assume we have m entities, each with a time series observation.
Suppose the observation time for the ith entity is [ti, Ti] and in time t we
have the triplet ðxit; dit; tÞ : i ¼ 1; . . . ;m; where dit is the default (survival)
indicator for the ith entity at time t. Again, we model the hazard rate hi for
the ith entity by the proportional model

hiðtÞ ¼ h0iðtÞ expðx
T
itbÞ
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Let us first suppose the covariates are deterministic. The complete
likelihood for the data is given by

Lðbjx; z; dÞ ¼
Ym
i¼1

e
�
PTt

t¼ti

hiðtÞDtYTi

t¼ti

½dithiðtÞ þ ð1� ditÞ�

0
B@

1
CA

and the log-likelihood function is given by

‘ðbjx; z; dÞ ¼
Xm
i¼1

XTi

t¼ti

ð�hiðtÞDtþ logðhiðtÞÞditÞ

¼
Xm
i¼1

XTi

t¼ti

ð�h0iðtÞ expðx
T
itbÞDtþ logðh0iðtÞ expðx

T
itbÞÞditÞ ð14Þ

where Dt ¼ tiþ1 � ti is the tenor for the ith observation.
If we model h0i(t) by the least informative approach (piecewise constant),

i.e., h0i(0)=0,

h0iðtÞ ¼ lli for zl�1ot � zl

or

h0iðtÞ ¼
XN
l¼1

lliIðzl�1ot � zlÞ (15)

where fz1; . . . ; zNg are pooled observed failure times and z0=0 for positive
constants lli; l ¼ 1; . . . ;Ni and i ¼ 1; . . . ;m. Plugging in this estimate and
taking the derivatives of (14) with respect to lli generates:

lli ¼

PTi

t¼ti
Iðzl�1ot � zlÞPTi

t¼ti
Iðzl�1ot � zlÞ expðx

T
itbÞDt

So basically the problem can be solved by the following iterative scheme:

1. Initialize the values for b.
2. For current values of b, calculate the current values for lli for

l=1, . . . , N, and i=1, . . . , m. Then, we have the current values for
h0iðtÞ by (15).
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3. Plug the current values for h0iðtÞ in (14) and solve for the following
penalized (partial) log-likelihood problem:

min
b
‘ðbjx; z; dÞ þ l � pðbÞ

for some penalty function p, using Newton–Raphson’s procedure.
4. Repeat Steps 2 and 3 until the algorithm converges.

Another treatment of h0iðzÞ is just simply set h0iðzÞ ¼ 1 for all i. Then the
penalized log-likelihood reduces the following optimization problem,

min
b

Xm
i¼1

XTi

t¼ti

ð� expðxTitbÞDtþ xTitbditÞ þ l � pðbÞ

which is much simpler to solve.

3.2. Stochastic Covariate Processes

The model in the previous section simply assumes that the covariates are
deterministic. However, we may encounter problems in survival (failure,
default) analysis where the covariates themselves have the stochastic nature.

For example, to use macroeconomic variables like interest rates, indices,
GDP growth, etc. or firm-specific variables like return, debt, asset, etc. to
model the defaults or default correlation of multiple firms, we may as well
take in consideration that the covariates are also stochastically varying over
time. For another, to predict the failure time in a medical experiment, the
temperature as an external factor and the level of a certain chemical in the
human body as an internal factor may both have some stochastic nature
that is not captured by deterministic processes.

Now we suppose that the covariate X has a parametric form of stochastic
process and its likelihood is given by LðgjXÞ. Under the doubly stochastic
assumption (Duffie, Saita, & Wang, 2007), conditional on the paths of the
covariate process, the default (survival) timing of the entities are
independent, and the full likelihood function is given by

Lðb; gjx; z; dÞ ¼ LðgjxÞLðb x; z; dj Þ

So, the maximum likelihood estimator ðb̂; ĝÞ can be obtained by
maximizing LðgjxÞ and Lðbjx; z; dÞ respectively.
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For mathematical convenience, we usually model the covariate process by
simple time series models, for instance, autoregressive integrated moving
average (ARIMA) or its vector version (VARIMA). Here, I briefly review
the vector autoregressive model with possible cointegration effect.

Suppose xt is a d	 1 vector for each t. A multivariate extension of AR(p)
model for x (with 0 mean) is given by

xt ¼ A1xt�1 þ A2xt�2 þ . . .þ Apxt�p þ �t

We say that xBVAR(p).
If the components of x are I(l)1 and cointegrated, then it has the

Granger’s representation (VAR with cointegration)

Dxt ¼ abTxt�1 þ B1Dxt�1 þ � � � þ Bp�1Dxt�pþ1 þ �t

where b is the cointegration vector for x. The system is also called error
correction form.

Engle and Granger (1987) suggest the two-stage estimation method for

Dxt ¼ abTxt�1 þ B1Dxt�1 þ � � � þ Bp�1Dxt�pþ1 þ �t

(1) Estimate b by least square regression.
(2) Estimate a;Bj ; j ¼ 1; . . . ; p� 1 by maximum likelihood.

It is proved that if we estimate the parameters in this way, then

(1) b̂ is super-consistent: it converges to b at the rapid rate T�1, where T is
the sample size.

(2) â;b̂j ; j ¼ 1; . . . ; p� 1 are consistent and asymptotically normal.

Another tractable type of model is affine process, which is discussed in
Section 4 in Zhen (2006), and the estimation procedures are discussed in
Section 6.

3.3. Frailty Factor for Modeling Dependence

The assumption that conditional on the paths of the covariate processes, the
default (survival) timing of the entities is independent may be violated in
reality. For example, previous models generally cannot capture the
‘‘contagion effect’’ of the defaults of multiple firms, which is essential to
understand the risks in the credit market. One remedy for this is to assume
some subject-specific or time-dependent frailty factors that may have the
effect of adding an additional source of certainty in the default and default
correlation among subjects.
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Consider the following model

hiðtÞ ¼ h0iðtÞYtSi expðx
T
itbÞ (16)

where Yt is a time-dependent frailty factor and Si a subject-specific frailty
factor. Under the gamma model, suppose Si is i.i.d. with density

gðsÞ ¼
aasa�1 expð�asÞ

GðaÞ
(17)

and Yt is a positive process. For example, Yt can be a gamma process,
geometric Brownian motion, or exponential of a variance gamma process.
One can refer to Appendix B for a review of gamma and variance gamma
processes, see also Madan and Seneta (1990).

A popular scheme of calibrating frailty related models is through Markov
chain Monte Carlo expectation maximization (MCMC EM) algorithm,
which provides a general scheme for optimization involving stochastic (or
hidden) factors. The following subsections give a procedure for the MCMC
EM optimization problem and we will narrow our focus on our Cox
regression settings.

3.3.1. The Expectation Maximization Algorithm
The expectation maximization (EM or Baum–Welch) algorithm is originally
proposed for maximizing likelihoods in cases with latent (unobserved or
missing) data. The latent data (frailty factor in the setting of Cox regression)
can be introduced by model construction or by data augmentation in order
to simplify the maximizing problem. Naturally, the EM algorithm can be
used for minimizing any loss criterion with latent factor.

Suppose we are going to maximize a general function ‘ðy;XÞ of parameter
y and observed data X. For example, l can be the (penalized) log-likelihood
function or the negative value of any loss function. The augmented function
‘0ðy;X ;ZÞ also depends on the latent or missing data Z and usually we have
‘0ðy;XÞ ¼ Eð‘0ðy;X ;ZÞjX ; yÞ. However, this relationship need not hold in
general. The EM algorithm works as follows:

1. Initialize our guess for the parameters y(0).
2. Expectation step: At the jth step, compute the expectation

Qðy; y ð jÞÞ ¼ Eð‘0ðy;X ;ZÞjX ; y
ð jÞ
Þ

as a function of y.
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3. Maximization step: Solve the maximization problem:

y ð jþ1Þ ¼ arg max
y

Q ðy; y ð jÞÞ (18)

4. Repeat Steps 2 and 3 until the algorithm converges.

At least two complications arise in the above EM algorithm. The first is
that it is hard to compute the expectation in Step 2 in general because the
distribution of Z condition on X may not have explicit solution. Even the
conditional density can be computed explicitly, the expectation involves (high-
dimensional) numerical integration, which is usually not stable and reliable.
One remedy for this is to use the Markov chain Monte Carlo methods,
specifically, the Gibbs sampler and the Metropolis (Metropolis–Hasting)
algorithm for sampling the posterior distributions and use the sample average

1

M

XNþM
n¼Nþ1

‘0ðy;X ;ZðnÞÞ

to compute the expectation, where N is the ‘‘burn-in’’ period in our sample
generating procedure. We will introduce MCMC shortly.

The second problem is the maximization in Step 3. The Newton–Raphson
algorithm does not necessarily lead to nice solutions. Other optimization
schemes like simulated annealing, the genetic algorithm may be employed to
find the global maximum too. For computational reasons, it is advisable
just to apply one-step Gradient Descent to Step 3 and hope the iterative
procedure of Step 2 and Step 3 will lead to a suboptimal solution. Our focus
then will be the Markov chain Monte Carlo calibration of the expectation in
Step 2.

3.3.2. The Markov Chain Monte Carlo Methods
A particularly useful and the most simple Markov chain simulation algorithm
is called the Gibbs sampler or the alternating conditional sampling. Following
the notions of previous section, suppose we want to sample the distribution of
Z ¼ ðZ1; . . . ;ZkÞ condition on X, then the Gibbs sampler works as follows:

1. Initialize Z
ð0Þ
k ; k ¼ 1; . . . ;K .

2. At the tth step, sample Z
ðtÞ
k from the conditional distribution

Z
ðtÞ
k jZ

ðtÞ
1 ; . . . ;Z

ðtÞ
k�1;Z

ðt�1Þ
kþ1 ; . . . ;Z

ðt�1Þ
K ;X

for k=1, . . . , K.
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3. Repeat Step 2, until the joint conditional distribution of Z ðtÞjX ¼

Z
ðtÞ
1 ; . . . ;Z

ðtÞ
K jX does not change or simply repeat a designated number of

steps.

The Gibbs sampler works pretty well if we can easily generate the
conditional sample in Step 2. However, it may not be easy to generate such a
sample directly, even if we have the explicit formula for the density. A more
flexible sampling method is called the Metropolis algorithm, which can be
seen as an adaptation of a random walk that uses an acceptance/rejection
rule to converge to the target distribution. It only requires we know the
likelihood ratio of the target density.

Suppose we want to sample from a (conditional) density function
Lðy;Z;XÞ for Z. The Metropolis algorithm works as follows:

1. Initialize Z
ð0Þ
k ; k ¼ 1; . . . ;K .

2. At the tth step, sample a proposal Z� from a jumping distribution
(or proposal distribution) JtðZ

njZðt�1Þ;XÞ. The proposal distribution Jt
should be symmetric, or JtðZ1jZ2;XÞ ¼ JtðZ2jZ1;XÞ.

3. Calculate the likelihood ratio

r ¼
Lðy;Zn;XÞ

Lðy;Zðt�1Þ;XÞ

where L is the (conditional) density function for Z.
4. Draw U uniformly from [0, 1], and set

ZðtÞ ¼
Zn if Uominðr; 1Þ

Zðt�1Þ otherwise

(

5. Repeat Steps 2–4, until the conditional distribution ZðtÞjX ¼ Z
ðtÞ
1 ; . . . ;Z

t
K jX

does not change or simply repeat a designated number of steps.

Usually, we set JtðZ
njZðt�1Þ;XÞ ¼ NðZðt�1Þ;sIK Þ; where IK is a K-

dimensional identity matrix. The Metropolis–Hastings algorithm slightly
generalizes the above algorithm to asymmetric proposal distribution
functions. If JtðZ1jZ2;XÞ ¼ JtðZ2jZ1;XÞ does not hold for any Z1, Z2,
then in Step 3, the formula for r changes to

r ¼
Lðy;Zn;XÞ=JtðZ

n
Zðt�1Þ;XÞ

Lðy;Zðt�1Þ;XÞ=JtðZ
ðt�1ÞjZn;XÞ
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It can be proved that in this way, the sampling distribution will converge
to the stationary distribution of a Markov chain, with the stationary
distribution the same as our target distribution.

The Steps 2–4 of above algorithm can also consist of a series of K
iterations, where we perform acceptance–rejection updating procedure for
each of the Z

ðtÞ
j for j=1, . . . , K in each step. If we define the proposal

distribution by

JGibbs
j;t ðZnjZðt�1Þ;XÞ ¼

Lðy;Zn
j ;Z

ðt�1Þ
�j ;XÞ if Zn

�j ¼ Z
ðt�1Þ
�j

0 otherwise

(

Then, it can be seen that the Metropolis–Hastings algorithm produces a
Gibbs sampler.

3.3.3. Calibrate the Frailty Model
Our basic scheme is to use the MCMC version of the EM algorithm to
estimate the model parameters (and possibly to select the covariates by
regularization). As mentioned before, we are most interested in Step 2 of the
EM algorithm. Since we can separate the estimation of the covariate
processes and the hazard rate model, our likelihood function will only
consist of the parameters in the hazard formulation. Under the frailty model
(16), the augmented likelihood function is given by

Lðb; y; x;Y ;S; dÞ ¼
Ym
i¼t

e
�
PTi

t�ti
hiðtÞDt

YTi

t¼ti

½dithiðtÞ þ ð1� ditÞ�

 !

where

hiðtÞ ¼ YtSi expðx
T
itbÞ

and y is the parameter for the frailty factors Yt, Si, where Si has the
gamma model (17). We set h0i(z)=1 for simplicity. Under a Markov
model for Yt=g(Wt) (geometrical Brownian motion, gamma process,
exponential of a variance gamma process) where W is a Markov and
g a deterministic function. Then the conditional density of Wt given W ð�tÞ ¼
ðW1; . . . ;Wt�1;Wtþ1; . . . ;WT Þ is

f ðWtjb; y;x;W ð�tÞ;S; dÞ / Lðb; y; x;Y ;S; dÞf ðWtjWt�1; yÞf ðWtjWtþ1; yÞ
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The sampling procedure for fixed parameters (b, y) works as follows:

1. Initialize Yt=1 and Si ¼ 1; 0 � t � T and 1 � i � m.
2. Given the current values of Yt, Si in step j, use the Metropolis–Hastings

algorithm to draw Y
ðjþ1Þ
t

2 by the following scheme, where we can use a
Gaussian proposal distribution in all cases:
(a) If Yt ¼ ebWt is a geometric Brownian motion, where Wt is a standard

Brownian motion. Then, the (conditional) likelihood ratio in Step 3
of the Metropolis algorithm is given by

r ¼
f ðWn

t jb; y;x;W ð�tÞ;S; dÞ
f ðWtjb; y;x;W ð�tÞ;S; dÞ

¼
Lðb; y; x;Yn

t ;Y ð�tÞ;S; dÞf ðW
n
t jWt�1; yÞf ðWn

t jWtþ1; yÞ
Lðb; y; x;Y ;S; dÞf ðWtjWt�1; yÞf ðWtjWtþ1; yÞ

ð19Þ

where Yn
t ¼ ebW

n
t , and

f ðWtjWt�1; yÞ ¼
1ffiffiffiffiffiffi
2p
p e�ðWt�Wt�1Þ

2=2

f ðWtjWtþ1; yÞ ¼
1ffiffiffiffiffiffi
2p
p e�ðWt�Wtþ1Þ

2=2

(b) If Yt is a gamma process fGðt; u; vÞ : t � 0g, then Yt ¼Wt,

f ðWijWt�1; yÞ ¼ gu2=v;v=uðWt �Wt�1Þ

f ðWijWtþ1; yÞ ¼ gu2=v;v=uðWtþ1 �WtÞ

where ga;b (x) is a gamma density

ga;bðxÞ ¼
1

baGðaÞ
xa�1e�x=b

and the (conditional) likelihood ratio in Step 3 of the Metropolis
algorithm is also given in (19).

(c) If Yt is an exponential of a variance gamma process, then Yt ¼ ebWt ,
where Wt is a variance gamma process VGðt; y; s; nÞ : t � 0

� �
. We

have

f ðWtjWt�1; yÞ ¼ f VGð1;y;s;vÞðWt �Wt�1Þ

f ðWtjWtþ1; yÞ ¼ f VGð1;y;s;vÞðWtþ1 �WtÞ
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where f VGðt;y;s;vÞ is the density function of a variance gamma process
with parameters ðy; s; vÞ at time t. The formula for f VGðt;y;s;vÞ is
given in Appendix B, and since it is in the form of an integral,
numerical approximation procedures should be employed. The
(conditional) likelihood ratio in Step 3 of the Metropolis algorithm
is also given in (19).

3. Given Y
ð jþ1Þ
t and S

ð jÞ
i , we proceed to draw the conditional distributions

of S
ð jþ1Þ
i for i ¼ 1; . . . ;m.

Under the i.i.d. gamma model, since S
ð jþ1Þ
i are conditional independent,

and each with density (assume Dt ¼ 1)

f ðsjY ð jþ1Þ;X ; d; b; yÞagðsÞLðb; y;X ;Y ð jþ1Þ; s; dÞ

/ sa�1 expð�asÞe�
XTi

t¼ti

Y
ð jþ1Þ
t expðxTitbÞs

YTi

t¼ti

ditY
ð jþ1Þ
t expðxTitbÞsþ ð1� ditÞ

h i

so, we can draw S
ðjþ1Þ
i from the gamma distribution GðAi;BiÞ where

Ai ¼ aþ
XTi

t¼ti

Y
ð jþ1Þ
t expðxTitbÞ

Bi ¼ aþ
XTi

t¼ti

Iðdit ¼ 1Þ

Particularly, if we ignore recovery from default, and consider entity i
defaults only when diT i ¼ 1, then

Bi ¼ aþ di;Ti

Our maximization step (18) may involve drawing the conditional samples
for each set of parameter y for a discretized grid in the parameter space.
For computational considerations, we can make very raw grid of the
parameters in the initial steps and refine the grid in later steps for better
results.

An extension of the model (16) is given by

hijðtÞ ¼ h0ijðtÞYtSiOj expðx
T
ijtbÞ (20)

where Yt is a time-dependent frailty factor, Si a subject-specific frailty factor,
and Oj a group-specific factor for i=1, . . . , m, j=1, . . . , Ji and t ¼ ti; . . . ;Ti.
For example, it is reasonable to assume a group frailty factor among
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companies in the same field, e.g., information technology, energy, material,
retail, etc. Calibration for the model (20) is straightforward by our
proposed MCMC EM method, where Metropolis–Hastings algorithm is
used to draw samples from conditional distribution for Yt. Under
gamma models for Si and Oj, their conditional distributions in the iterative
steps are gamma distributions, making the sampling procedure easy to
implement.

4. CONCLUDING REMARKS

This paper introduces various statistical data mining procedures within the
context of generalized Cox regressions. It is noteworthy that many iterative
procedures described above can be embedded into others so that the
practitioners really have a diversified pool of tools to build statistical models
for survival probabilities and correlations. On the other hand, the
practitioners should also be cautious when employing these data mining
procedures. For example, it really makes no sense to bag a boosting
procedure or vice versa in the hope of getting better results. Although both
of them have the advantage of reducing prediction variance, the combina-
tion of the two will not procedure more accurate results. On the contrary the
computation is too prohibitive (especially for large datasets) to have any
practical value.

Having constructed a parametric model for the hazard rate for the ith
subject, for example, in the time-dependent covariate case:

hiðtÞ ¼ ĥi0ðtÞ expðx
T
1tb̂1 þ xTi2tb̂2Þ

where x1 is the systematic covariate and xi2 the idiosyncratic covariate, then
the joint survival function of the (i, j)th subjects are specified by

Pðti4T1; tj4T2jF tÞ ¼ EðPðti4T1; tj4T2jF t;x1;xi2; xj2ÞjF t

¼ Et e
�
R T1

t
hiðsÞds�

R T2

t
hjðsÞds

� �
ð21Þ

which can be calculated by Markov chain Monte Carlo methods. The
information filtration fF t : t � 0g often rejects the econometrician or market
investor’s accumulation of knowledge in the setting of financial modeling.
We ignore its construction just for the simplicity of illustration. The formula
(21) also holds for frailty models, except that the conditional expectation
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will be calculated with respect to both the covariate processes and the frailty
factors.

Other applications of these procedures can be found in Computational
Biology, Genetics, Bioinformatics, Clinical trial, Actuarial Science, Educa-
tion and Product Reliability tests.

NOTES

1. I(1) refers to nonstationary series with stationary first difference.
2. The superscript ( jþ1) means we are in the ( jþ1)th step of our iteration

procedure. We ignore this notation below when there is no confusion.
3. For a formal definition of independent censoring, refer to Andersen, Borgan,

Gill, and Keiding (1993).
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APPENDIX A. COUNTING AND INTENSITY

PROCESSES

Suppose a probability space (O;F ;P) with information filtration ðF tÞt�0
satisfying the usual conditions:

� (increasing) F s � F t � F for all sot
� (right continuous) F s ¼ \t4sF t for all s
� (complete) A � B 2 F ; PðBÞ ¼ 0 implies A 2 F 0
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Definition A.1 Counting process. A k-dimensional counting process N ¼
ðN1; . . . ;NkÞ is a vector of k (F�) adapted càdlàg processes, all zero at
time zero, with piecewise constant and nondecreasing sample paths,
having jumps of size 1 only and no two components jumping at the same
time.

For a classical survival analysis, we have a sample of n observations
where zi ¼ minfTi;Cig the minimum of the survival time Ti and censoring
time Ci for the ith observation. di ¼ I fTi�Cig is the corresponding censoring
indicator.

For a complete description of the picture, we need to further define:

� RðtÞ ¼ fi : Zi � tg as the risk set just before time t.
� Y(t)=#R(t) as the number at risk just before time t.
� SðtÞ ¼ PðTi4tÞ as the survival function for the default times.

Under the differentiability assumption of S(t), we have the density
function of the survival time as f ðtÞ ¼ �ðdsðtÞÞ=ðdtÞ, and the hazard rate
function hðtÞ ¼ f ðtÞ=SðtÞ. It can be verified that

SðtÞ ¼ exp �

Z t

0

hðsÞds

� �
¼ expð�HðtÞÞ (22)

where HðtÞ ¼
R t
0 hðsÞ ds is the cumulative hazard function.

Under the assumption of independent censoring, which means roughly3

that the survival experience at any time t is independent of F t�, we have

PðZi 2 ½t; tþ dtÞdi ¼ 1jF t�Þ ¼ 1fZi�tghðtÞ dt (23)

Summing the above formula over i, we get

Eð#fi : Zi 2 ½t; tþ dtÞ; di ¼ 1gjF t�Þ ¼ YðtÞhðtÞdt (24)

On the other hand, if we define a process N ¼ ðNðtÞÞt�0 counting the
observed failures, where

NðtÞ ¼ #fi : Zi � t; di ¼ 1g

If we denote

dNðtÞ ¼ Nððtþ dtÞ�Þ �Nðt�Þ
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as the increment of observed failure over the small interval [t,tþ dt), then we
can rewrite (24) as

EðdNðtÞjF t�Þ ¼ lðtÞ dt (25)

where l(t)=Y(t)h(t) is called the intensity process of the survival times.

Proposition A.1. Under above assumptions, M(t)=N(t)�L(t) is a
martingale ðt � 0Þ; where

LðtÞ ¼
Z t

0

lðsÞ ds

is called the cumulative intensity process for the default times.

Since by definition dN(t) can only be 0 or 1, (25) is equivalent to

PðdNðtÞ ¼ 1jF t�Þ ¼ lðtÞ dt

Hence, if we consider N(t) to the total number of observed defaults in a
pool of names, then informally

Pðno default in ½t; s� jF t�Þ ¼
Y
s�u�t

PðdNðuÞ ¼ 0jF u�Þ

¼
Y
s�u�t

ð1� lðuÞ duÞ

¼ e
�
R s

t
lðuÞ du

In the case of constant hazard rate h(t)� h, the intensity process l is a
piecewise constant and decreasing process.

Under the settings of credit risk, we can think that the censoring is caused
due to other types of exit except default of the entity of interest. So we can
define the survival function for censoring as

SCðtÞ ¼ PðCi4tÞ

and the corresponding hazard rate function as b(t). Then, similar to the
previous arguments, we have

Eð#fi : Zi 2 ½t; tþ dtÞ; di ¼ 0gjF t�Þ ¼ oðtÞ dt (26)
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where o(t)=Y(t)b(t) is the intensity process of the censoring times and

OðtÞ ¼
Z t

0

oðsÞ ds

is the cumulative intensity process for the censoring times.

APPENDIX B. GAMMA AND VARIANCE GAMMA

PROCESSES

Before we go into the definition and properties of the gamma and variance
gamma processes, we first introduce a much more larger class of processes:
Lévy process (Bertoin, 1996) and some familiar examples.

Definition B.1 Lévy process. A Lévy process is any continuous-time
stochastic process that starts at 0, admits càdlàg modification, and has
‘‘stationary independent increments.’’

Example B.1. If Xt is a Lévy process and the increment Xt�Xs has a
Gaussian distribution with mean 0 and variance (t� s) for tZs, then Xt is
called a standard Brownian motion or Wiener process, often denoted by
Xt=Bt or Wt.

Example B.2. If Xt is a Lévy process and the increment Xt�Xs has a
Poisson distribution with parameter l(t� s) for tZs, or

PðXt � Xs ¼ kÞ ¼
e�lðt�sÞðlðt� sÞÞk

k!
for k ¼ 0; 1; . . .

then Xt is called a Poisson process with intensity parameter (or rate) l.

The independent increment property of Lévy processes can account for
the following.

Corollary B.1. If Xt is a Lévy process and fðyÞ ¼ EðeiyX1 Þ the
characteristic function of X1, then the characteristic function of Xtþs �

Xs is ðfðyÞÞ
t for t, sZ0. Particularly, if s=0, then Xt has characteristic

function ðfðyÞÞt.

Theorem B.1. Lévy–Khintchine representation: If Xt is a Lévy process,
then its characteristic function satisfies the Lévy–Khintchine
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representation:

EðeiyXt Þ ¼ exp igyt�
1

2
s2y2tþ t

Z
Rnf0g

eiyx � 1� iyx1fjxjo1g

� �
nðdxÞ

� �

where g 2 R;s � 0 and n is a measure defined on Rnf0g called the Lévy
measure satisfying Z

Rnf0g

ðx2 ^ 1ÞnðdxÞo1

Thus, a Lévy process can be seen as comprising of three components:
a drift, a Brownian motion, and a jump component.

From above corollary and theorem, we see that the Lévy–Khintchine
representation is equivalent to

cðyÞ ¼ logðfðyÞÞ ¼ igy�
1

2
s2y2 þ

Z
Rnf0g

ðeiyx�1�iyx1fjxjo1g ÞnðdxÞ

and c(y) is called the characteristic component of Xt.
Before I introduce the gamma process, we first give a definition to the

compound Poisson process:

Definition B.2 Compound Poisson process. A compound Poisson process
Yt with rate lW0 and jump size distribution G is a continuous stochastic
process given by

Yt ¼
XNðtÞ
i¼1

Di

where N(t) is a Poisson process with rate l, and Dt is i.i.d. with
distribution G, which is also independent of N(t).

It is easy to show that a Compound Poisson process is also a Lévy process
by direct calculating its characteristic function. It turns out that we can
construct a series of compound Poisson processes converging to a limit
which is also a Lévy process. The limit process has independent increments
with gamma distribution, thus has the name gamma process. See, for
example, David and Howard (1993) for the construction.
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Let G(a, b) denote the gamma distribution with density

f ðxÞ ¼
1

BaGðaÞ
xa�1e�x=b; x40

Definition B.3. A Lévy process Xt is a gamma process with mean
parameter uW0 and variance parameter vW0, if the increment Xt�Xs has
the gamma distribution G(u2(t� s)/n, n/u) for tWs.

It can be shown by direct calculations that the characteristic function of a
gamma process Xt is given by

fðyÞ ¼ EðeiyXtÞ ¼
1

1� iyðv=uÞ

� �ðu2tÞ=v

and the Lévy measure for Xt is given by

nðdxÞ ¼
u2 expð�ðu=vÞxÞ

vx
dx

The gamma process is always non-negative and increasing, which may
restrict the practical applications of such processes. It turns out that by
taking the difference of two independent gamma processes with some
specific parameters, we will get another Lévy process, which behaves
somewhat like Brownian motion, but has more preferable properties over
Brownian motion. Interestingly, this kind of process also has a construction
closely related to Brownian motion:

Definition B.4 Variance gamma process or VG process. A VG process is
obtained by evaluating Brownian motion with drift at a random time
given by a gamma process. Specifically, let b (t;y, s)=y tþ sWt where
Wt is a standard Brownian motion. The VG process Xt with parameter
(y, s, v) is given by Xt=b(Yt; y, s) where Yt is a gamma process with mean
parameter 1 and variance parameter v. The process can also be seen as
being generated by the independent increments:

Xtþs � Xt ¼ yðYtþs � YtÞ þ sðWðYtþsÞ �WðYtÞÞ

By Markov property, we see Xtþs � Xt 
 bðYs; y;sÞ for t; s � 0.
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If Xt is a variance gamma process with parameter (y, s, v), then Xt has
density function

f ðxÞ ¼

Z 1
0

1

s
ffiffiffiffiffiffiffi
2ps
p e�ððx�ysÞ

2=2s2sÞ s
t=v�1e�s=v

vt=vGðt=vÞ
ds

and calculation shows it has the characteristic function

fðyÞ ¼ EðeiyXt Þ ¼
1

1� iyvuþ ðs2v=2Þu2

� �t=v

The variance gamma process Xt with parameter (y, s, v) can be expressed
as the difference of two independent gamma processes (Madan, Carr, &
Chang, 1998): Xt ¼ Y1t � Y2t where Y1t;Y2tare gamma processes with
parameter (u1, v1) and (u2, v2) respectively and

u1 ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ

2s2

v

s
þ

y
2

u1 ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ

2s2

v

s
�

y
2

v1 ¼ u21v

v2 ¼ u22vN:

It can also be shown that the Lévy measure for Xt is given by

nðdxÞ ¼

u21
v1x

e
�

u1
v1
x
dx for x40

�
u22
v2x

e
u2
v2dx for x40

8>>><
>>>:
¼

eyx=s
2

vjxj
e�

ffiffiffiffiffiffiffiffiffiffiffiffi
2=vþy2=s2
p

s xj jdx

which is symmetric if only y ¼ 0.

ZHEN WEI194
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EQUATION APPROACH

Jingyi Zhu

ABSTRACT

The credit migration process contains important information about the
dynamics of a firm’s credit quality, therefore, it has a significant impact
on its relevant credit derivatives. We present a jump diffusion approach to
model the credit rating transitions which leads to a partial integro-
differential equation (PIDE) formulation, with defaults and rating
changes characterized by barrier crossings. Efficient and reliable
numerical solutions are developed for the variable coefficient equation
that result in good agreement with historical and market data, across all
credit ratings. A simple adjustment in the credit index drift converts the
model to be used in the risk-neutral setting, which makes it a valuable tool
in credit derivative pricing.
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1. INTRODUCTION

Credit derivatives have become one of the major sectors in financial trading
and investment, and the credit rating of a firm by one of the major rating
agencies, such as Moody’s or Standard and Poor’s, can be the most crucial
indicator for the credit quality of that firm. Modeling credit rating
transitions naturally is recognized as a major topic in credit risk research.
The Markov chain approach is an obvious choice, and the early work by
Jarrow, Lando, and Turnbull (1997) highlighted and clarified many crucial
issues in this area. However, the underlying process still remains open to
different interpretations. There is a strong incentive to link the process to the
balance sheets of the firm, which suggests that structural models, originally
pioneered by Merton (1974), are natural to serve as strong candidates for
modeling the default and rating transitions. The appealing aspects of
structural models, such as the first passage of the default boundary, and the
crossing of a barrier at any time, make these approaches quite promising.

It has been widely recognized that Brownian motion alone is inadequate
to explain all the rating transitions, for the obvious reason that transitions
across several ratings simultaneously occur at non-negligible rates, but they
cannot be modeled by a continuous process. The immediate remedy is to
combine a jump process with the conventional Wiener process. The early
work of Zhou (2001) in defaultable bonds suggests that jumps may hold the
key to these credit modeling issues. In contrast, the stochastic volatility
approach by Fouque, Sircar, and Sølna (2006) provides another way to
avoid some of the handicaps of the Brownian diffusion approach. However,
the complication of estimating hidden volatility information in a stochastic
volatility model brings in yet more unknown factors, especially in the rating
transition problem where the transition process is quite different from the
stock or the interest rate processes by nature.

A great deal of effort has been focused on the Lévy process recently, after
the jump process was first introduced by Merton (1976), simply because of the
jumps allowed in the process, and other desirable properties, such as the
Markov property and the resulting partial integro-differential equation
(PIDE). Some useful works have been done in deriving analytical solutions,
as well as numerical methods to solve the equations (see, e.g., Carr & Hirsa,
2003; Cont & Tankov, 2003). The works of Albanese, Campolieti, Chen, and
Zavidonov (2003), and Albanese and Chen (2006) extend the distance-to-
default framework (Hull & White, 2000; Avellaneda & Zhu, 2001) by
introducing jumps to the credit index in a region separated by multibarriers.
Crucial to the success of that approach, some technical conditions, such as that
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the model is integrable in terms of the gamma function, must be met, and
general time-dependent coefficients cannot be conveniently incorporated.
Nevertheless, the results are quite encouraging in that consistently good
agreements with historical and market data are achieved.

Here we take a different approach based on similar ideas, more from a
differential equation point of view, which allows general variable coefficients in
the equation and takes advantage of the vast resources in numerical methods.
In this generalization, we no longer require the analytical tractability, instead
we develop efficient numerical algorithms that have the flexibility to
accommodate any state and time dependence in parameters, and exhibit more
transparency in connecting the model coefficients to data. The current model
follows the distance-to-default approach used by Avellaneda and Zhu (2001),
and the PIDE extension in a previous work of Zhu (2006), by utilizing the
information contained in the survival probability density function. The need to
model different rating regions by different parameters poses no difficulty for
the PIDE formulation and the finite difference method used to obtain
approximate solutions. For each set of parameters, a collection of solutions
corresponding to all initial ratings is generated and compared with the
historical transition frequency matrix. The calibration of the model is
performed by obtaining the best fit through the use of an optimization
package BFGS developed by Zhu, Byrd, and Nocedal (1997). The stability
of the PIDE solutions ensures that the fitting procedure is well behaved.
We have tested with two similar rating transition frequency matrices from
Standard and Poor’s and Moody’s. Good agreements are found in both cases
and it is obvious that the jump diffusion model generates superior fits
compared to the Brownian motion model. Another simplification in this model
is the straightforward procedure to change from the real-world measure to the
risk-neutral measure. Because of the complicated issues of recovery rates and
tax rates, it is not expected for the model to be able to fit the market data.
Instead, it is hoped that sensible choices of the default boundary can provide
insight into the credit spread fraction of the yield spread as observed on the
market. The close connection between the default boundary found in
Avellaneda and Zhu (2001) and that found in the current model makes it
possible to calibrate the risk-neutral parameters based on other market sources.

The paper is organized as follows. In Section 2, we briefly introduce the
process and the resulting partial PIDE. In Section 3, we establish the rating
migration model through the survival density function. Then in Section 4,
we present some numerical results for the real-world calibration and an
application in a risk-neutral market in Section 5. We also offer some
concluding remarks in Section 6.
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2. MODELING CREDIT INDEX WITH LÉVY

PROCESSES

We will use the distance-to-default of a firm to determine its credit rating.
Naturally a larger distance-to-default implies a higher credit quality. To
model the process for the distance-to-default, it is important to include
jumps in the index process, in addition to the Brownian motion. This is
particularly crucial in rating migration modeling, as transitions with more
than two ratings involved are quite significant and they account for over
10% of all the transitions, according to the study of Carty (1997). We
consider the following discontinuous Lévy process:

dXt ¼ aðXt; tÞdtþ sðXt; tÞdWt þ dqt; X040

Here Wt is the standard Brownian motion, s is the volatility associated with
the Brownian motion, a is a deterministic drift term, and qt is a Poisson
process with intensity l. Once a jump occurs, the probability measure of the
jump amplitude (from x to y) is given by a known distribution

Gðx; dyÞ ¼ P½x! ðy; yþ dyÞ� (1)

We assume that Wt, qt, and the jump amplitude are mutually
independent.

According to the definition of the distance-to-default (Hull & White,
2000; Avellaneda & Zhu, 2001), a default of the firm is triggered when the
distance-to-default Xt crosses the line x ¼ 0 for the first time, that is, the
default time is the first passage time

t ¼ infft � 0 : Xt � 0g (2)

Following the notations in Hull and White (2000) and Avellaneda and
Zhu (2001), the cumulative default probability by time t is the probability
that the default has occurred by t, or more precisely,

PðtÞ ¼ P½tot� (3)

One of the goals of this model is to be able to compute this cumulative
default probability, its default probability density defined through

P0ðtÞdt ¼ P½tot � tþ dt� (4)

and match them with the information observed on the market.
To specify and study the credit state of the firm based on the information

contained in the distance-to-default, our approach is to analyze the survival
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probability density function u, which is defined by

uðx; tÞdx ¼ P½xoXt � xþ dx; t � t� (5)

In order to obtain the equation for u(x, t), it is necessary to derive the
infinitesimal generator of the process, with the consideration of the killing
when a path crosses the default barrier x ¼ 0. Since the generator for the
Gaussian diffusion with a known drift, and with the killing boundary
condition at x ¼ 0 is well known (see, e.g., Lamperti, 1977), we focus on the
part associated with the jump diffusion with the same killing boundary
condition. In the following, we briefly describe the derivation of the
generator associated with the Poisson process qt with emphasis on the
boundary condition.

Given a Poisson process with intensity l, if we define Zt to be the number
of jump occurrences in [0, t], the probability of n occurrences in this time
interval is

PnðtÞ ¼ P½Zt ¼ n� ¼
ðltÞn

n!
e�lt

For small tW0, we have the approximation

P1ðtÞ ¼ ltþ oðtÞ; P0ðtÞ ¼ 1� ltþ oðtÞ

and

PnðtÞ ¼ oðtÞ; n � 2

Now we consider a smooth function f(x) defined for xZ0, with the
boundary value f(0) ¼ 0. To overcome the overshooting problem discussed
by Kou and Wang (Kou, 2002; Kou & Wang, 2003), we extend f so that
f(x) ¼ 0 for xo0, and also allow l to be state and time dependent.
Assuming small t, the conditional expectation of f(qt) with q0 ¼ x is given by

Ex½f ðqtÞ� ¼
X1
n¼0

PnðtÞE
x½f ðqtÞjZt ¼ n�

¼ P0ðtÞf ðxÞ þ P1ðtÞE
x½f ðqtÞjZt ¼ 1� þ oðtÞ

¼ ð1� ltÞf ðxÞ þ lt
Z 1
0

f ðyÞGðx;dyÞ þ oðtÞ

Notice that in the last integral, we used the fact that if a jump results in
the path crossing the default boundary, the corresponding value of f is zero.
As a consequence, the integral is only over the half space xW0.
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To obtain the infinitesimal generator, we evaluate

lim
t!0þ

Ex½f ðqtÞ� � f ðxÞ

t
¼ l

Z 1
0

f ðyÞGðx;dyÞ � f ðxÞ

� �
(6)

This is the infinitesimal generator associated with Poisson jumps, with the
killing boundary condition at x ¼ 0. For our combined process (2), the
infinitesimal generator is given by

Af ðxÞ ¼ 1

2
s2f xx þ afx þ l

Z 1
0

f ðyÞGðx;dyÞ � f ðxÞ

� �
(7)

with the boundary condition f|x¼0 ¼ 0. This generator is different from the
operator used in Kou and Wang (2003) because of the extension of f and the
boundary condition.

The evolution equation for the survival probability density function u can
be obtained by the Fokker–Planck equation associated with this generator,
via the adjoint operator. As a first step in building a class of models, we
assume that the distribution function G has a simple form

Gðx; dyÞ ¼ gðy� xÞdy (8)

for some density function g.
The Fokker–Planck equation for the survival density function therefore, is

ut ¼
1

2
ðs2uÞxx � ðauÞx þ

Z 1
0

lðy; tÞuðy; tÞgðx� yÞdy� lu; x40 (9)

with initial condition

uðx; 0Þ ¼ dðx� X0Þ (10)

where X0W0 is the initial distance-to-default, and the boundary conditions

ujx¼0 ¼ 0; lim
x!1

u ¼ lim
x!1

ux ¼ 0; for t40 (11)

For the jump amplitude distribution g(x), two natural suggestions arise
due to their obvious convenience. One is the normal distribution

gðxÞ ¼
1ffiffiffiffiffiffiffiffiffiffi
2ps2J

q exp �
ðx� mJÞ

2

2s2J

� �
(12)

where the mean mJ and the variance s2J can be specified. The other
choice, which has found many applications in recent years (Kou, 2002;
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Kou & Wang, 2003), is the two-sided exponential distribution

gðxÞ ¼

a
bþ

e
� 1

bþ
x

x40

a
bþ
þ

1� a
b�

x ¼ 0

1� a
b�

e
1
b�

x xo0

8>>>>>>><
>>>>>>>:

(13)

with parameters

0oao1; bþ; b�40

We use a normal distribution in this work.

3. CREDIT RATING MIGRATION MODEL

To use the distance-to-default process to determine the credit rating of an
entity, we let R(t) to denote the rating of the entity at time t, which is
assigned by a rating agency such as Moody’s, based on the firm’s credit
condition using the rating agency’s rating method. This rating will have a
significant price impact on debts issued by the entity, therefore the transition
dynamics of the rating is a central issue in credit modeling. Extensive
historical data are available (in transition frequencies) and comprehensive
studies are well documented (such as Carty, 1997). The first mathematical
model for the transitions is based on Markov chains (Jarrow et al., 1997)
and it is focused on the transition probability matrix Q(t, T) ¼ (qi, j (t, T ))
that describes the transition of rating from time t to a later time T, where

qi; jðt;T Þ ¼ P½RðT Þ ¼ j; jRðtÞ ¼ i �; toT

In the time-homogeneous case where Q has the form Q(t, T) ¼ Q(T�t),
one of the approaches (Lando & Skødeberg, 2002) to analyze the transition
matrix is to find the generating matrix L such that

QðtÞ ¼ ½qi;jðtÞ� ¼ eLt (14)

A common theme in the works along this direction concerns with
modeling the generator L by some stochastic process.

The distance-to-default methodology provides us with a natural way to
determine the rating at time t. Assuming that there are K non-default
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ratings, we first divide the half space [0, N) into K subregions for the
distance-to-default, separated by x ¼ bj, j ¼ 1, . . . ,K� 1, and the default
boundary x ¼ b0 ¼ 0. We introduce the rating system in which the rating is
determined to be j at time t if the distance-to-default Xt satisfies
bj�1rXtobj, for some 1rjrK� 1, or K if XtZbK�1. If Xtr0, then the
firm has entered the default state, which is an absorbing state that implies no
recovery in the future. An illustration of the credit barriers is given in Fig. 1.
A similar approach is taken in Albanese et al. (2003) and Albanese and
Chen (2006) with a probabilistic treatment. However, due to the restriction
of analytic tools, the model parameters in the probabilistic approach are
limited to constants. The general PIDE setting described above and the
availability of extensive numerical tools suggest that these restrictions could
be removed in the current approach, and that will lead to a model flexible
enough to incorporate all the key factors found in the economy and the
market, and also connect with the Markov chain generator in Eq. (14).

For a given set of drift, volatility, and jump intensity, the solution u(x, t)
to Eq. (9) for tW0 provides useful information that can be interpreted
according to the locations of the barriers. To be more specific, let u j denote a
solution that represents the survival probability density for a firm which has
initial rating j, with the initial condition

u jðx; 0Þ ¼ d x� X j
0

� �
(15)

Here the initial index value X
j
0 satisfies

bj�1oXj
0 � bj ; if j ¼ 1; . . . ;K � 1 (16)

or

X
j
04bK�1; if j ¼ K (17)

x

t
rating 1

rating 2

x = bK−1

x = bK−2

x = b2

x = b1

rating K

default

index path

··
··

Fig. 1. An Illustration of the Credit Barrier Model.
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To be more general, we only need

u jðx; 0Þ
� 0; bj�1oxobj ;

¼ 0; elsewhere

(
j ¼ 1; . . . ;K � 1 (18)

and

uK ðx; 0Þ
� 0; x4bK�1

¼ 0; elsewhere

(
(19)

satisfying Z bj

bj�1

u jðx; 0Þdx ¼ 1; j ¼ 1; . . . ;K � 1

and Z 1
bK�1

uK ðx; 0Þdx ¼ 1

With such solutions, the following integrals

qj;k ¼

Z bk

bk�1

u jðx;T Þdx; k ¼ 1; . . . ;K � 1 (20)

and

qj;K ¼

Z 1
bK�1

u jðx;T Þdx (21)

give the transition probabilities from rating j to other non-default ratings
over the time period [0, T ]. The default probability for firms with initial
rating j can also be recovered from the solutions

PjðtÞ ¼ 1�
XK
k¼1

qj;k ¼ 1�

Z 1
0

u jðx;T Þdx (22)

It is expected that this continuous time model should cover the situations
described by the original discrete Markov chain model. Furthermore, there
is an added advantage that defaults and rating changes can occur at any
time, represented simply by barrier crossings. The inclusion of Poisson
jumps avoids the limitation in a Brownian diffusion model that multibarrier
crossings are excluded. The transparency of the continuous model is
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obvious: the parameters a, s, and l can be naturally interpreted and
required to match economic and market conditions. If properly calibrated,
the volatility structure can be viewed as a media property of the material to
support the economic activities, whereas the drift and intensity parameters
can be used to describe market adjustments and firm’s shock conditions. It
is, therefore, possible to model multiname credit dynamics in this setting and
impose a correlation structure among different names. This media property
approach provides a platform to explore many such issues, especially when
efficient Monte Carlo simulations are developed.

The feasibility of the PIDE calibration lies in the effectiveness of the
numerical methods to solve the equation, and the accuracy of the solutions.
We develop a stable finite difference method that is second order in space
but first order in time. The discretization takes the following form: the half
space [0, N) is truncated to [0, L], where L is large enough so the finite
interval covers sufficient information contained in the original problem.
A small time step Dt is also introduced, so the time derivative can be
approximated by a finite difference. For approximations to the spatial
derivatives, the standard centered difference is used for uxx, and an upwind
scheme is introduced for the drift term, an implicit treatment for the
diffusion part is introduced for the consideration of numerical stability. The
integral is approximated by an explicit trapezoidal rule, involving solutions
at the previous time step only. The resulting linear system is similar to that
of the Crank–Nicolson approximation to solve the heat equation. The
numerical scheme has proved to be robust and accurate for our applications.

4. CALIBRATION TO HISTORICAL RATING

TRANSITION MATRICES

The calibration of the model takes two sets of parameters: the volatility and
jump structure, and the drift information. As the first step, we proceed to fit
the historical data. The volatility structure, when viewed as a media
property, can be carried over from the real-world measure to the risk-
neutral measure in pricing applications. This can be justified by using iso-
volatility arguments. For studies of the historical data, extensive analysis is
performed by Carty (1997) and we use the conclusions there as our
benchmark test criteria. The goal is to choose those parameters so that the
transition matrix generated from the solutions of Eq. (9) matches the
historical transition matrix as closely as possible. In calculations contained

JINGYI ZHU204



in this work, we assume K ¼ 7, bk ¼ k, for k ¼ 0, 1, . . . , 6, and a truncated
state–space interval [0, 20], which is subdivided into 200 equal-length
subintervals for finite difference approximations. For the time discretization
we use Dt ¼ 0.01, which satisfies the numerical stability condition.

In the quest to minimize the difference between the model output and the
historical data, we choose the following objective function

f ða;s; lÞ ¼ kQd �Qa;s;lk
2
F ;W (23)

where Qd is the historical transition probability matrix, Qa,s,l is the
transition probability matrix from the model, and the matrix norm is
the weighted Frobenius norm with weights W. Here a, s, and l represent the
sets of drift, volatility, and jump parameters. For the historical data sets
listed below, there will be a total of 21 parameters to be determined. They
are the drift values ak, volatility values sk, and jump intensity values lk, for
k ¼ 1, . . . , 7. The variable coefficients used in Eq. (9) are constructed based
on these values in a piecewise linear form, with proper treatment at the two
ends. For the distribution of jump sizes, we choose the standard normal
distribution to limit the number of free parameters in the optimization
procedure. The starting positions of the processes for different ratings are
another factor in this model, and we choose to fix them at the centers of the
subregions, with an initial smoothed delta function to meet practical
requirements in a numerical approximation. It should be pointed out that
should there be a need to improve the accuracy, one can easily allow these
extra parameters to vary so a better fit may be generated. The optimization
package we choose to use is L-BFGS-B (version 2.1) (Zhu et al., 1997) in
which linear bound constraints can be imposed.

As the first example, we use the transition frequency matrix from
Standard and Poor’s 1981–1991 data (Table 1) to test our model and study
the difference between the Brownian diffusion model and the jump diffusion
model.

In Tables 2 and 3, we demonstrate the advantage of the jump diffusion
model by showing a marked improvement in fitting the transition
probabilities, with emphasis on the off-diagonal entries corresponding to
migrations crossing one or two neighboring ratings. Here the individual
errors for the fit are included in parentheses below the main entries.

Next we study the transition matrix from Moody’s 1980–2000 data
(Duffie & Singleton, 1999) in Table 4, in contrast to the data set from
Carty’s (1997) study. The choice is made on the basis that the transition
frequency matrix from (Carty, 1997) covers a long period (1920–1990) and
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many world and economic events played important roles in the data. Since
we have the goal to link with the credit derivative market, it seems more
appropriate to use data that are more relevant to our current time.
The transition matrix listed below is for average transition frequencies over
a 1-year period, and the transition probabilities are adjusted to reflect
withdrawn ratings. According to the study of Carty (1997), ratings are

Table 1. Historical Average 1-Year Rating Transition Frequencies,
Standard and Poor’s 1981–1991.

Rating From Rating To

AAA AA A BBB BB B CCC Default

AAA 89.10 9.63 0.78 0.19 0.30 0.00 0.00 0.00

AA 0.86 90.10 7.47 0.99 0.29 0.29 0.00 0.00

A 0.09 2.91 88.94 6.49 1.01 0.45 0.00 0.09

BBB 0.06 0.43 6.56 84.27 6.44 1.60 0.18 0.45

BB 0.04 0.22 0.79 7.19 77.64 10.43 1.27 2.41

B 0.00 0.19 0.31 0.66 5.17 82.46 4.35 6.85

CCC 0.00 0.00 1.16 1.16 2.03 7.54 64.93 23.19

Table 2. Fitting the Standard and Poor’s Data by the Brownian
Diffusion Model.

Rating From Rating To

AAA AA A BBB BB B CCC

AAA 89.87 10.44 0.00 0.00 0.00 0.00 0.00

(0.77) (0.81) (�0.78) (�0.19) (�0.30) (0.00) (0.00)

AA 1.65 90.79 8.13 0.00 0.00 0.00 0.00

(0.79) (0.69) (0.66) (�0.99) (�0.29) (�0.29) (0.00)

A 0.00 3.32 89.70 7.26 0.00 0.00 0.00

(�0.09) (0.41) (0.76) (0.77) (�1.01) (�0.45) (0.00)

BBB 0.00 0.00 7.96 85.17 7.37 0.01 0.00

(�0.06) (�0.43) (1.40) (0.90) (0.93) (�1.59) (�0.18)

BB 0.00 0.00 0.00 7.11 79.14 11.36 0.00

(�0.04) (�0.22) (�0.79) (�0.08) (1.50) (0.93) (�1.27)

B 0.00 0.00 0.00 0.00 9.22 84.56 8.24

(0.00) (�0.19) (�0.31) (�0.66) (4.05) (2.10) (3.89)

CCC 0.00 0.00 0.00 0.00 0.00 6.90 65.47

(0.00) (0.00) (�1.16) (�1.16) (�2.03) (�0.64) (0.54)
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withdrawn for various reasons and the majority cases are due to the fact
that an issue had either matured or had been called, which does not
necessarily imply a deterioration in its credit condition. Similar transition
frequencies are available for 3- and 5-year periods, but substantial noises are
contained in these data sets. Instead, for periods beyond 1 year, we choose
to fit the default probabilities only. In Table 5, we average the default

Table 3. Fitting the Standard and Poor’s Data by the Jump Diffusion
Model.

Rating From Rating To

AAA AA A BBB BB B CCC

AAA 89.28 9.80 1.05 0.13 0.01 0.00 0.00

(0.18) (0.17) (0.27) (�0.06) (�0.29) (0.00) (0.00)

AA 1.25 90.30 7.68 0.39 0.06 0.01 0.00

(0.39) (0.20) (0.21) (�0.60) (�0.23) (�0.28) (0.00)

A 0.71 2.93 89.06 6.63 1.01 0.17 0.02

(0.62) (0.02) (0.12) (0.14) (0.00) (�0.28) (0.02)

BBB 0.16 1.30 6.47 84.31 6.42 1.56 0.22

(0.10) (0.87) (�0.09) (0.04) (�0.02) (�0.04) (0.04)

BB 0.02 0.21 1.75 7.12 77.79 10.62 1.82

(�0.02) (�0.01) (0.96) (�0.07) (0.15) (0.19) (0.55)

B 0.00 0.01 0.11 0.70 5.59 82.75 4.82

(0.00) (�0.18) (�0.20) (0.04) (0.42) (0.29) (0.47)

CCC 0.00 0.00 0.03 0.26 2.00 7.57 64.92

(0.00) (0.00) (�1.13) (�0.90) (�0.03) (0.03) (�0.01)

Table 4. Historical Average 1-Year Rating Transition Frequencies,
Moody’s 1980�2000, Normalized for Withdrawn Ratings.

Rating From Rating To

Aaa Aa A Baa Ba B Caa-C Default

Aaa 89.14 9.78 1.06 0.00 0.03 0.00 0.00 0.00

Aa 1.14 89.13 9.25 0.32 0.11 0.01 0.00 0.04

A 0.06 2.97 90.28 5.81 0.69 0.18 0.01 0.00

Baa 0.06 0.36 7.01 85.47 5.82 1.02 0.08 0.18

Ba 0.03 0.07 0.59 5.96 82.41 8.93 0.58 1.43

B 0.01 0.04 0.22 0.61 6.43 82.44 3.29 6.96

Caa-C 0.00 0.00 0.00 0.95 2.85 6.15 62.36 27.69
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probabilities for alphanumeric ratings contained in Albanese and Chen
(2006) to obtain a collection of historical default probabilities for seven
different ratings. Together with the transition frequency matrix above, they
form the main data set we set out to fit by choosing parameters to minimize
the differences between the data and the model outputs. In Table 6, the
transition matrix generated from the model for the Moody’s data and the
fitting errors are listed. We find the similar behavior in errors as that in
Table 3 for Standard and Poor’s data. The similarity supports our claim that
the developed algorithm is quite robust.

Table 5. Averaged Default Probabilities Estimated fromMoody’s Data.

Rating 1 Year (%) 3 Years (%) 5 Years (%)

Aaa 0.00 0.00 0.39

Aa 0.04 0.07 0.54

A 0.00 0.38 0.83

Baa 0.18 1.47 2.43

Ba 1.43 8.71 16.22

B 6.96 26.93 38.80

Caa-C 27.69 50.14 60.12

Table 6. Moody’s Average Rating Transition Frequency Matrix for
1980�2000, Normalized for Withdrawn Ratings.

Rating From Rating To

Aaa Aa A Baa Ba B Caa-C

Aaa 89.21 9.89 1.03 0.12 0.01 0.00 0.00

(0.07) (0.11) (�0.03) (0.12) (�0.02) (0.00) (0.00)

Aa 1.20 89.15 9.28 0.26 0.04 0.00 0.00

(0.06) (0.02) (0.03) (�0.06) (�0.07) (�0.01) (0.00)

A 0.49 2.78 90.22 5.72 0.63 0.10 0.01

(0.43) (�0.19) (�0.06) (�0.09) (�0.06) (�0.08) (0.00)

Baa 0.11 0.93 6.96 85.42 5.61 1.02 0.14

(0.05) (0.57) (�0.05) (�0.05) (�0.21) (0.00) (0.06)

Ba 0.01 0.14 1.24 5.89 82.57 9.03 1.21

(�0.02) (0.07) (0.65) (�0.07) (0.16) (0.10) (0.63)

B 0.00 0.01 0.07 0.49 7.25 82.98 4.27

(�0.01) (�0.03) (�0.15) (�0.12) (0.82) (0.54) (0.98)

Caa-C 0.00 0.00 0.02 0.22 1.85 6.53 62.39

(0.00) (0.00) (0.02) (�0.73) (�1.00) (0.38) (0.03)
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One advantage of this PIDE model is the transparency of the model
parameters that comes across in the calibration procedure. It is, therefore,
important to study the parameter structures resulted from the optimization.
The drift term a is intended to show the general trend in each of the regions,
reflecting different behaviors for different ratings. It is observed by Carty
(1997) that in general most firms tend to be downgraded. However, those
lower grades, if they managed to survive in their early stages, often have a
tendency to slightly move up later, unless they are very close to default, such
as Caa-C ratings.

In Fig. 2, we plot the parameter structures for the periods of the first year,
the second and the third years, and the fourth and the fifth years. Here we
impose a fixed structure for the drift, volatility, and jump intensity in each of
the time periods. In the first year, the maximum drift (moving toward the
higher ratings) appears in the state–space interval 1r xr 2, which indicates
that issues with initial B ratings actually tend to move up. The minimum
(moving toward default) occurs in the lowest rating Caa-C, which comes as
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Fig. 2. Parameter Structures Obtained from Optimization, by Matching the

Transition Frequency Matrices and Default Probabilities.
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no surprise. Also as expected, for high quality ratings, the general tendency
is to move downward, although at smaller and smaller magnitudes as we
move to higher ratings. These properties are quite clearly verified in Fig. 2.
As we move to later time periods, the situation changes quite drastically,
with the most significant change in the drift for the lowest rating: it is now
quite large and tends to push the rating toward the higher rating regions.
This suggests that once a low rating company survives the first year, it has a
strong possibility to be upgraded. The volatility and jump intensity
structures have similar behaviors in that the significant contributions are
mostly in the lower rating regions: volatility tends to be high in the next-to-
lowest rating region, except that it becomes almost monotone decreasing in
the time period of fourth and fifth years, where the maximum clearly occurs
in the lowest rating region. For the jump intensity, it is obvious that jumps
are most significantly needed in the lowest rating region. From all the
discussions above, there is strong evidence to suggest that the interpretation
from the parameter structures is consistent with economic observations and
intuitions.

In Fig. 3, we plot the comparisons of default probabilities between the
Moody’s data and the model output for time periods of 1 year, 3 years, and

Caa-C B Ba Baa A Aa Aaa
0

50

100
Average one year default probabilities (%)

Caa-C B Ba Baa A Aa Aaa
0

50

100
Average three year default probabilities (%)

Caa-C B Ba Baa A Aa Aaa
0
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100
Average five year default probabilities (%)

historical data
model

historical data
model

model
historical data

Fig. 3. Historical Default Probabilities (Moody’s 1983–1996) and those from the

Calibrated Model.
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5 years. Good agreements are found in most of these comparisons, except in
the first-year period where the optimization is based on fitting the transition
matrix, which compromises the accuracy in default probability fits. Also the
fit for high-grade ratings is not as good. This is due to the fact that we use
uniform weights in the optimization procedure and the small magnitude
entries suffer larger relative errors.

5. CHANGE TO THE RISK-NEUTRAL MEASURE

One of the major applications of a credit model is to price credit derivatives,
which requires to bring the model to the risk-neutral world. To carry out the
change of measure, a transformation for the state variable is required.
Unlike the CIR process used in Albanese et al. (2003) and Albanese and
Chen (2006), the jump process we use allows a simple linear transformation,
which will retain the form of the PIDE with only a change in the drift term.
To see this, we change the default boundary from x ¼ 0 to x ¼ b(t) for some
b(t)Z0. Eq. (9) is consequently modified in the boundary location and the
integral domain. If we introduce a new process

Yt ¼ Xt � bðtÞ (24)

the form of the PIDE in the state variable y will be the same as the one for
the state variable x in the case of default boundary x ¼ 0. The boundary and
integral domain are the same as those in the original equation, except that
the drift a(x, t) is replaced by a(y+b(t), t)� bu(t). This simple change of
variables leaves the volatility invariant, which is appropriate if we do not
include the consideration of the market price for jump risk (Albanese et al.,
2003).

The choice of the correct default boundary, however, involves many factors
that have not been adequately addressed in mathematical models, such as the
recovery rates and the tax adjustments for different ratings. In this work, we
ignore the issue of finding the correct default boundary, instead we
demonstrate with a simple curve the flexibility and transparency achieved
by the current model. Here we assume a piecewise cubic default boundary for
t A [0, 5] that has a continuous derivative. The boundary is also monotone
increasing in time, which implies that the drift adjustment always enhances
the tendency to move toward a lower rating. This corresponds to a risk-
neutral premium which ensures that the implied default rate in the risk-
neutral world is always greater than or equal to the default probability in the
real world. For the purpose of comparison, we consider the market yield
spreads used in (Albanese et al., 2003), the real-world default rate data in
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Table 5, and the model generated credit yields, based on our fitting for the
transition frequency matrix in Table 4 and default rates in Table 5, adjusted
to the default boundary mentioned above. To convert between the yield
spread and the default probabilities, we assume zero-coupon bonds, adopt the
same recovery rates as in (Albanese et al., 2003), and use the relation

e�sðTÞT ¼ 1� PðTÞð1� ReÞ (25)

where s(T ) is the yield spread with maturity T, P(T) the default probability
before time T, and Re the expected recovery rate which depends on the rating.
In Fig. 4, we compare the market yield spread, the credit spread from our
model, and the spread implied from the actual default probabilities for ratings
A, Ba, and B, under the same assumption of recovery rates. The default
boundary used for the example is also plotted in the figure. We consistently
notice the observation by Huang and Huang (2003) that credit spread is a
small part of the yield spread in higher ratings and is a larger fraction in lower
ratings. In the result for the 1-year period, the credit spread from the model is
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Fig. 4. Adjustment in the Drift, or the Introduction of a Modified Default

Boundary, that Explains the Credit Spread in the Yield Spread of Corporate Bonds.
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lower than the implied spread from actual default probabilities. This is
because of the poor fit in default probabilities, resulting from the objective
function that leads to fitting the transition frequency matrix, rather than just
the default probabilities in this time period. There are conflicting considera-
tions in fitting individual matrix entries versus fitting the sums of matrix rows
(default probabilities). This suggests that it is necessary to be flexible with the
objective function in the fit if we use the model only to study default
probabilities and spreads.

6. CONCLUSION

We introduce a jump diffusion model to study the credit rating migration
problem, and also the default probability versus the credit spread problem.
Instead of focusing on analytically tractable processes, we develop a PIDE
formulation with general variable coefficients and show that efficient
numerical solutions are practical. The lack of dependence on analytic
tractability makes the model quite robust to fit a wide variety of data. The
model and the efficient numerical methods are straightforward to
implement, and good agreements with several historical data sets have been
achieved. It is shown that the introduction of Poisson jumps significantly
improves the fitting of the transition frequency matrices. Since there are still
many issues concerning the historical rating transition data, it is important
to have a model that is stable with respect to the changes in collected data.
The extensive knowledge about the PIDE and the existing numerical tools
suggest that this approach can be used in many practical applications, and
the simple and flexible process adopted should lead to efficient Monte Carlo
simulations in credit derivative pricing and management.
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BOND MARKETS WITH

STOCHASTIC VOLATILITY

Rafael DeSantiago, Jean-Pierre Fouque and

Knut Solna

ABSTRACT

We analyze stochastic volatility effects in the context of the bond market.
The short rate model is of Vasicek type and the focus of our analysis is
the effect of multiple scale variations in the volatility of this model. Using
a combined singular-regular perturbation approach we can identify a
parsimonious representation of multiscale stochastic volatility effects. The
results are illustrated with numerical simulations. We also present a frame-
work for model calibration and look at the connection to defaultable bonds.

1. INTRODUCTION

In this paper we illustrate the role of stochastic volatility in the case of interest
rate markets. Our main example is the pricing of zero-coupon bonds when the
interest rate is defined in terms of a Vasicek model, as well as the pricing of
options on bonds. We use the singular perturbation framework set forth in
Fouque, Papanicolaou, and Sircar (2000) and extend the results in Cotton,
Fouque, Papanicolaou, and Sircar (2004) to the case where the volatility is
driven by a slow process in addition to the fast process considered there.
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The fact that zero-coupon bonds are parameterized by two time indices
(the time at which the contract begins, and the maturity date) means that
arbitrage restrictions across different maturities have to be taken into
account. Also, note that options on bonds can be written on an infinite
number of bonds indexed by their different maturity date and each bond
cannot be treated independently, for bonds of different maturities are
correlated. The most important difference between the classic Black–Scholes
scenario and interest rate markets is the fact that the short rate is not the
price of a traded asset.

The main building block to price many other financial instruments in
interest rate markets is the zero-coupon bond. In Section 2, we show two
different approaches to price zero-coupon bonds. In the following section,
we review briefly a class of models that have desirable properties in terms of
modeling interest rate markets, namely, the affine models for the short rate.
We focus then on one such model, the Vasicek model. In Section 4, we
introduce stochastic volatility in the Vasicek framework by letting the
volatility be driven by two stochastic processes that vary on two different
time scales. In Section 5, we compute an asymptotic approximation to the
bond price. This gives a parsimonious representation that is useful for
calibration purposes, as presented in Section 7. Finally, in Section 8, we
discuss the connection to the case with a defaultable bond.

2. PRICING BONDS

We define a zero-coupon bond with maturity T as a contract, subscribed
at the present time t that guarantees the holder one dollar to be paid at time
T (with trT). We begin by assuming that, under the subjective measure
P the short rate follows the dynamics

drt ¼ kðt; rtÞdtþ Wðt; rtÞdWt (1)

where Wt is a standard P-Brownian motion, and we assume that k and W are
continuous with respect to t, and such that they satisfy the usual conditions
for a strong solution. The money market account, Bt, is defined by

dBt ¼ rtBtdt (2)

No-arbitrage pricing consists in pricing a contingent claim (the derivative)
in terms of some underlying asset. In the Black–Scholes setting one typically
has two processes: one that represents the price of the risky asset (usually
a stock), and another one that represents the money market account.
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In our case we also have two processes, rt and Bt, given by Eqs. (1) and (2),
and it would seem natural to price the zero-coupon bond as a ‘‘derivative of
the short rate’’: that is, in order to compute the no-arbitrage price of the bond
we would like to find a replicating strategy, based on the money account and
some underlying asset, that gives $1 at time T. The problem is that Eq. (1)
does not represent the price of a traded asset. The only asset whose price is
given exogenously is the money account, so we do not have interesting ways
of forming replicating strategies (or even self-financing strategies).

We can get a better understanding of what the problem is if we try to price
a zero-coupon bond. This can be done in two different ways. One is to form
strategies with bonds of different maturities. But note that this is quite
different than what is done in the Black–Scholes case, where a typical
replicating strategy consists of holdings of the money account and of the
underlying risky asset; now our portfolio would contain holdings of two
different contingent claims, that is, of two derivatives (two bonds of different
maturities), and maybe of the money account. If we consider the price
process of one of the bonds as given, then we could price the other bond
relative to the given benchmark bond.

The other way is to find an appropriate martingale measure that allows
us to compute the price according to the general theory of derivative pricing.
A zero-coupon bond can be considered as a contingent claim with payoff
equal to one. Hence, the bond price, P(t, T), is given by

Pðt;TÞ ¼ EQ e
�
R T

t
rsds � 1jF t

� �
¼ EQ e

�
R T

t
rsdsjF t

� �
(3)

where F t is the filtration associated with the Brownian motion Wt. Note,
however, that we now need to know the equivalent martingale measure Q.

In the Black–Scholes case, the equivalent martingale measure was found in
the following way: if we assume that the price of the underlying asset, St, is
given by

dSt ¼ mtStdtþ stStdWt (4)

where and mt and st satisfy some appropriate conditions, then the new
measure Q was defined by the Radon–Nikodym derivative

dQ
dP :¼ e

�
R T

0
ysdWs�

1
2

R T

0
y2sds (5)

with yt ¼ (mt � rt)/st. Note that yt, and therefore Q, are uniquely determined
by the given P-dynamics of the risky asset (mt and st).
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In our case the short rate dynamics is not enough to uniquely determine
the equivalent martingale measure.

2.1. The Term Structure Equation

In this section we recall standard arguments for obtaining the partial
differential equation giving the price of a zero-coupon bond.

Assumption 1. We assume that the bond price depends on the short rate,

Pðt;TÞ ¼ Pðt; rt;TÞ

We also assume, from now on, that P(t, x, T) has continuous partial
derivatives up to second order with respect to the first two variables, and
up to first order with respect to T.

As we do not have a risky (underlying) asset, we form a portfolio with
bonds of two different maturities. In particular, we let our portfolio contain
y1 bonds with maturity T1 and y2 bonds with maturity T2. When no risk of
confusion with the time indices exists we will use the notation P1 ¼ P(t, T1)
and P2 ¼ P(t, T2) for the corresponding prices of the bonds. Applying Itô’s
formula, we get

dP1 ¼
@P1

@t
dtþ

@P1

@x
ðkdtþ W dWtÞ þ

1

2
W2
@2P1

@x2
dt

and the analogous equation for P2. If we let

m1 ¼
1

P1

@P1

@t
þ k

@P1

@x
þ

1

2
W
@2P1

@x2

� �
and s1 ¼

W
P1

@P1

@x
(6)

we can then write the price dynamics of the T1 bond as

dP1 ¼ m1P1dtþ s1P1dWt (7)

The analogous equation holds for the T2 bond. If we impose the condition
that our strategy has to be self-financing, and we choose our portfolio in such
a way that we eliminate the random part of the portfolio dynamics, then, by
absence of arbitrage, this portfolio must have a rate of return equal to the
short rate. This leads to a relationship between rt and the drift and volatility
of bonds of each maturity T (the details can be found in Bjork, 1998,
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Chapter 16). If we let mT and sT have the analogous meaning as Eq. (6), but
for an arbitrary maturity time T, then we obtain the following result.

Proposition 1. If the bond market is arbitrage-free, there exists a process
l, such that

mT ðtÞ � rt

sT ðtÞ
¼ lt (8)

holds for all t, and for every maturity time T. The process l is known as
the market price of risk.

Proposition 1 may also be expressed like this: if the bond market is free of
arbitrage, bonds of all maturities must have the same market price of risk.
The dynamics of the bond price, PT ¼ P(t, T), is now given by

dPT ¼ mTPTdtþ sTPTdWt

If we substitute the expressions for mT and sT (which are given by Eq. (6)
with the subscript T) in the last equation, we obtain

@PT

@t
þ k

@PT

@x
þ

1

2
W2
@2PT

@x2
� rtPT ¼ Wl

@PT

@x

As l is independent of maturity we do not need to keep track of T, so we let
P ¼ PT. We now rearrange the last equation to obtain the following result.

Theorem 1. If the bond market is arbitrage-free, the price of a bond of
maturity T is given by the boundary value problem

@P

@t
þ ðk� lWÞ

@P

@x
þ

1

2
W2
@2P

@x2
� xP ¼ 0

PðT ;x;TÞ ¼ 1

8<
: (9)

This partial differential equation is referred to as the term structure
equation.

Note that now l is not determined within the model: it is determined by
the market.

2.2. Probabilistic Representation of the Bond Price

We have seen earlier that the bond price could be computed as a conditional
expectation, but we did not know with respect to which measure. Proposition
1 shows how to construct the measure.
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Let Pnðt;TÞ :¼ e
�
R t

0
rsdsPðt;TÞ. An equivalent martingale measure Q is

said to be an equivalent martingale measure for the bond market if Q is
equivalent to P and the process P�(t, T ) is a martingale under Q, for all
maturities T. Thus, we let �T denote the largest maturity and identify the
measure Q by the Radon–Nikodym derivative

dQ
dP :¼ e

�
R �T

0
lsdWs�

1
2

R �T

0
l2sds (10)

where lt is given by Eq. (8). Then, restricted to F �T , we have

dQ
dP :¼ e

�
R T

0
lsdWs�

1
2

R T

0
l2sds

Proposition 1 guarantees the existence of the quantity l, as determined by
the market. Besides the condition imposed by Proposition 1, we assume that
l is such that the process defined by

Zt :¼ e
�
R t

0
ls dWs�

1
2

R t

0
l2sds (11)

is a P-martingale. In practice, l is frequently taken to be a constant.
If l is such that Eq. (11) is a martingale, by Girsanov’s theorem it follows

that ~Wt ¼Wt þ
R t
0 lsds is a standard Q-Brownian motion. Under the new

measure Q, the dynamics of the short rate is given by

drt ¼ ðk� lWÞdtþ Wd ~Wt (12)

3. AFFINE MODELS

3.1. General Case

In the literature, there are many different models for the dynamics of the
short rate. The most popular ones are the so-called affine models, due to
their pleasing properties from analytical and computational points of view.
These models are characterized by the assumption that the short rate is an
affine function of a vector of unobserved state variables vt ¼ (v1(t), . . . ,
vN(t)). Specifically, it is assumed that

rt ¼ d0 þ
XN
i¼1

diviðtÞ
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where the vector vt follows an ‘‘affine diffusion,’’

dvt ¼ aðvtÞdtþ bðvtÞdWt

With the proper choice of a and b, corresponding to the affine family, one
obtains that the price at time t of a zero-coupon bond with maturity T can
be written as

Pðt;TÞ ¼ eAðT�tÞ�BðT�tÞ
Tvt (13)

where T means transpose, and A and B are obtained as solutions of a set of
ordinary differential equations (see Duffie & Kan, 1996; Dai & Singleton,
2000). The important point is that the yield curve of these models is affine in
the state variables, where we define the yield curve in Eq. (24) below.

3.2. The Vasicek Model

Among the affine class, one of the most popular ways of modeling the short
rate is the Vasicek model, in which the short rate is considered to be a
Gaussian process that satisfies the following stochastic differential equation:

drt ¼ aðr1 � rtÞdtþ sdWt

where a, rN, and s are constants, and Wt is a standard Brownian motion. In
this case, the only state variable is the ‘‘unobserved’’ short rate. The draw-
back of this model is that, due to the Gaussian nature of the rt process, there
is a positive probability that the short rate is negative, which is unreasonable
from an financial point of view. Despite this drawback, the Vasicek model is
frequently used because it allows explicit computations and many results
can be obtained in closed form, making it easier to highlight the important
points of further analysis.

Our first goal is to price zero-coupon bonds. Following the analysis of the
previous section, we let Q be defined by

dQ
dP :¼ e�ldWT�

1
2
l2T

where we assume the market price of risk, l, to be a constant. Under this
measure, the dynamics of the short rate is given by the Ornstein–Uhlenbeck
process

drt ¼ aðrn � rtÞdtþ sd ~Wt (14)
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where rn ¼ r1 � ðls=aÞ, and ~Wt ¼Wt þ lt is a standard Q-Brownian
motion.

Let BVðt;x;T ;s; rnÞ denote the Vasicek price at time t of a zero-coupon
bond with maturity T when rt ¼ x. By Theorem 1, this no-arbitrage price is
determined by the term structure equation:

LVðs; rnÞBV ¼ 0

BVðT ;x;T ;s; rnÞ ¼ 1

(
(15)

where the Vasicek operator for the parameters s and r� is given by

LVðs; rnÞ :¼
@

@t
þ

1

2
s2

@2

@x2
þ aðrn � xÞ

@

@x
� x (16)

Note that this operator depends on l through rn ¼ r1 � ðls=aÞ: Let
t ¼ T � t be the time to maturity. Trying a solution of the form

BVðt;x;T ;s; rnÞ ¼ AðtÞe�BðtÞx (17)

we get that A and B satisfy the following ordinary differential equations

_A

A
¼

1

2
s2B2 � arnB (18)

_B ¼ 1� aB (19)

with initial conditions A(0) ¼ 1, and B(0) ¼ 0, and where the dot means diffe-
rentiation with respect to t. Solving these differential equations we get that

BðtÞ ¼
1

a
ð1� e�atÞ (20)

and

AðtÞ ¼ e�R1tþR1ð1=aÞð1�e
�atÞ�ðs2=4a3Þð1�e�atÞ2 (21)

where

R1 ¼ rn �
s2

2a2
(22)

Hence, the Vasicek bond price is given by

BVðt; rt;T ;s; rnÞ ¼ e� R1tþðrt�R1ÞBþðs2=4aÞB2f g (23)

For fixed t, the graph of P(t, T) as a function of T is called the bond price
curve at time t.
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3.3. The Yield Curve

If at time t we buy a zero-coupon bond with maturity T, the continuously
compounded return on this investment, which we denote R(t, T), is obtained
from

Pðt;TÞ eðT�tÞR ¼ 1

This quantity R, which gives us the ‘‘internal rate of return’’ of the bond, is
called the yield and it plays an important role in interest rate markets. At
time t one would be indifferent to buy the T-bond or to invest the amount
P(t, T) during the period [t, T] at the rate R(t, T). If we keep t fixed and we
let maturity vary, we obtain useful information about the interest rate
market, namely, we get an idea of what the market thinks about the future
evolution of interest rates.

The continuously compounded zero-coupon yield, R(t, T), is given by

Rðt;TÞ ¼ �
logPðt;TÞ

T � t
(24)

For fixed t, the graph of R(t, T) is called the yield curve, or the term
structure at t.

The yield for the Vasicek model is given by

RVðt;TÞ ¼ R1 þ ðrt � R1Þ
B

T � t
þ

s2

4a

B2

T � t
(25)

which is an affine function of the short rate rt. In Fig. 1, we show the Vasicek
bond price (as a function of maturity) and the corresponding yield curve for
some specific values of the parameters. We can see how the mean reverting
property of the Ornstein–Uhlenbeck process brings the yield back to its
long-term value, RN.

4. THE VASICEK MODEL WITH STOCHASTIC

VOLATILITY

In the case of the Black–Scholes model, typical historical data of the standard
deviation of returns indicate that the volatility is not constant. The distri-
butions of returns are not normal (they show fat tails), moreover, one can
observe a smile effect in the implied volatility and similarly for the bond
market (Andersen & Lund, 1997; Brennen, Harjes, & Kroner, 1996).
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Fig. 2 shows two different paths of a non-constant volatility. In the top
figure, the volatility is low (under 14%) for the first 17 years, and then it is
high for the rest of the time. In the bottom figure, the volatility is high for
several months, and then low for a similar period. Then high again, and so
forth. The second path exhibits volatility clustering, the tendency of volatility
to come in rapid bursts. This burstiness is closely related to mean reversion.
We want to incorporate this type of volatility variations schematically in our
modeling. The analysis of such an extended model will inform us about the
significance of volatility heterogeneity and the shortcoming of the constant
parameter model. As we show below we can do so in a robust way:
Essentially, the presence of such volatility time scales is what is important, not
their detailed modeling.

We now introduce a stochastic volatility model as follows. Let

st :¼ f ðYt;ZtÞ

where f is a smooth bounded positive function, bounded away from zero, and
Yt and Zt are two diffusion processes that vary, respectively, on a fast time
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Fig. 1. Bond Price (Top) and Yield Curve (Bottom) for the Vasicek Model. For

This Example, a=1, s=0.1, r�=0.1, RN=0.095. The Initial Value of the Short Rate

is x=0.05 for the Solid Line, and x=0.15 for the Dashed Line.

RAFAEL DESANTIAGO ET AL.224



scale and on a slow time scale. Under the subjective probability measure P,
the short rate follows the stochastic differential equation

drt ¼ aðr1 � rtÞdtþ stdW0
t (26)

where a and rN are constants, and W0
t is a standard Brownian motion.

4.1. The Fast Scale Volatility Factor

We choose the first factor driving the volatility, Yt, to be a fast mean
reverting Ornstein–Uhlenbeck process

dYt ¼ aðm� YtÞdtþ bdW1
t (27)

where a, m, and b are constants, and W1
t is a standard Brownian motion

whose covariation with W0
t is given by

d½W0;W1�t ¼ r1dt

We assume r1 to be constant and |r1|o1. The process {Yt}tZ0 is an
ergodic process whose invariant distribution is N ðm; n2Þ, with n2 ¼ b2/2a.
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Fig. 2. Volatility Paths. Top: Slow Scale. Bottom: Fast Scale.
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Under the invariant distribution, the covariance is given by

E½ðYt �mÞðYs �mÞ� ¼ n2e�a t�sj j

which shows that the exponential rate of decorrelation of {Yt} is a. Hence,
1/a can be thought of as the typical correlation time. The parameter n2

controls the size of the fluctuations in the volatility associated with variations
in Yt. We assume that n2 is constant and consider a regime of fast mean
reversion or a large (i.e., b ¼ Oð

ffiffiffi
a
p
Þ). Increasing a and keeping n fixed

changes the degree of burstiness of the volatility without affecting the
magnitude of the fluctuations (see Fouque et al., 2000, for more details).

Define e ¼ 1/a. Then, the small parameter e can be interpreted as the mean
reversion time of the volatility associated with fluctuations in Yt. The
asymptotic analysis that we introduce in Section 5.2 is then for the case ek0,
with n2 fixed, with b ¼ n

ffiffiffiffiffiffiffi
2=�

p
.

4.2. The Slow Scale Volatility Factor

We choose the second factor, Zt, to follow the stochastic differential equation

dZt ¼ d cðZtÞdtþ
ffiffiffi
d
p

gðZtÞdW
2
t (28)

where d is a small parameter, W2
t is a standard Brownian motion, and we

assume that the functions c( � ) and g( � ) are smooth and at most linearly
growing at infinity. As the parameter d is assumed to be small, this makes Zt

vary on a slow scale: namely, Zt varies on theOð1=dÞ scale. Note that we now
have three relevant time scales:

(1) The Oð1Þ scale, which is the time-to-maturity scale (T).
(2) The slow scale or Oð1=dÞ scale, which is the characteristic time scale of

the process Zt ðToð1=dÞÞ.
(3) The fast scale or Oð�Þ scale, which is the mean reversion time of the

process Yt (eoT).

4.3. The Model Under the Risk-Neutral Measure

The introduction of two new sources of randomness gives rise to a family
of equivalent martingale measures that will be parameterized by the mar-
ket price of risk, l, and two market prices of volatility risk, which we denote
by g and x, associated respectively with Yt and Zt. All these market prices
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are not determined within the model, but are fixed exogenously by the
market.

We now assume that these market prices of risk do not depend on the
short rate: that is, they have the form l(Yt, Zt), g(Yt, Zt), and x(Yt, Zt). We
also assume that l, g, and x are smooth bounded functions.

We define the new equivalent martingale measure, Q, by

dQ
dP ¼ e

�
R T

0
Ht�dBt�

1
2

R T

0
Htk k2dt

where Ht ¼ (l(Yt, Zt), g(Yt, Zt), x(Yt, Zt)) and Bt ¼ ðB
0
t ;B

1
t ;B

2
t Þ. By

Girsanov’s Theorem, Bn
t ¼ Bt þ

R t
0 Hsds is a Q-Brownian motion, with

Bn
t ¼ ðB

0n
t ;B

1n
t ;B

2n
t Þ. We now define ðW0n

t ;W
1n
t ;W

2n
t Þ with the following

correlation structure:

W0n
t

W1n
t

W2n
t

0
B@

1
CA ¼

1 0 0

r1
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r21

q
0

r2 ~r12
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r22 � ~r212

q
0
BBB@

1
CCCA

B0n
t

B1n
t

B2n
t

0
B@

1
CA (29)

where we assume |r1|o1 and r22 þ ~r212o1. Note that with this structure

d[W1, W2]t ¼ r12dt, with r12 :¼ r1r2 þ ~r12
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r21

q
. Under the risk-neutral

measure, our model is therefore:

drt ¼ ðaðr1 � rtÞ � ltf tÞdtþ f tdW
0n
t (30)

dYt ¼
1

�
ðm� YtÞ �

1ffiffi
�
p Lt

� �
dtþ

1ffiffi
�
p dW1n

t (31)

dZt ¼ dcðZtÞ �
ffiffiffi
d
p

gðZtÞ

	 

GtÞdtþ

ffiffiffi
d
p

gðZtÞdW
2n
t (32)

where we have used lt for l(Yt, Zt), and the analogous convention for gt, xt,
ft, Lt, and Gt, together with:

Lðy; zÞ :¼ r1lðy; zÞ þ gðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r21

q
(33)

Gðy; zÞ :¼ r2lðy; zÞ þ ~r12gðy; zÞ þ xðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r22 � ~r212

q
(34)
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5. THE BOND PRICE WITH STOCHASTIC

VOLATILITY

In this section we present the asymptotic analysis for the bond price, and we
find an approximation to the price that accounts for stochastic volatility. In
order to emphasize the dependence of the approximation on the small
parameters e and d, we will denote the no-arbitrage Vasicek price of a zero-
coupon bond with maturity T by Pe,d(t, x, y, z; T). Using the probabilistic
representation, this price is given by

P�;dðt;x; y; z;TÞ ¼ EQ e
�
R T

t
rsdsjrt ¼ x;Yt ¼ y;Zt ¼ z

� �
(35)

Because in the Vasicek model rt can take any negative value with positive
probability, the expectation in Eq. (35) is not trivially finite. One can prove
that the expectation is indeed finite by showing that rt and

R t
0 rs ds have

exponential moments (see Cotton et al., 2004; De Santiago, 2008, Section 6.1).

5.1. The Bond Price Expansion

An application of Feynman–Kac’s result to Eq. (35) shows that Pe,d is a
solution of the following problem

L�;dP�;d ¼ 0

P�;dðT ;x; y; z;TÞ ¼ 1

(
(36)

where the operator L�;d is given by

L�;d ¼ 1

�
L0 þ

1ffiffi
�
p L1 þ L2 þ

ffiffiffi
d
p
M1 þ dM2 þ

ffiffiffi
d
�

r
M3 (37)

with

L0 ¼ ðm� yÞ
@

@y
þ n2

@2

@y2
(38)

L1 ¼ n
ffiffiffi
2
p

r1f ðy; zÞ
@2

@x@y
� Lðy; zÞ

@

@y

� �
(39)
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L2 ¼
@

@t
þ

1

2
f 2
ðy; zÞ

@2

@x2
þ ðaðr1 � xÞ � lðy; zÞf ðy; zÞÞ

@

@x
� x (40)

M1 ¼ r2f ðy; zÞgðzÞ
@2

@x@z
� gðzÞGðy; zÞ

@

@z
(41)

M2 ¼ cðzÞ
@

@z
þ

1

2
g2ðzÞ

@2

@z2
(42)

M3 ¼ n
ffiffiffi
2
p

r12gðzÞ
@2

@y@z
(43)

If we fix y and z, and we let s ¼ f ( y, z) and rn ¼ r1 � ðlð y; zÞ f ð y; zÞ=aÞ,
we can write Eq. (40) as

L2 ¼
@

@t
þ

1

2
s2

@2

@x2
þ aðrn � xÞ

@

@x
� x

which is the Vasicek operator defined in Eq. (16). That is, L2 � LVðs; rnÞ.
The small parameter e gives rise to a singular perturbation problem. In the

limit when e goes to zero, the leading problem becomes the Poisson equation
associated with the operator L0 rather than the Vasicek problem. The terms
associated only with the small parameter d give rise to a regular perturbation
problem about the Vasicek operator L2. In the following sections, we carry
out the combined regular and singular perturbation expansion.

In order to carry out the asymptotic analysis, we begin writing P�;d in
powers of

ffiffiffi
d
p

:

P�;d ¼ P�0 þ
ffiffiffi
d
p

P�1 þ dP�2 þ � � � (44)

Substituting Eq. (44) in the PDE (36), and considering the Oð1Þ terms
(with respect to d) and the Oð

ffiffiffi
d
p
Þ terms, we define the problems that will

determine P�0 and P�1.

Definition 1. The leading order term P�0 is defined as the unique solution to

1

�
L0 þ

1ffiffi
�
p L1 þ L2

� �
P�0 ¼ 0 (45)

P�0ðT ;x; y; z;TÞ ¼ 1 (46)
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Definition 2. The term P�1 is defined as the unique solution to the problem

1

�
L0 þ

1ffiffi
�
p L1 þ L2

� �
P�1 ¼ � M1 þ

1ffiffi
�
p M3

� �
P�0 (47)

P�1ðT ;x; y; z;TÞ ¼ 0 (48)

In the following sections, we expand P�0 and P�1 in powers of
ffiffi
�
p

to obtain
the approximation to the price, P�;d.

5.2. The Fast Scale Correction

First, we expand P�0 as

P�0 ¼ P0 þ
ffiffi
�
p

P1;0 þ �P2;0 þ �
3=2P3;0 þ � � � (49)

In order to find explicit expressions for P0 and P1,0, we insert Eq. (49) into
Eq. (45). From the Oð1=�Þ and O 1=

ffiffi
�
p� �

terms we obtain that P0 and P1,0 do
not depend on y: hence, we can write P0 ¼ P0(t, x, z), and P1,0 ¼ P1,0(t, x, z).
The Oð1Þ terms give that P0 is determined by the problem:

hLViP0 ¼ 0

P0ðT ;x; zÞ ¼ 1

(
(50)

where the bracket notation / �S means integration with respect to the
invariant distribution of the Y process (i.e., integration with respect to a
normal N ðm; n2Þ). That is, hLVi is the Vasicek operator LVð �s; �rnÞ with
parameters

�sðzÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h f 2ð�; zÞi;

q
�r nðzÞ :¼ r1 �

hlð�; zÞ f ð�; zÞi
a

(51)

Hence, we have that

P0ðt;x; zÞ ¼ BVðt;x;T ; �sðzÞ; �r nðzÞÞ (52)

where BV was defined in Eq. (17). This is the constant volatility Vasicek
price evaluated at effective parameters �sðzÞ and �r nðzÞ, which result from
averaging with respect to the fast variable, and from ‘‘freezing’’ the slow
factor at its current level z. The explicit form of P0 is given by

P0ðt; x; zÞ ¼ Aðt; zÞe�BðtÞx (53)
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where t ¼ T � t is the time to maturity, and the expressions for A(t, z) and
B(t) are now given by:

Aðt; zÞ ¼ e
�R1ðzÞtþR1ðzÞð1=aÞð1�e�atÞ�

�s2 ðzÞ
4a3
ð1�e�atÞ2

(54)

BðtÞ ¼
1

a
ð1� e�atÞ (55)

with

R1ðzÞ ¼ �r nðzÞ �
�s2ðzÞ
2a2

(56)

Define now ~P1;0 ¼
ffiffi
�
p

P1;0, and the operator

A :¼
ffiffi
�
p
hL1L�10 ðL2 � hL2iÞi (57)

The Oð
ffiffi
�
p
Þ terms give that ~P1;0 is determined by the problem:

hL2i ~P1;0 ¼ AP0

~P1;0ðT ; x; zÞ ¼ 0

(
(58)

In order to obtain an expression for the operator A we introduce f(y, z)
and c(y, z), solutions of the following Poisson equations with respect to y:

L0fðy; zÞ ¼ f 2
ðy; zÞ � �s2ðzÞ (59)

L0cðy; zÞ ¼ lðy; zÞf ðy; zÞ � hlð�; zÞf ð�; zÞi (60)

Both f and c are defined up to an additive function that does not depend
on y, and that will not affect A since the operator L1 (which is included
in A) takes derivatives with respect to y. We then have

L�10 ðL2 � hL2iÞ ¼
1

2
fðy; zÞ

@2

@x2
� cðy; zÞ

@

@x

and therefore

L1L�10 ðL2 � hL2iÞ

¼ n
ffiffiffi
2
p

r1f ðy; zÞ
@2

@x@y

1

2
f
@2

@x2
� c

@

@x

� �
� L

@

@y

1

2
f
@2

@x2
� c

@

@x

� �� �

Bond Markets with Stochastic Volatility 231



Expanding, and using the fact that P0(t, x, z) does not depend on y, we
have that

AP0 ¼
n
ffiffi
�
pffiffiffi
2
p r1hf ð�; zÞfyð�; zÞi

@3P0

@x3

�
n
ffiffi
�
pffiffiffi
2
p ðhLð�; zÞfyð�; zÞi þ 2r1hf ð�; zÞcyð�; zÞiÞ

@2P0

@x2

þ n
ffiffiffiffiffi
2�
p
hLð�; zÞcyð�; zÞi

@P0

@x
ð61Þ

where fy represents the partial derivative of f with respect to y, and the
analogous convention holds for cy. If we now let

V �
1ðzÞ :¼ n

ffiffiffiffiffi
2�
p
hLcyi (62)

V �
2ðzÞ :¼ �

n
ffiffi
�
pffiffiffi
2
p ðhLfyi þ 2r1hfcyiÞ (63)

V�
3ðzÞ :¼

n
ffiffi
�
pffiffiffi
2
p r1hffyi (64)

then we can write

A ¼ V �
1

@

@x
þ V �

2

@2

@x2
þ V �

3

@3

@x3
(65)

The problem for ~P1;0 then becomes

hL2i ~P1;0 ¼ V �
1

@P0

@x
þ V �

2

@2P0

@x2
þ V �

3

@3P0

@x3

~P1;0ðT ;x; zÞ ¼ 0

8><
>: (66)

The problem for ~P1;0 can easily be solved explicitly, to give a representation
in the form:

~P1;0 ¼ D�ðt; zÞAðt; zÞe�BðtÞx (67)

(see Cotton et al., 2004; De Santiago, 2008). However, before we give the
explicit form we shall in Section 6 carry out a group parameter reduction that
will simplify the representation of the solution.
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5.3. The Slow Scale Correction

Let us now expand P�1 (the second term on the expansion (44)) in terms of
the small parameter e,

P�1 ¼ P0;1 þ
ffiffi
�
p

P1;1 þ �P2;1 þ �
3=2P3;1 þ � � � (68)

and substitute this expression in the terminal value problem that defines P�1
(Eq. (47)). The leading order term gives that P0,1 does not depend on y, that
is, P0,1 ¼ P0,1(t, x, z).

Define ~P0;1 ¼
ffiffiffi
d
p

P0;1 and ~M1 ¼
ffiffiffi
d
p
M1. From the Oð1Þ terms we obtain

that the problem that determines ~P0;1 is

hL2i ~P0;1 ¼ �h ~M1iP0

~P0;1ðT ;x; zÞ ¼ 0

(
(69)

where we recall that P0 ¼ Aðt; zÞe�BðtÞx. Let

Vd
0ðzÞ ¼ �

ffiffiffi
d
p

gðzÞhGð�; zÞi (70)

Vd
1ðzÞ ¼

ffiffiffi
d
p

r2gðzÞhf ð�; zÞi (71)

and recall thatM1 is given in Eq. (41). Then we can write h ~M1i as

h ~M1i ¼ Vd
0

@

@z
þ Vd

1

@2

@x@z

Again, the problem for ~P0;1 can easily be solved explicitly, to give a
representation in the form:

~P0;1 ¼ Ddðt; zÞAðt; zÞe�BðtÞx (72)

(see De Santiago, 2008). However, in Section 6 we carry out a group
parameter reduction that will simplify the representation of this solution.
Before we go into the details of the group parameter transformation, we
present in the next section a numerical illustration of some typical
corrections to the bond and yield that derives from our multiscale model.
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5.4. The Bond Price Approximation

We define the bond price approximation as

~P
�;d
:¼ P0 þ

ffiffi
�
p

P1;0 þ
ffiffiffi
d
p

P0;1 ¼ P0 þ ~P1;0 þ ~P0;1

From Eqs. (67), (72), and (53) it follows that we can write the approxi-
mation explicitly as

~P
�;d
¼ ð1þD� þDdÞAe�Bx (73)

where De and Dd are O
ffiffi
�
p� �

and O
ffiffiffi
d
p� �

, respectively, and A and B are
defined in Eqs. (54) and (55). The corresponding approximation to the yield

curve, ~R
�;d
¼ �1

t log
~P
�;d
, is given by

~R
�;d
¼ R0 �

1

t
logð1þD� þDdÞ  R0 �

1

t
ðD� þDdÞ (74)

where R0 ¼ �
1
t logP0 is the yield corresponding to the constant volatility

price P0.
The influence of the corrections De and Dd will affect the shape of the

yield curve, so we expect a richer variety of shapes.
In the following figures we use the values of the parameters a ¼ 1; �s ¼

0:1; and �rn ¼ 0:1 and the initial value x ¼ 0.07 and show results correspond-
ing to the approximation derived above. If we assume that only the fast scale
process Yt has influence on st (i.e., we assume d ¼ 0), we obtain the graphics
in Fig. 3, where the prices and yields are computed for e ¼ 0.01. The yield
curve is increasing for very short maturities, it becomes decreasing for
medium-range maturities (from 1.5 to 9 years) and then it becomes slowly
increasing again.

In Fig. 4, we assume that only the slow scale process affects the volatility
(i.e., we take e ¼ 0). The yield curve is increasing up to 6 years and it
decreases for longer maturities. Fig. 5 shows the case when the volatility is
driven by both processes, Yt and Zt. As one would expect, it seems that the
slow scale seems to have a greater impact on the long range, while the fast
scale seems to affect the medium-maturity yields. In Fig. 6 we can see that the
larger the value of d, the more pronounced is the influence of the slow scale
volatility.
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6. GROUP PARAMETER REDUCTION

The leading order bond price, P0, depends on the parameters a, �s(z), and
�rnðzÞ, which are those that define the operator LVð �s; �rnÞ (see Eq. (51)).
The first-order corrections, ~P1;0 and ~P0;1 depend in particular also on the
z-dependent group parameters

V �
1;V

�
2;V

�
3;V

d
0;V

d
1 (75)

If we define the price correction

P�;dc :¼
ffiffi
�
p

P1;0 þ
ffiffiffi
d
p

P0;1 (76)

then the problem characterizing P�;dc can be written as

LVð �s; �rnÞP�;dc ¼ �H�;d
V P0

P�;dc ðT ; x; z;TÞ ¼ 0

(
(77)

0 5 10 15 20 25 30
0

0.2

0.4

0.6

0.8

1

Maturity

B
on

d 
P

ric
es

0 5 10 15 20 25 30
0.065

0.07

0.075

0.08

0.085

0.09

0.095

Maturity

Y
ie

ld

Fig. 3. Bond Price and Yield Curves with Constant Volatility (Thin Line), and

Fast-Scale Stochastic Volatility (Dashed Line). For This Example, e=0.001.
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where in the source term we have used the notation

H�;d
V ¼

X3
k¼1

V �
k

@k

@xk
þ Vd

0

@

@z
þ Vd

1

@2

@z@x

� �
(78)

Note that the price approximation does not depend on y, and that z is a
fixed parameter (obtained by ‘‘freezing’’ the slow factor at its current level).
In this section, we discuss how to effectively reduce the number of degrees of
freedom.

If we now define

m1 :¼
@R1ðzÞ

@z

m2 :¼
@ð �s2ðzÞ=4aÞ

@z
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Fig. 4. Bond Price and Yield Curves with Constant Volatility (Thin Line), and

Slow-Scale Stochastic Volatility (Dashed Line). For This Example, d=0.01.
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by making use of Eqs. (53) and (54), we can write the source operator in
terms of the ‘‘Greeks’’ as

�H�;d
V P0 ¼ � U1

@

@x
þU2

@2

@x2
þU3

@3

@x3
� tm1 Vd

0 þ Vd
1

@

@x

� �� �
P0 (79)

with

U1 ¼ V �
1 �m1V

d
0; U2 ¼ V �

2 �m2V
d
0 �m1V

d
1; U3 ¼ V �

3 �m2V
d
1

If we now define

snðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s2ðzÞ þ 2U2ðzÞ

q
(80)

rnnðzÞ ¼ rnðzÞ þ
U1ðzÞ

a
(81)
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Fig. 5. Bond Price and Yield Curves with Constant Volatility (Thin Line), Fast-

Scale Stochastic Volatility (Dashed Line) and Two-Factor Stochastic Volatility

(Dotted Line). For This Example, e=0.001, d=0.01.

Bond Markets with Stochastic Volatility 237



we have that

LVðsn; rnnÞ ¼ LVð �s; �rnÞ þU2
@2

@x2
þU1

@

@x

where we have dropped the z dependence. Therefore, using Eqs. (50), (77),

and the fact that ~P
�;d
¼ P0 þ P�;dc , we get that

LVðsn; rnnÞ ~P
�;d
¼ U1

@P�;dc
@x
þU2

@2P�;dc
@x2
�U3

@3P0

@x3
þ tm1 Vd

0 þ Vd
1

@

@x

� �
P0

where the source is very similar to Eq. (79), except for the first two terms.
Note that the source terms

U1
@P�;dc
@x

and U2
@2P�;dc
@x2

are of order Oð�þ dÞ, since V �
1; V

�
2, and

~P1;0 are all of order O
ffiffi
�
p� �

, and
Vd

0; V
d
1, and

~P1;0 are all of order O
ffiffiffi
d
p� �

. Thus, the first two terms of the
source are negligible compared to the other source terms, and therefore the
corrected price, P0 þ P�;dc , has the same order of accuracy as Pn

0 þ Pn
c , where
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Fig. 6. Bond Prices and Yields as in Fig. 5, When e=0.001, d=0.1.
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Pn
0 satisfies

LVðsn; rnnÞPn
0 ¼ 0

Pn
0ðT ; x;TÞ ¼ 1

(

and Pn
c satisfies

LVðsn; rnnÞPn
c ¼ �Hn

VP
n
0

Pn
c ðT ;x;TÞ ¼ 0

(

with the new source operator

Hn

V ¼ U3
@3

@x3
� t W0 þW1

@

@x

� �

where we defined

W0 ¼ m1V
d
0; W1 ¼ m1V

d
0 (82)

Note that the set of parameters that are to be calibrated is thus reduced
to, first, the Oð1Þ parameters

a; rnn; sn (83)

and, in addition, the small parameters

U3; W0; W1 (84)

that are O
ffiffi
�
p
þ

ffiffiffi
d
p� �

.

6.1. Yield Correction

From Eqs. (67) and (72) we know that the first-order correction to the bond
price can be written as P�;dc ¼ ðD

� þDdÞP0. Because P
n
c has the same order of

accuracy as P�;dc , we may write

Pn

c ¼ DnPn

0

so that the corrected yield takes the form

~R
�;d
¼ Rn

0 �
1

t
logð1þDnÞ  Rn

0 �
1

t
Dn

Here Rn
0 ¼ �ð1=tÞ logP

n
0 is the yield corresponding to the constant volatility

bond price Pn
0 evaluated at the effective short rate and volatility (r��, s�),
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and

DnðtÞ ¼ U3g1ðtÞ þW0g2ðtÞ þW1g3ðtÞ (85)
with

g1ðtÞ ¼
BðtÞ � t

a3
þ

B2ðtÞ
2a2
þ

B3ðtÞ
3a

g2ðtÞ ¼ �
t2

2

g3ðtÞ ¼
t
a2
þ

t2

2a
� BðtÞ

t
a
þ

1

a2

� �

Note that in this parameterization the structure of the yield curve correc-
tion is not affected by the fast factor as long as the slow is present, only the
interpretation of the parameters does. Observe also that only the temporal
aspect of the yield curve is affected by the stochastic volatility modulation.
The spatial part is still determined by the modulation xBðtÞ=t in the
expression for the leading yield surface

R0ðt; t; x; zÞ ¼ Rn

1 þ ðx� Rn

1Þ
BðtÞ
t
þ
ðsnÞ

2

4a

B2ðtÞ
t

where we defined

Rn

1 ¼ rnnðzÞ �
ðsnÞ

2
ðzÞ

2a2

Observe that in order to calibrate the parameters ci, i ¼ 1, 2, 3, we would
need to regress the observed yield corrections relative to the constant
volatility model against the yield curve terms factors gi, i ¼ 1, 2, 3. We
comment on the calibration in more detail in the next section.

7. CALIBRATION OF THE MODEL

In this section we discuss one way of calibrating the model to market data.
Assume for various t and T we can observe the yield R(t, T; x), the market
yield at time t of a bond with maturity T, and current short rate level x and
time to maturity t ¼ T � t. To emphasize that it is an observed market yield
we will write Robs(t, T). We then seek to estimate

a; rnn; sn; U3; W0; W1
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so that for the set of observed yields we have

Robsðt;T ; xÞ  Rn

0ðt; a; r
nn;sn; xÞ �

U3g1ðtÞ þW0g2ðtÞ þW1g3ðtÞ
t

where Rn
0 corresponds to the constant parameter Vasicek yield as given in

Eq. (25), but evaluated at the corrected parameters. This can, for instance,
be accomplished by first fitting Rn

0 to the data by estimating the Oð1Þ
parameters a, r��, and s� via a least squares procedure to get a priori
estimates of their leading values. The multiscale correction will affect the
‘‘wings’’ of the yield term structure relatively strongest, corresponding to
small and large maturities. Thus, in the second step we include the
correction terms and estimate also the small correction parameters in
addition to an updated estimate of the parameters r��, s�. Note that when
exploiting the a priori parameter estimates this second step actually
becomes, in view of the form of Eq. (25), a linear least squares problem
relative to a set of term structure factors defined in terms of the a priori
estimates.

We conclude that the asymptotic framework provides a robust approach
to parameterize the yield term structure; moreover, the parameters of the
fitted term structure can be used in the pricing of related, potentially less
liquid, contracts.

8. CONNECTION TO DEFAULT ABLE BONDS

We consider a particular obligor corresponding to an underlying name. The
event that the obligor defaults is modeled in terms of the first arrival of a
Poisson process with stochastic intensity or hazard rate lð1Þ. Conditioned on
the path of the hazard rate the probability that the obligor has survived till
time T is thus expð�

R T
0 lð1Þs dsÞ. The probability of survival till time T is then

under the doubly stochastic framework

EQ e
�
R T

0
lð1Þs ds

� �

with the expectation taken with respect to the risk-neutral pricing measure
so that this corresponds to the bond price expression (3). In the Vasicek
setup, we model the intensity so that

lð1Þt ¼ X
ð1Þ
t (86)
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is an Ornstein–Uhlenbeck process:

dX
ð1Þ
t ¼ a1 Xn

1 � X
ð1Þ
t

	 

dtþ s1dW

ð1Þ
t (87)

Thus, we can re-interpret all our results on multiscale stochastic volatility
bond prices as results on the survival probability in the context of a
defaultable bond in the case where the underlying hazard rate process is
modeled in terms of a multiscale stochastic volatility Vasicek process (see
also Fouque, Sircar, & Solna, 2006; Papageorgiou & Sircar, 2008a). In the
multiname case correlations in-between names is essential and there is an
important ‘‘gearing’’ effect of stochastic volatility impact in terms of the size
of the name portfolio regarding its joint survival probability (see Cotton,
Fouque, Sircar, & Solna, 2008; Papageorgiou & Sircar, 2008b).
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TWO-DIMENSIONAL MARKOVIAN

MODEL FOR DYNAMICS

OF AGGREGATE CREDIT LOSS

Andrei V. Lopatin and Timur Misirpashaev

ABSTRACT

We propose a new model for the dynamics of the aggregate credit
portfolio loss. The model is Markovian in two dimensions with the state
variables being the total accumulated loss Lt and the stochastic default
intensity lt. The dynamics of the default intensity are governed by the
equation dlt ¼ kðrðLt; tÞ � ltÞdtþ s

ffiffiffiffiffi
lt
p

dWt. The function r depends
both on time t and accumulated loss Lt, providing sufficient freedom to
calibrate the model to a generic distribution of loss. We develop a
computationally efficient method for model calibration to the market of
synthetic single tranche collateralized debt obligations (CDOs). The
method is based on the Markovian projection technique which reduces the
full model to a one-step Markov chain having the same marginal
distributions of loss. We show that once the intensity function of the
effective Markov chain consistent with the loss distribution implied by the
tranches is found, the function r can be recovered with a very moderate
computational effort. Because our model is Markovian and has low
dimensionality, it offers a convenient framework for the pricing of
dynamic credit instruments, such as options on indices and tranches, by
backward induction. We calibrate the model to a set of recent market
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quotes on CDX index tranches and apply it to the pricing of tranche
options.

1. INTRODUCTION

Synthetic collateralized debt obligations (CDOs) are derivatives of the
aggregate loss sustained by the seller of the protection on a portfolio of
credit default swaps. The majority of standard CDO tranches can be
statically replicated by a set of long and short positions in more elementary
instruments called stop-loss options.1 The payoff from a stop-loss option
with maturity t and strike X is equal to max(Lt � X, 0), where Lt is the loss
accumulated in the underlying portfolio by the maturity time t.

This replication is not directly useful for hedging purposes because stand-
alone stop-loss options are not currently traded. However, it is extremely
useful in model-based valuation because of the simplicity of stop-loss
options, which only depend on the distribution of loss at a single time
horizon. An important consequence is that the value of an instrument
replicated by a portfolio of stop-loss options only depends on the one-
dimensional marginal distributions of the loss process and is insensitive to
the dynamics of the temporal loss evolution. Therefore, it is possible to
construct viable valuation models for synthetic CDO tranches by focusing
solely on producing correct distributions of loss on a grid of relevant time
horizons and ignoring the implied dynamics (or even leaving the dynamics
undefined). Such models are often referred to as static. Most static models in
active use today belong to the framework of factor models, reviewed by
Andersen and Sidenius (2005b).

There are two main practical reasons to go beyond the static models.
First, there are instruments that do not admit a replication by stop-loss
options. These include forward-starting CDO tranches, options on tranches,
leveraged super-senior tranches, and other innovative structured products
such as constant proportion portfolio insurance (CPPI) and constant
proportion debt obligations (CPDO). The second reason is the ambiguity of
dynamic hedging and the difficulty of managing the risk of forward
exposures on the basis of static models, even for positions in standard
tranches.

While the potential of the new generation of factor models to build
adequate dynamics of portfolio loss starting from loss distributions of
individual obligors is certainly far from exhausted (see, e.g., Andersen, 2006;

ANDREI V. LOPATIN AND TIMUR MISIRPASHAEV244



Chapovsky, Rennie, & Tavares, 2008), there is growing appreciation of the
benefits of the direct modeling of the loss process Lt. The general framework
of aggregate-loss-based approaches to basket credit derivatives was put
forward by Giesecke and Goldberg (2005), Schönbucher (2005), and
Sidenius, Piterbarg, and Andersen (2008). Examples of specific models can
be found in the works by Bennani (2005), Brigo, Pallavicini, and Torresetti
(2007), Errais, Giesecke, and Goldberg (2006), Ding, Giesecke, and
Tomecek (2006), and Longstaff and Rajan (2008).

Both Schönbucher (2005) and Sidenius et al. (2008) aimed to build a
credit portfolio counterpart of the Heath-Jarrow-Morton (HJM) frame-
work of the interest rate modeling. In the HJM framework, the problem of
fitting the initial term structure of interest rates is non-existent because the
discount curve serves as an initial condition and not as a calibration
constraint. In the calibration of credit portfolio models, the role of the
discount curve is played by the surface of the loss distribution,
p(L,t)=P[LtrL]. In the spirit of the HJM framework, Schönbucher
(2005) and Sidenius et al. (2008) eliminated the problem of the calibration to
the distribution of loss by making it an initial condition. This, however, was
achieved at a price of losing the ability to simulate the loss process without
introducing a large number of additional stochastic degrees of freedom,
which led to severe computational problems and accentuated the need for a
more specific approach.

While the HJM framework indeed provides ultimate flexibility in fitting
the market, many of the short-rate models developed before HJM are also
capable of fitting the entire discount curve. The flexibility of the calibration
was achieved due to the presence of a free function of time in the drift term
of the model-defining stochastic differential equation (SDE). The models
developed within this scheme had a tremendous impact on the field and are
still highly popular among practitioners. In view of this success, it appears
reasonable to try an adaptation of the framework of short rates to the
problem of credit portfolio loss.

As was pointed out by Schönbucher (2005), models based on an explicit,
short-rate-like modeling of the loss intensity generally run into a problem with
the calibration to the distribution of loss. Indeed, fitting an entire two-
dimensional surface of loss can require a large number of free calibration
parameters and is likely to be computationally burdensome. It might be
argued that the information about the loss distribution coming from the
standard tranches is too sparse to define a complete surface of loss. Brigo et al.
(2007), Errais et al. (2006), Ding et al. (2006), and Longstaff and Rajan (2008)
reported successful calibration to the tranche market. Their models are
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formulated in an open-ended way, so that it might in principle be possible to
calibrate increasingly many tranches by adding new terms to the defining
equations. However, the problem of finding a model based on an explicit
equation for the loss intensity, and amenable to a reasonably fast calibration
to a generic distribution of loss, has remained unresolved.2

In this work, we introduce a new two-dimensional intensity-based
Markovian model of the aggregate credit loss. This model can be easily
calibrated to a generic distribution of portfolio loss without sacrificing
tractability and robustness. The calibration procedure consists of two steps.
On the first step, we find the intensity of an auxiliary one-step Markov chain
model consistent with the CDO tranches. Because the intensity of the
Markov chain is a deterministic function of accumulated loss and time, it
can be called local intensity, to distinguish it from the stochastic intensity of
the full model. On the second step, the full two-dimensional model is
calibrated to match the local intensity. The idea of exploring the link
between the local intensity and the stochastic intensity is borrowed from the
method of Markovian projection used by Dupire (1994) and Piterbarg
(2007) to relate the local volatility and the stochastic volatility. For the
purpose of credit applications, we extended the original formulation of the
Markovian projection given by Gyöngy (1986) from diffusions to jump
processes.

A model calibrated to the market quotes on CDO tranches can be used to
price more complicated dynamic instruments. In this paper, we consider an
application to the tranche option which, as we show, can be evaluated easily
using the backward induction technique. In a numerical example, we
calibrated our model to a set of recent quotes for the tranches on Dow Jones
CDX.NA.IG.7 and calculated the values of the tranche option at different
strikes.

The rest of the paper is organized as follows. In Section 2, we define our
model and give a general discussion of its properties.

Section 3 is devoted to model calibration. In Section 3.1, we assume
(unrealistically) that a full surface of loss distribution is available. This
would be the case if we had arbitrage-free quotes for stop-loss options at all
strikes and maturities. We show how to build an efficient numerical
procedure for the calibration of the two-dimensional Markovian model once
we know the local intensity of the auxiliary one-step Markov chain model.
We show, furthermore, that finding the local intensity from a complete loss
distribution is straightforward. In practice, only a handful of quotes for
CDO tranches with a sparse set of attachment points and maturities are
available, so that it is not possible to restore the full distribution of loss
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without interpolation assumptions. We address this issue in Section 3.2.
Instead of interpolating the loss, we choose to do a parametric fit for the
coefficients in a specific analytical form for the local intensity. Numerical
results for the calibration are given in Section 3.3.

Applications to dynamic pricing problems are discussed in Section 4. We
begin by describing the general backward induction setup in Section 4.1,
which is followed by a discussion of numerical results for tranche options in
Section 4.2. We conclude in Section 5.

The appendix consists of three parts completing the main text. Appendix
A describes the cash flows of the single tranche CDO and explains its
replication by a portfolio of stop-loss options. Appendix B contains a
digression into the method of Markovian projection for stochastic volatility
modeling and our extension of Gyöngy’s lemma for jump processes.
Appendix C gives the details of the discretization scheme used in the
numerical implementation.

2. THE MODEL

We work in the top-down framework and model the loss as an intensity-
based process (see, e.g., Duffie, 2005, for general properties and definitions,
and Giesecke & Goldberg, 2005, for a conceptual description of the top-
down framework). Other possibilities for introducing a compact formulaic
description of the loss process were tried. For example, Bennani (2005)
postulates an SDE on the loss process without introducing an intensity.
However, this sacrifices the discrete nature of default arrivals, which is
generally considered an important feature to keep.

The minimal number of independent variables necessary to describe a
state of an intensity-based process is two, the accumulated loss Lt and the
intensity lt. We do not introduce any additional variables and postulate the
following dynamics for the intensity,

dlt ¼ kðrðLt; tÞ � ltÞdtþ s
ffiffiffiffi
lt

p
dWt (1)

where Wt is the standard Brownian motion. We follow the work of Errais
et al. (2006) in allowing for a back action of the loss onto the intensity
process (thus going beyond the class of Cox processes which exclude such an
action). We found, however, that restricting the model to the affine
framework limits its ability to achieve a stable calibration to the market. The
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function r(Lt, t), in general, is not linear in the accumulated loss Lt, and
therefore our model is not affine. This function serves to provide sufficient
freedom to calibrate to a generic distribution of loss p(L, t). In contrast to
the affine setup of Errais et al. (2006), our model has no transform-based
analytical solution for the stop-loss option. We will show, nevertheless, that
an efficient numerical calibration to an arbitrary distribution of loss is
possible.

Throughout this paper, we assume that the value of loss-given-default
(LGD) is equal to the same amount h for all assets in the basket. Many
authors, including Brigo et al. (2007) and Errais et al. (2006), point out the
importance of a non-trivial LGD distribution for the market-matching
ability of their models. We believe that our model can describe the market
data even in its simplest form, with a deterministic LGD, because sufficient
flexibility is already built-in via the function r(Lt, t). Our model can be
generalized to include stochastic LGD at the cost of introducing the third
dimension, which in our numerical experiments reduced the performance
without a significant functional improvement.

Note that the calibration to the loss distribution will be achieved only
by adjusting the function r(Lt, t) in the drift term, but not the multiplier k
or the volatility s in the diffusion term of Eq. (1). The volatility term is
kept available to tune the dynamics of the model. Given the potential for
the growth in the variety and liquidity of dynamics-sensitive credit
instruments, we can envisage a scenario where the volatility will be
calibrated to simpler instruments (e.g., European tranche options) and
then used to value more complex ones (e.g., Bermudan tranche options). If
necessary, a constant volatility can be generalized to a term structure. This
is similar to the calibration strategy for the classic short-rate models of
interest rates, including Hull–White (HW), Black–Karasinski (BK), and
Cox–Ingersoll–Ross (CIR). For these models, the term structure of
volatilities is fitted to the options in a cycle of solver iterations, with the
free function of time in the drift term being fitted to the discount curve
inside each iteration.

We chose CIR-like dynamics (1) for the intensity only as a starting point.
Similar models are possible based on single-factor or multi-factor BK-like
equations. It is also possible to introduce jump terms in the intensity.
The procedures described in this paper will remain applicable provided the
model has a free function of loss and time in the drift term and does not lead
to negative values of intensity. In the case of CIR-like dynamics (1) the flow
of intensities through the boundary l=0 to the negative values is avoided as
long as r(L, t)W0.
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3. CALIBRATION

For a given function r(L, t), the model defined by Eq. (1) can be easily
treated numerically. Depending on the financial instrument, it can be solved
either by a numerical integration of the backward Kolmogorov equation (as
discussed in detail in Section 4.1) or by a forward Monte Carlo simulation.
However, a direct iterative calibration would certainly be too time-
consuming. In this section, we develop a computationally efficient procedure
for the calibration to CDO tranches, which avoids massive iterative fitting.

The goal of the calibration is to find the function r(L, t) consistent with
the information about the loss distribution available from the market data.
As mentioned in the previous section, the reversion strength k and the
volatility s are not subject to calibration at this stage. We want to keep them
unconstrained by the static information and potentially available for the
calibration to dynamically sensitive instruments, such as options on
tranches.

The starting point of our calibration procedure is the forward
Kolmogorov equation for the joint density p(l, L, t) of intensity l and
loss L, following from Eq. (1),

@pðl;L; tÞ
@t

¼ �k
@

@l
ðrðL; tÞ � lÞ þ

1

2

@2

@l2
s2l

� �
pðl;L; tÞ

þ lð1L�hpðl;L� h; tÞ � pðl;L; tÞÞ ð2Þ

Here l is restricted to be non-negative, and the loss L takes the values L=0,
h, 2h, . . . , Nmaxh, where Nmax is the number of assets in the basket. The
absence of the probability flow through the boundary l=0 to the negative
intensities is ensured by the boundary condition

�kðrðL; tÞ � lÞ þ
1

2

@

@l
s2l

� �
pðl;L; tÞ ¼ 0; l! 0 (3)

We also need an initial condition to Eq. (2), which obviously has the
following form

pðl;L; 0Þ ¼ p0ðlÞ � 1L¼0 (4)

The function p0(l) is not fully fixed by the market because we cannot
observe the distribution of default intensity. The choice of this function will
be discussed in Section 3.2.
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The probability density of loss is obtained by integrating the joint density
over l,

PðL; tÞ ¼

Z 1
0

pðl;L; tÞdl (5)

3.1. Calibration to Local Intensity

In this section, we assume that the calibration target is the entire set of one-
dimensional marginal loss densities, that is, the dependence P(L, t)=P[Lt=L]
for all values of t from 0 to a certain time horizon T and for all possible levels
of loss. We discuss how this assumption relates to the actual information
available from the market in Section 3.2.

We now reduce Eq. (2) to a simpler forward Kolmogorov equation
written on the density of loss, P(L, t). This reduction is achieved by an
integration of both parts of Eq. (2) over l, which leads to

@PðL; tÞ

@t
¼ 1L�hLðL� h; tÞPðL� h; tÞ � LðL; tÞPðL; tÞ (6)

The quantity L(L, t), which we call the local intensity, is defined by the
equation

LðL; tÞPðL; tÞ ¼
Z 1
0

lpðl;L; tÞdl (7)

and has the meaning of the expectation of the intensity lt conditional on the
loss L accumulated by the time t,

LðL; tÞ ¼ E½ltjLt ¼ L� (8)

We obtained Eq. (8) from a particular equation for the stochastic
evolution of the intensity lt. It can be shown that the result is more general
and is also valid for an adapted intensity process which is not necessarily
Markovian. A more detailed discussion can be found in Appendix B.3

Eq. (6) is the forward Kolmogorov equation of the jump process based on
the intensity L(Lt, t) considered as a stochastic process. This jump process is
known as a continuous-time, non-homogeneous, one-step Markov chain.
The state space of this Markov chain is given by the grid of possible loss
values, 0, h, 2h, . . . , Nmaxh. For every LoNmaxh, the intensity of the
transition L-L+h at time t is equal to L(L, t), while the intensities of
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all other transitions are 0. Viewed as an intensity-based jump process, the
one-step Markov chain is a specific case with the intensity being a
deterministic function of time and loss. By analogy with local volatility
models of exchange rates or interest rates (see Appendix B), it is natural to
call this model the local intensity model.

The local intensity model has recently been considered by van der Voort
(2006) who applied it to the pricing of forward-starting CDOs. This model
also appears in the works of Sidenius et al. (2008) and Schönbucher (2005)
who use it as a part of their constructions of the dynamic framework. We
regard the local intensity model as a very useful tool for the calibration of
models with richer dynamics, but which, by itself, is generally insufficient as
a dynamic model (see, e.g., the numerical results for tranche options in
Section 4.2).

The local intensity L(L, t) can be easily calibrated to a given density of
loss P(L, t), which is why van der Voort called it an implied loss model.
Indeed, summing up Eq. (6) from L=0 to L=K=kh for any krNmax, we
obtain

@

@t

XK
L¼0

PðL; tÞ ¼ �LðK ; tÞPðK ; tÞ (9)

which uniquely determines the local intensity L(K, t) provided P(K, t) 6¼ 0
(i.e., for all states which can be achieved by the process),

LðK ; tÞ ¼ �
1

PðK ; tÞ

@P Lt � K½ �

@t
(10)

This completes the first step of the calibration procedure.
The next step is to find the function r(L, t) consistent with the local

intensity L(L, t). In order to accomplish this task, we take the time
derivative of Eq. (7),

Z 1
0

l
@pðl;L; tÞ

@t
dl ¼ PðL; tÞ

@LðL; tÞ
@t

þ LðL; tÞ
@PðL; tÞ

@t
(11)

and substitute the time derivatives of the densities p(l, L, t) and P(L, t) from
Eqs. (2) and (6), respectively. The resulting equation can be formally solved
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for r(L, t) (again, for all accessible states which obey P(L, t) 6¼ 0), to give

rðL; tÞ ¼ LðL; tÞ þ
1

k
@LðL; tÞ
@t

þ
LðL; tÞð1L�hLðL� h; tÞPðL� h; tÞ � LðL; tÞPðL; tÞÞ

kPðL;TÞ

þ
MðL; tÞ � 1L�hMðL� h; tÞ

kPðL;TÞ
ð12Þ

where

MðL; tÞ ¼

Z 1
0

l2pðl;L; tÞdl (13)

Eq. (12) is not an analytical solution for r(L, t) because this function is
implicitly present in the last term in the right-hand side via Eq. (2) that
determines the density p(l, L, t). Nevertheless, Eq. (12) essentially solves the
calibration problem. Indeed, a substitution of the function r(L, t) from
Eq. (12) into Eq. (2) leads to an integro-differential equation for the density
p(l, L, t), which can be solved numerically. After that, the function r(L, t)
can be restored from Eq. (12).

Practically, instead of writing down the explicit integro-differential
equation, it is more convenient to use Eqs. (2), (12), and (13) to set up a
recursive procedure. We illustrate this procedure using a simple first-order
scheme. We discretize the time dimension into a sequence of small intervals,
[0, t1], [t1, t2], . . . , and introduce a discretization for l (the loss variable being
already discrete). Starting at t=0 with the density p(l, L, t) specified by the
boundary condition (4), we find the corresponding M(L, 0) from Eq. (13)
and plug the result into Eq. (12) to obtain r(L, 0). Eq. (2) is then used to
propagate the density to t=t1, and then the entire procedure is repeated for
each t=ti until the desired maturity of the model is reached. We note that
only one complete propagation through the three-dimensional lattice of the
discretized values ti1 , li2 , and Li3 ¼ i3h is required. We also note that the
integration over l in Eq. (13) does not lead to any significant performance
overhead. The overall computational effort is similar to that involved in the
calibration of a typical two-factor interest rate model.

It is also possible to use higher-order discretization schemes. In our
numerical experiments, second-order schemes performed best.

ANDREI V. LOPATIN AND TIMUR MISIRPASHAEV252



3.2. From Market Data to Local Intensity

We now turn to the calibration of the local intensity L(L, t) to the actual
market data, that is, to single tranche CDOs. (For a brief description of
single tranche CDOs see Appendix A.) We see two alternatives for the local
intensity calibration.

In the approach by van der Voort (2006), the relationship (10) is used to
find the local intensity from the probability distribution of loss. In turn, the
probability distribution of loss is found assuming a particular factor model
with a sufficient number of degrees of freedom to fit all the tranches as well
as the underlying credit index. For example, this could be the random factor
loadings model of Andersen and Sidenius (2005a), or a mixture of several
Gaussian copulas considered by Li and Liang (2006), or the implied copula
model of Hull and White (2006). Dynamical properties of the auxiliary
factor model are ignored, the only requirement being that the model should
produce an arbitrage-free distribution of loss. (This requirement generally
disqualifies the use of the base correlations model.)

Alternatively, one can assume a certain functional form for the local
intensity L(L, t) and do a parametric fit to the tranches and the index. In our
opinion, this approach is more suitable for the purpose of dynamic model
building since all assumptions about the time dependence of the local
intensity are kept explicit. Such assumptions cannot be avoided because
liquid tranche quotes are only available for a handful of maturity points.
Consequently, we need to look for the most natural way to interpolate the
local intensity. At present, we do not see any reliable way to control the time
dependence of the local intensity within the static factor models approach.
Therefore, we prefer dealing directly with a functional form of the local
intensity.

We now proceed to parametric modeling of the local intensity. In doing
so, we found it convenient to express the local intensity as a function L(N, t)
of the number of defaults N and time t instead of loss L and time t. (With a
deterministic LGD, this is an equivalent description because the number of
defaults, N, is proportional to loss, L=Nh.) The challenge is to reconcile the
behavior near t=0, which as we will see turns out to be singular, with the
more regular behavior away from t=0. We address this issue by modeling
the N-dependence of the local intensity as a power series in the following
parameter,

x ¼
N

�NðtÞ þ zðtÞ
(14)
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The function �NðtÞ is the average number of defaults occurred by time t,
which is related to (but not fully fixed by) the quote for the credit index
spread. The function z(t) is introduced to regularize the singularity at t-0
in Eq. (14). Specifically, we used an exponential function,

zðtÞ ¼ expð�gtÞ (15)

but any monotonic function that decays sufficiently fast with time could be
used instead. A representation of the local intensity in terms of the
parameter x ensures that, for t� g�1, the local intensity becomes a function
of the number of defaults, N, normalized by the expected number of
defaults, �NðtÞ. This normalization reflects the fact that the typical number of
defaults naturally grow with time even in the case where the typical local
intensity stays constant in time.

Thus, we look for the local intensity in the form

LðN; tÞ ¼ a0ðtÞ þ aðN; tÞ; aðN; tÞ ¼
Xpmax

p¼1

apðtÞxp (16)

To ensure the proper normalization of the probability density within the loss
interval [0, hNmax] we assume that the above definition holds for NoNmax,
while at the boundary N=Nmax the local intensity is zero

LðNmax; tÞ ¼ 0 (17)

The main dependence of the local intensity on time in Eq. (16) is
contained in the parameter x. A residual dependence on time in the
coefficients ap is included to ensure the matching with the initial condition at
t=0 (discussed below), and also for the fit of tranches with different
maturities. The number of parameters pmax should be less or equal to the
number of tranches at a single maturity, Ntr. The best quality is usually
achieved at pmax=Ntr.

4

The choice of the initial condition for the local intensity L(N, 0) has to be
consistent with the initial distribution p0(l) assumed in Eq. (4) for the
stochastic intensity model. Indeed, solving the Eq. (2) near t=0, we obtain a
family of Poisson distributions with constant intensities l distributed with
the density p0(l),

pðl;N; t  0Þ ¼
ðltÞN expð�ltÞp0ðlÞ

N!
(18)
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In this equation, exp(�lt) can be replaced by 1 in the same order of
approximation. Using this expression for the density p(l, L, t) with Eqs. (5)
and (7), we obtain the following initial condition for the local intensity

LðN; 0Þ ¼

R
lNþ1p0ðlÞdlR
lNp0ðlÞdl

(19)

in terms of the moments of the initial stochastic intensity distribution.
Setting N=0 in Eq. (19), we obtain a correct relationship for the

instantaneous intensity of the first default,

Lð0; 0Þ ¼
Z

lp0ðlÞdl (20)

The relevance of the relationship (19) with NZ1 is not immediately
obvious because neither the local intensity L(N, 0) nor the higher
moments of the initial intensity distribution p0(l) can be extracted from
the market data. Nevertheless, Eq. (19) is very important for the
consistency of the calibration scheme. Indeed, it shows that a particular
choice for the initial distribution p0(l) fully determines the initial condition
for the local intensity L(N, 0), and vice versa. We note also that the
distribution p0(l) is not guaranteed to exist for an arbitrary choice of
L(N, 0); in particular, it is not possible to set L(N, 0)=0 for NZ1, which
might seem natural.

The easiest way to ensure that Eq. (19) holds is to choose a particular
distribution p0(l) and restore L(N, 0). We used the simplest choice
corresponding to a deterministic initial condition l=l0 for the stochastic
intensity,

p0ðlÞ ¼ dðl� l0Þ (21)

(Here, d(x) is the Dirac d-function, describing a unit weight localized at
x=0.) This corresponds to a constant initial condition for the local
intensity,

LðN; 0Þ ¼ l0 (22)

which leads to a0(0)=l0 and the following set of initial conditions for the
coefficients ap with pZ1 in Eq. (16),

apð0Þ ¼ 0; p � 1 (23)
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These initial conditions are satisfied by the following time dependence,

apðtÞ ¼ ~apð1� zðtÞÞ; p � 1 (24)

which interpolates between 0 and an asymptotic constant value. The
numerical values of the coefficients ~ap can be fitted to a set of tranches with a
single maturity. Simultaneous fit to tranches with several different maturities
can be achieved using an additional term structure of the coefficients ~ap.

We finally show that the term a0(t) is fixed by the time dependence of the
average number of defaults �NðtÞ. Starting from the expression

�NðtÞ ¼
XNmax

N40

PðN; tÞN (25)

we take the time derivative of both sides and use the Markov chain Eq. (6)
to obtain

d �NðtÞ

dt
¼
XNmax

N40

NðLðN � 1; tÞPðN � 1; tÞ � LðN; tÞPðN; tÞÞ (26)

Substituting the expression (16) for L(N, t), and using that L(Nmax, t)=0,
we find

a0ðtÞ ¼
ðd �NðtÞ=dtÞ �

PNmax�1
N�0 aðN; tÞPðN; tÞ

1� PðNmax; tÞ
(27)

This equation is used to determine a0(t) while solving the forward Eq. (6) for
the local intensity model. We note also that the initial condition l=l0 for
the stochastic intensity is given by

l0 ¼ a0ð0Þ ¼
d �NðtÞ

dt


t¼0

(28)

3.3. Numerical Results

We present numerical results for the calibration to a set of tranches on Dow
Jones CDX.NA.IG.7 5Y quoted on January 12, 2007 (see Table 1). The
index was quoted at 33.5 bp.
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We first need to fit the average number of defaults �NðtÞ to the index. To
fix the time dependence �NðtÞ completely, we would need to know a full-
term structure of index quotes for all maturities until 5 years. In reality,
the most one could currently get is a quote for the index at 3 years and
quotes for CDS spreads for some of the assets in the basket at 1 year and
3 years.

In the absence of direct access to reliable information about the initial
segment of the term structure, we are forced to introduce a parametric
functional dependence for �NðtÞ. It turns out that a simple exponential decay
of the fraction of survived assets, 1� �NðtÞ=Nmax, with a constant hazard
rate does not allow for a robust calibration to the tranches. Therefore, we
introduced a slightly more complicated form

�NðtÞ

Nmax
¼ 1� e�aðtþbt

2Þ (29)

where a and b are fitting parameters. A positive coefficient b takes into
account the effect of an upward slope of the spread curve. We tried different
values of b, in each case solving for the value of a necessary to reproduce the
spread of the index.

Once the dependence �NðtÞ has been fixed, we fit the model to the tranches
by adjusting the coefficients a0p that determine the local intensity according
to Eqs. (16) and (24). This is done using a multi-dimensional solver. For the
calculation of tranche values, we used Eqs. (A.3) and (A.4) from Appendix

Table 1. Market Data and Model Calibration Results for the Spreads of
the Tranches on Dow Jones CDX.NA.IG.7 5Y Quoted on January 12,

2007.

Spreads (bp)

Tranche (%) Model Market

0–3 500.2 500

3–7 71.8 71.8

7–10 13.3 13.3

10–15 5.3 5.3

15–30 2.8 2.6

The spread of the equity (0–3%) tranche assumes an upfront payment of 23.03% of the tranche

notional. The coefficients in Eq. (24) found from the fit are ~a1 ¼ 0:06677, ~a2 ¼ 0:07201,
~a3 ¼ �0:006388, ~a4 ¼ 0:00024.
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A with a=b=0.5 and the standard assumption of 40% for the recovery
rate. (The corresponding value for the LGD is h=0.6.) The values of the
stop-loss options in the local intensity model are obtained from the loss
probability density, P(L,t), found by integrating Eq. (6).

We observed that the quality of the fit was sensitive to the shape of the
time dependence of the average number of defaults, �NðtÞ, controlled by
the parameter b. In particular, we were not able to fit all five tranches with
the required accuracy for b=0. However, increasing b to the values of the
order of 1.0 to 5.0 resulted in a dramatic improvement of the quality of the
fit. For example, we were able to match all the spreads with the accuracy of
0.3 bp using a=0.00049, b=4 and four terms in the local intensity expansion
series (16), as shown in Table 1. We used g=1.6 for the interpolation scale,
which is defined by Eq. (15) and enters Eqs. (14) and (24). The quality of the
fit was essentially insensitive to this parameter.

The surface of the resulting local intensity L(N, t) is plotted in Fig. 1.
There is a spike in the region of small values of t and large values of N,
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Fig. 1. Local Intensity as a Function of the Number of Defaults N and Time t

Measured in Years, Calibrated to the Data of Table 1.
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which, however, does not lead to any serious numerical difficulties because
the probability of reaching this region is vanishingly small. For a fixed value
of t, the local intensity strongly increases with the number of defaults and
has a positive convexity. It can be demonstrated that this shape is a
signature of the skew in the Gaussian base correlations. For example, the
local intensity surface derived from a Gaussian copula with constant
correlations will have a much flatter shape (see Appendix B for an additional
discussion).

Now that the local intensity surface is known, we can proceed to the final
step in the calibration of the stochastic model and find the function r using
the method described in Section 3.1. The resulting function r depends on the
values of the parameters k and s in Eq. (1). In Fig. 2, we present a typical
surface plot of the function r(N, t), using k=1, s=1, and the number of
defaults, N, instead of loss, L, as an argument. The qualitative behavior
of r(N, t) is similar to that of the local intensity L(N, t), with a spike in the
region of large N and small t, which is again irrelevant because of a
negligible probability of reaching this region.
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Fig. 2. Dependence of the Function r on the Number of Defaults N and Time t

Measured in Years for k=1 and s=1.
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4. DYNAMIC APPLICATIONS

We now turn to the pricing of dynamics-sensitive financial instruments with
the stochastic model defined by Eq. (1). An efficient implementation is
possible both for the forward simulation and for the backward induction,
the latter because the model is low-dimensional Markovian. In the present
work, we focus our attention on the evaluation of tranche options using
backward induction. Applications to forward-starting CDOs and other
instruments that require a forward simulation are deferred to a separate
work.

4.1. Backward Induction

We begin with a generic description of backward induction, assuming
that the discounting rate is 0, so that all discount factors are equal to 1.
(We will restore the proper discounting in Section 4.2.) Let F(l, L, T) be an
arbitrary payoff function of the pair of state variables (l, L) that can be
achieved at time T. The backward induction to an earlier time t is the
procedure of going from F(l, L, T) to another payoff function F(l, L, t)
defined as a conditional expectation with respect to the state achieved at
time t,

Fðl;L; tÞ ¼ E½FðlT ;LT ;TÞjLt ¼ L; lt ¼ l� (30)

This expectation satisfies the backward Kolmogorov equation

@Fðl;L; tÞ
@t

¼ �ÂbackFðl;L; tÞ (31)

where the action of the generator Âback on an arbitrary function F(l, L, t) is
defined by

ÂbackFðl;L; tÞ ¼ kðrðL; tÞ � lÞ
@

@l
þ

1

2
s2l

@2

@l2

� �
Fðl;L; tÞ

þ lðFðl;Lþ h; tÞ � Fðl;L; tÞÞ ð32Þ

This generator is a conjugate of the generator present in the right-hand side
of the forward Kolmogorov Eq. (2). Correspondingly, our numerical
solution of the discretized backward Kolmogorov equation is a conjugated
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version of the solution of the forward Kolmogorov equation outlined in
Appendix C.

It follows from the replication arguments presented in Appendix A that
the payoff fundamental for the tranche valuation is that of the stop-loss
option. For a stop-loss option with maturity T and strike X, the payoff is a
deterministic function of state at time T,

PT ;X ðl;L;TÞ ¼ ðLT � XÞþ (33)

There is no dependence on l in the right-hand side of Eq. (33). Such
dependence will appear after a backward induction to an earlier time t, the
result of which represents the value of the stop-loss option as viewed from
the prospective of the time t,

PT ;X ðl;L; tÞ ¼ E½ðLT � XÞþjLt ¼ L; lt ¼ l� (34)

Taking t to be the exercise time, the value of the entire tranche as of this
time can be represented as a linear combination of the quantities (34) with
different values of X and T (see Appendix A). In order to evaluate, for
example, an option to enter the tranche, we only need to take the positive
part and perform a final backward induction to t=0.

4.2. Numerical Results for the Tranche Option

We consider an option that gives the right to buy the protection leg of the
tranche, selling the fee leg with a fixed value of spread, called strike, on a
certain exercise date Tex. As discussed above, the payoff from the exercise of
the option can be represented as a function V(l, L, Tex) of state achieved at
time Tex. More specifically, the payoff is given by a linear combination of
the elementary conditional expectations (34) for a portfolio of stop-loss
options,

Vðl;L;T exÞ ¼
X

Ti�T ex

wiPTi ;Xi
ðl;L;TexÞ

DðTiÞ

DðT exÞ
(35)

The weights wi are defined in Appendix A. Non-trivial discounting factors
D(t) have been restored under the assumption of deterministic interest rates.
(Extending the model to include additional dimensions for stochastic
interest rates is a subject for future work.)
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The option exercise condition is taken into account by replacing negative
values of V(l, L, Tex) by zero,

Vþðl;L;T exÞ ¼ maxðVðl;L;TexÞ; 0Þ (36)

The value of the option is finally obtained by applying the backward
induction from Tex to 0 to V+(l, L, Tex) and multiplying by the discount
factor D(Tex).

We note that the same backward induction procedure can also be
implemented for the local intensity model. The only difference is that the
states of the local intensity model include loss L, but not intensity l. The
local intensity model can also be regarded as a limit of the two-dimensional
model at s-0, k-N. We will give option pricing results produced by this
model to compare with those obtained within the full model.

The dependence of the option value on the strike spread is shown in Fig. 3
for the case of a mezzanine tranche 3–7% with 159 days to exercise. The
at-the-money (ATM) strike is defined as the model-independent forward
spread SF, which can be obtained by dividing the forward value of the
protection leg by the basis point value of the fee leg. In our case, SF=79.7 bp.
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Fig. 3. Dependence of the Value of the Option on the Mezzanine 3–7% Tranche on

the Strike Spread. The Time to Exercise is 159 Days, Which Corresponds to the

Exercise on June 20, 2007. Solid Lines Represent the Results from the Two-

Dimensional Stochastic Model with k=1 and D=s2/2=0.1, 0.8, 1.4. Dashed Line is

the Result from the Local Intensity Model. Option Value is Measured as a

Percentage of the Tranche Notional.

ANDREI V. LOPATIN AND TIMUR MISIRPASHAEV262



Solid curves correspond to k=1 and different values of the parameter
D=s2/2. The value of the option in the local intensity model is shown by the
dashed line. One can see that the change of the strength of the diffusion term
in the stochastic intensity model leads to a noticeable change in option
values, thereby providing some freedom to fit market quotes for the options.
This is in contrast to the local intensity model, which does not have any free
parameters remaining after the calibration to the tranches.

Fig. 4 provides an equivalent representation of the option prices in terms
of implied Black volatilities. The order of magnitude 80–120% for the
volatilities in the ATM region is consistent with typical values used in
heuristic estimates.

The hockey-stick-like dependence of the option price generated by the
local intensity model is in agreement with the general intuition about the
zero-volatility limit. We note, however, that the local intensity model retains
stochastic degrees of freedom of the jump process even though it can be
obtained as a degenerate limit of the full two-dimensional model. The
appearance of two straight lines can be understood by taking into account
that the probability of a default before the exercise date is low, so that the
main contribution to the option price comes from the scenarios with either
0 or 1 default before Tex. In each of the two scenarios, the option is either
worthless or depends linearly on the strike. The initial steep segment comes
from the no-default scenario. The nearly flat segment corresponds to the
scenario where the strike is large but the option remains valuable because of
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the default before exercise. (We assume here that the option does not knock
out on default.)

We can conclude that the local intensity model is too inflexible to provide
a good description of tranche options. The complete two-dimensional model
does not suffer from the type of degeneracy exhibited by the local intensity
model because of the smoothing provided by an integration over a
continuous range of local intensities l.

It is interesting to note that the value of the option decreases with
increasing parameter D=s2/2. This behavior is not intuitive as the value of
the option usually grows with volatility. One should keep in mind, however,
that the stochastic model is calibrated to remain consistent with the same
surface of loss for any value of s. An increased volatility of the diffusion
term is compensated by a decrease in the strength of the back-action term
driven by the function r(L, t). The direction of the total effect on the option
value is not obvious.

5. CONCLUSIONS

We suggested a new intensity-based Markovian model for the dynamics of
the aggregate credit loss and developed an efficient method for the
calibration to the distribution of loss implied by the market data for CDO
tranches. The calibration method is based on the technique of Markovian
projection, which in our case allows us to associate the original two-
dimensional model with a Markov chain generated by a local surface of
default intensity. The Markov chain model is used on the first step of the
calibration procedure to find the local intensity and the distribution of loss
consistent with the market spreads of CDO tranches. After that, the full
two-dimensional stochastic model is calibrated to the local intensity, which
already includes all the necessary market information.

Apart from the ability to match a generic distribution of loss, our model
has additional parametric freedom to control the fit to more complicated
dynamics-sensitive instruments. Specifically, the parameter s controls the
strength of diffusive fluctuations of default intensity, while the parameter k
sets the time scale of reversion in the drift term. The SDE for the intensity is
similar to that for the short rate in the CIR model. The similarity, however,
should be explored with caution because the drift term includes a back
action of the loss process onto the intensity process. Changing the relative
value of the coefficients k and s, we can go from an intensity process
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dominated by diffusion to one dominated by the back action of loss, while
maintaining the calibration to the same distribution of loss.

The model can be used for pricing of different financial instruments via
standard methods developed for Markovian stochastic processes. In the
present paper, we focused on applications to tranche options. This
instrument can be conveniently evaluated using the backward induction
technique. We found that the model can produce a wide range of option
prices corresponding to different values of s.

We note that our approach is not limited to the specific CIR-like intensity
dynamics (1). Other equations, for example, those based on BK-like
evolution, may turn out to be more suitable for the purpose of credit
portfolio modeling. The current evidence, however, indicates that a
sufficiently flexible form of a back action term is essential for a model’s
ability to match the market of CDO tranches in a robust way.

NOTES

1. The replication of super-senior tranches requires a similar set of options on
recovery also (see Appendix A).
2. A solution alternative to ours was independently developed by Arnsdorf and

Halperin (2007) and released when the first revision of our paper was in circulation.
3. See also the forthcoming work by Giesecke (2007) which contains a systematic

exposition and further applications of the method of Markovian projection to basket
credit modeling.
4. To avoid too big values of the local intensity arising from high powers of x in

the expansion (16) we used the regularization aðN; tÞ ! aðN; tÞamax=ðaðN; tÞ þ amaxÞ;
with amax
100.
5. The proof given in the first revision of our paper was applicable only to non-

self-affecting doubly stochastic processes. We thank Kay Giesecke for pointing this
out.

ACKNOWLEDGMENTS

We are grateful to the organizers and the participants of the 5th Annual
Advances in Econometrics conference at LSU, Baton Rouge (November 3–5,
2006) for the opportunity to present and discuss the results of this work. We
would like to thank Alexandre Antonov, Leonid Ryzhik, Serguei Mechkov,
Ren-Jie Zhang for useful discussions and especially Kay Giesecke for his
valuable comments on the generalization of Markovian projection
technique to the case of processes which are not doubly stochastic. We

Markovian Model for Dynamics of Aggregate Credit Loss 265



are grateful to Gregory Whitten and our colleagues at NumeriX for support
of our work.

REFERENCES

Andersen, L. (2006). Portfolio losses in factor models: Term structures and intertemporal loss

dependence. Working Paper, available at http://defaultrisk.com

Andersen, L., & Sidenius, J. (2005a). Extensions to the Gaussian copula: Random recovery and

random factor loadings. Journal of Credit Risk, 1(1), 29–82.

Andersen, L., & Sidenius, J. (2005b). CDO pricing with factor models: Survey and comments.

Journal of Credit Risk, 1(3), 71–88.

Arnsdorf, M., & Halperin, I. (2007). BSLP: Markovian bivariate spread-loss model for portfolio

credit derivatives. Working Paper, available at http://defaultrisk.com

Bennani, N. (2005). The forward loss model: A dynamic term structure approach for the pricing of

portfolio credit derivatives. Working Paper, available at http://defaultrisk.com

Brigo, D., Pallavicini, A., & Torresetti, R. (2007). Calibration of CDO tranches with the dyna-

mical generalized-Poisson loss model. Risk, 20(5), 70–75.

Chapovsky, A., Rennie, A., & Tavares, P. A. C. (2008). Stochastic intensity modelling for

structured credit exotics. In: A. Lipton & A. Rennie (Eds), Credit correlations: Life after

copulas (pp. 41–60). Singapore: World Scientific Publishing Corporation.

Ding, X., Giesecke, K., & Tomecek, P. (2006). Time-changed birth processes and multi-name

credit. Working Paper, available at http://defaultrisk.com

Duffie, D. (2005). Credit risk modeling with affine processes. Journal of Banking and Finance,

29, 2751–2802.

Dupire, B. (1994). Pricing with a smile. Risk, January 1994, 18–20.

Errais, E., Giesecke, K., & Goldberg, L. (2006). Pricing credit from the top down with affine point

processes. Working Paper, available at http://defaultrisk.com

Giesecke, K. (2007). From tranche spreads to default processes. Working Paper.

Giesecke, K., & Goldberg, L. (2005). A top down approach to multi-name credit. Working Paper,

available at http://defaultrisk.com
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APPENDIX A. SINGLE TRANCHE CDO

The purpose of this section is to introduce single tranche CDOs and justify
the replication of a tranche by a portfolio of stop-loss options. A single
tranche CDO is a synthetic basket credit instrument, which involves two
parties and references a portfolio of credit names. One party is the buyer
of the protection, the other is the seller of the protection. A single tranche
CDO contract defines two bounds, koK, called attachment points and
usually quoted as percentage points of the total original reference notional
A of the underlying portfolio. The lowest tranche, 0–3% or similar, is
customarily called the equity tranche. The highest tranche, 30–100% or
alike, is called super-senior. The other tranches are called mezzanine and
senior. The difference of the bounds K–k is the original notional of the
tranche, which is the cap of the liability held by the seller of the protection.
Additionally, the single tranche CDO contract defines a schedule of
accrual and payment dates, a fixed annualized periodic rate S, called
tranche spread, and, in the case of equity tranches, an upfront payment to
be made by the buyer of the protection. Par spread of a single tranche
CDO is defined as the value of S that makes the present value of the
tranche equal to 0.

The cash flows are driven by the slice of the loss of the reference portfolio
within the segment [k, K]. The total loss sustained by the tranche between its
inception at time 0 and time T is given by a difference of two stop-loss
options,

Lk;K ðTÞ ¼ ðLðTÞ � kÞþ � ðLðTÞ � KÞþ (A.1)

(by definition (x)+=x if xW0 and (x)+=0 otherwise). As soon as a positive
jump DLk,K in the quantity Lk,K is reported, the seller of the protection must
pay the amount DLk,K to the buyer of the protection. This is the only source
of the payments made by the seller of the protection. The payments made by
the buyer of the protection are determined by the outstanding notional of
the tranche Ak,K(T) as a function of time T. The initial notional of the
tranche is Ak,K(0)=K–k. The notional of the tranche at time T is given by

Ak;K ðTÞ ¼ Ak;K ð0Þ � Lk;K ðTÞ (A.2)

The outstanding notional of the tranche is monitored every day of each
payment period, and the fee is accrued on the outstanding notional of the
tranche with the rate equal to the tranche spread S. The total accrued fee is
paid by the buyer of the protection on the payment date.
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Let the payment periods be [0,T1], [T1,T2], . . . , [Tf–1, Tf]. Introducing the
risk-free discount curve D(t), the leg of the payments made by the protection
seller (protection leg) can be approximated as

Pprot ¼
X
i

ðE½Lk;K ðTiÞ� � E½Lk;K ðTi�1Þ�ÞDðTiÞ (A.3)

Here we ignored the exact timings of defaults. This approximation can be
refined by introducing a schedule of default observations, which is more
frequent than the payment schedule.

The leg of the payments made by the protection buyer (fee leg) can be
approximated as

Pfee ¼
X
i

S � tðTi�1;TiÞðaAk;K ðTi�1Þ þ bAk;K ðTiÞÞDðTiÞ (A.4)

Here t(Ti�1,Ti) is the day count fraction from Ti�1 to Ti, and a, b=1–a are
the weights introduced to take into account the timing of defaults. When we
set a=b=0.5 we effectively assume that the defaults on the average happen in
the middle of the payment period. Again, it is possible to use a more frequent
grid of observations to improve the accuracy of the calculation.

The present value of the tranche, Ptr, is equal to the difference of the legs,
that is, Pprot�Pfee for protection buyer, and Pfee�Pprot for protection seller.
It is easy to see that the final expression can be represented as a linear
combination of stop-loss expectations,

Ptr ¼
X
j

wjE½ðLtj � XjÞ
þ
�DðtjÞ (A.5)

Here tj is either one of the payment dates or one of the dates of a more
frequent grid introduced to improve the accuracy of the calculation; the strike
Xj is one of the two attachment points, k or K, and wj is a weight that can be
positive or negative. We assume that the interest rates are deterministic and,
where necessary, include the ratios of the discount factors into the definition
of the weights wj to obtain the replication in form of Eq. (A.5).

The formula (A.5) is given in terms of unconditional expectations and,
strictly speaking, does not express the static replication which has to hold at
every moment in the life of the instrument. However, exactly the same
derivation can be repeated with conditional expectations, leading to a static
replication of the tranche by a portfolio of short and long positions in stop-
loss options with the weights wj.
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In the case of super-senior tranches, it is also necessary to take into
account the amortization provision. The obligatory amortization begins as
soon as the cumulative recovery amount R(T) exceeds A–K and can extend
to the total original notional of the tranche, K–k. The reduction of the
tranche notional due to amortization is given by

Rk;K ðTÞ ¼ ðRðTÞ � ðA� KÞÞþ � ðRðTÞ � ðA� kÞÞþ (A.6)

This quantity should be subtracted from the right-hand side of Eq. (A.2). It
follows that a static replication of super-senior tranches requires
recovery options in addition to stop-loss options. This complication does
not limit the applicability of static factor models because the recovery
options are also insensitive to the dynamics. We note, furthermore, that in
the case of a deterministic LGD, the ratio of recovery and loss is a constant
factor, so that the recovery options can be rewritten in terms of stop-loss
options, which removes the need to model the process for the recovery
separately.

We finally note that the index itself can be treated as a tranche with
attachment points 0 and 100%. As with any tranche with a large value of the
upper attachment point, it is necessary to take into account the contribution
from recovery. The value of the index is fully determined by the term
structure of expected loss, E[L(T)], and expected recovery, E[R(T)]. Under
the assumption of a deterministic LGD, the value of the tranche is fully
determined by the term structure of the expected number of defaults �NðtÞ
(see Eq. (25)).

APPENDIX B. LOCAL VOLATILITY AND LOCAL

INTENSITY

Here we discuss in more detail the technique of Markovian projection for
jump processes and establish a relationship between the stochastic intensity
and the local intensity. We also elaborate on the analogy between the local
intensity and the local volatility.

A stochastic volatility model involves a filtered probability space
ðO;P; fF tgÞ and an equation

dXt ¼ atdtþ btdWt (B.1)

where the drift at and the volatility bt are random processes adapted to
the filtration fF tg. In a local volatility model, the processes at and bt are
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deterministic functions of Xt and t. The local volatility model was
introduced by Dupire (1994) in the form

dXt

Xt
¼ mðXt; tÞdtþ sðXt; tÞdWt (B.2)

Local volatility models are regarded as a degenerate case of stochastic
volatility models. They are easier to solve and calibrate to European options,
but they do not generate very realistic dynamics.

There is a remarkable reduction of a stochastic volatility model to a local
volatility model with the preservation of all one-dimensional marginal
distributions, due to Gyöngy (1986). A non-technical statement of the claim
is that the process Xt defined by Eq. (B.1) has the same one-dimensional
distributions as the process Yt defined by the equation

dYt ¼ aðYt; tÞdtþ bðYt; tÞdWt (B.3)

where Y0=X0, and the local coefficients a, b are given by

aðx; tÞ ¼ E½atjXt ¼ x� (B.4)

b2ðx; tÞ ¼ E½b2t jXt ¼ x� (B.5)

The mapping from the process Xt to the process Yt is called the Markovian
projection.

Piterbarg (2007) gave an intuitive proof and numerous applications of this
result to various problems of mathematical finance. In such applications, the
Markovian projection is typically used for fast calculation of European
options in a stochastic volatility model. Fast calculation of European
options is often critical to ensure adequate performance at the stage of
model calibration. The method works because the European options only
depend on the one-dimensional marginals of the underlying rate and can be
computed in the effective local volatility model.

To extend the methodology of Markovian projection to stochastic
intensity models of credit basket loss, we need a counterpart of Gyöngy’s
theorem for jump processes. Omitting the technical conditions, the
statement is that a counting process Nt with an adapted stochastic intensity
lt and N0=0 has the same one-dimensional marginal distributions as the
process Mt with the intensity L(M, t) given by

LðM; tÞ ¼ E½ltjNt ¼M� (B.6)
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This is the same as Eq. (8), which was derived from the Kolmogorov
equation for a specific stochastic intensity process. For a general proof,5 we
start with the expression (10) for the local intensity in terms of the
probability distribution P(N,t)=P[Nt=N],

LðM; tÞ ¼ �
@P½Nt �M�=@t

P½Nt ¼M�
(B.7)

and write the derivative term as

d

dt
P½Nt �M� ¼

d

dt
E½1Nt�M � ¼ lim

�!þ0

1

�
E½1Ntþ��M � 1Nt�M � (B.8)

Denote dN=Nt+e–Nt. Since dNZ0, the expression under the expectation in
Eq. (B.8) can be written as

1Ntþ��M � 1Nt�M ¼ �1M�dNoNt�M (B.9)

We obtain

d

dt
P½Nt �M� ¼ � lim

�!þ0

1

�
E½1M�dNoNt�M � (B.10)

The leading contribution in e comes from the realizations with dN=0, 1.
Thus, one can write

d

dt
P½Nt �M� ¼ � lim

�!þ0

1

�
E½dN 1Nt¼M �

¼ � lim
�!þ0

1

�
E½dNjNt ¼M�P½Nt ¼M�

¼ �LðM; tÞP½Nt ¼M� ðB:11Þ

which leads to Eq. (B.6).
We use the local intensity as a key element in the calibration procedure

for the two-dimensional Markovian model. In concluding this section,
we note that the local intensity calibrated to the market bears a distinctive
signature of the correlation skew, as shown in Fig. B1. The Gaussian
copula with any constant correlation value leads to a nearly linear
dependence of the local intensity on the number of defaults. This is in
contrast with the behavior of the local intensity calibrated to the actual
market data, which shows a convex segment before saturating at a very
large number of defaults.
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APPENDIX C. DISCRETIZATION OF INTENSITY

Numerical integration of Eq. (2) by means of a finite difference scheme
requires discretization of time t and intensity l. The discretization of time
does not pose any conceptual difficulties. The discretization of l is more
subtle because it needs to be done in a way preserving the key ingredients of
the calibration method presented in Section 3.1, including Eqs. (6) and (12).
Here we present a simple scheme that satisfies this requirement.

We use a uniform grid, li=iD, and introduce the finite difference
operators D̂� as

D̂þf ðliÞ ¼
f ðli þ DÞ � f ðliÞ

D
; D̂�f ðliÞ ¼

f ðliÞ � f ðli � DÞ
D

(C.1)

In the limit D-0, these converge to the continuous derivative operator
d/dl. The discrete counterpart of the second-order derivative d2/dl2 reads

D̂
2
¼ D̂þD̂� ¼ D̂�D̂þ (C.2)
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The discretized forward Kolmogorov Eq. (2) takes the form

@

@t
pðli;L; tÞ ¼ �kD̂�ðrðL; tÞ � liÞ þ

1

2
s2D̂

2
li

� �
pðli;L; tÞ

þliðpðli;L� h; tÞ � pðli;L; hÞÞ
(C.3)

(Here and below we omit the indicator 1LZh and assume that p(li, –h, t)=0.)
Note that the term containing the first-order derivative with respect to l in
Eq. (2) can be replaced either with D̂þ or with D̂�. With the choice of D̂�,
we avoid the appearance of boundary terms after the summation over l (see
below). It is convenient to append l�1=�D to the range of allowed intensity
values so that the boundary condition can be set as

pðl�1;L; tÞ ¼ 0 (C.4)

The probability density of loss and the local intensity in the discrete
setting are defined similarly to Eqs. (5) and (7),

PðL; tÞ ¼
Ximax

i¼0

pðli;L; tÞ (C.5)

LðL; tÞPðL; tÞ ¼
Ximax

i¼0

lipðli;L; tÞ (C.6)

Summing both sides of Eq. (C.3) over li from zero to the chosen limit imax,
the forward Kolmogorov Eq. (6) is recovered. The boundary terms at the
lower limit of summation disappear because of the condition (C.4).

We now proceed to the derivation of Eq. (12) in the discrete setting.
Taking the derivative of both sides of Eq. (C.6) with respect to time, we get

Ximax

i¼0

li
@

@t
pðli;L; tÞ ¼ PðL; tÞ

@

@t
LðL; tÞ þ LðL; tÞ

@

@t
PðL; tÞ (C.7)

After that, we insert the time derivatives of the distribution functions
p(li, L, t) and P(L, t) from Eqs. (6) and (C.3) into Eq. (C.7). We recover
Eq. (12) using Eqs. (C.5) and (C.6) and the definition for the second moment
of intensity,

MðL; tÞ ¼
Ximax

i¼0

l2i pðli;L; tÞ (C.8)
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Eq. (C.3) represents a system of coupled ordinary differential equations
that can be solved by any suitable method. We used the second-order
Runge–Kutta scheme.

We note that the absence of the probability flow to the region with
negative intensities in the presented numerical scheme is guaranteed by
construction. Thus, occasional appearances of negative values of r(L, t) will
not break the calibration algorithm.

The choice of the step, D, and the upper limit for the intensity, imaxD, is
dictated by accuracy requirements. In our numerical experiments, we
achieved the error of less than 1e�5 using DB0.07�0.25 and imaxB1,000.

ANDREI V. LOPATIN AND TIMUR MISIRPASHAEV274



CREDIT DERIVATIVES AND RISK

AVERSION

Tim Leung, Ronnie Sircar and Thaleia Zariphopoulou

ABSTRACT

We discuss the valuation of credit derivatives in extreme regimes such as
when the time-to-maturity is short, or when payoff is contingent upon a
large number of defaults, as with senior tranches of collateralized debt
obligations. In these cases, risk aversion may play an important role,
especially when there is little liquidity, and utility-indifference valuation
may apply. Specifically, we analyze how short-term yield spreads from
defaultable bonds in a structural model may be raised due to investor risk
aversion.

1. INTRODUCTION

The recent turbulence in the credit markets, largely due to overly
optimistic valuations of complex credit derivatives by major financial
institutions, highlights the need for an alternative pricing mechanism in
which risk aversion is explicitly incorporated, especially in such an arena
where liquidity is sporadic and has tended to dry up. A number of
observations suggest that utility-based valuation may capture some
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common market phenomena better than the traditional risk-neutral
(expectation) valuation:

� Short-term yield spreads from single-name credit derivative prices decay
slowly and seem to approach a nonzero limit, suggesting significant
anticipation (or phobia) of credit shocks over short horizons.
� Among multi-name products, the premia paid for senior CDO tranches
have often been on the order of a dozen or so basis points (e.g., for CDX
tranches), ascribing quite a large return for providing protection against
the risk of default of 15–30% investment grade companies over a few
years. On the other hand, market models seem to have underestimated the
risks of less senior tranches of CDOs associated with mortgage-backed
securities in recent years.
� The current high yields attached to all credit-associated products in the
absence of confidence, suggest that risk averse quantification might
presently be better used for securities where hitherto there had been better
liquidity.

It is also clear that rating agencies, perhaps willingly neglectful, have
severely underestimated the combined risk of basket credit derivatives,
especially those backed by subprime mortgages. In a front page article about
the recent losses of over $8 billion by Merrill Lynch, the Wall Street Journal
(on October 25, 2007) reported: ‘‘More than 70% of the securities issued by
each CDO bore triple-A credit ratings. . . . But by mid-2006, few bond
insurers were willing to write protection on CDOs that were ultimately
backed by subprime mortgages . . . Merrill put large amounts of AAA-rated
CDOs onto its own balance sheet, thinking they were low-risk assets
because of their top credit ratings. Many of those assets dived in value this
summer.’’

In this article, we focus on the first point mentioned above to address
whether utility valuation can improve structural models to better reproduce
observed short-term yield spreads. While practitioners have long since
migrated to intensity-based models where the arrival of default risk
inherently comes as a surprise, hence leading to nonzero spreads in the limit
of zero maturity, there has been interest in the past in adapting economically
preferable structural models toward the same effect. Some examples
include the introduction of jumps (Hilberink & Rogers, 2002; Zhou, 2001),
stochastic interest rates (Longstaff & Schwartz, 1995), imperfect information
on the firm’s asset value (Duffie & Lando, 2001), uncertainty in the default
threshold (Giesecke, 2004a), and fast mean-reverting stochastic volatility
(Fouque, Sircar, & Solna, 2006). In related work, utility-based valuation
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has been applied within the framework of intensity-based models for both
single-name derivatives (Bielecki & Jeanblanc, 2006; Shouda, 2005; Sircar &
Zariphopoulou, 2007) and, in addressing the second point, for multi-name
products (Sircar & Zariphopoulou, 2006). The mechanism of utility
valuation quantifies the investor’s risk aversion and translates it into higher
yield spreads.

In a complete market setting, the payoffs of any financial claims can be
replicated by trading the underlying securities, and their prices are equal
to the value of the associated hedging portfolios. However, in market
environments with credit risks, the risks associated with defaults may not be
completely eliminated. For instance, if the default of a firm is triggered by
the firm’s asset value falling below a certain level, then perfect replication for
defaultable securities issued by the firm requires that the firm’s asset value be
liquidly traded. While the firm’s stock is tradable, its asset value is not, and
hence the market completeness assumption breaks down. The buyer or seller
of the firm’s defaultable securities takes on some unhedgeable risk that
needs to be quantified in order to value the security. In the Black and Cox
(1976) structural model, the stock price is taken as proxy for the firm’s asset
value (see Giesecke, 2004b for a survey), but we will focus on the effect of
the incomplete information provided by only being able to trade the firm’s
stock, which is imperfectly correlated with its asset value.

We will apply the technology of utility-indifference valuation for
defaultable bonds in a structural model of Black–Cox type. The valuation
mechanism incorporates the bond holder’s (or seller’s) risk aversion, and
accounts for investment opportunities in the firm’s stock to optimally hedge
default risk. These features have a significant impact on the bond prices and
yield spreads (Figs. 1 and 2).

2. INDIFFERENCE VALUATION FOR DEFAULTABLE

BONDS

We consider the valuation of a defaultable bond in a structural model with
diffusion dynamics. The firm’s creditors hold a bond promising payment
of $1 on expiration date T, unless the firm defaults. In the Merton (1974)
model, default occurs if the firm’s asset value on date T is below a
prespecified debt level D. In the Black and Cox (1976) generalization, the
firm defaults the first time the underlying asset value hits the lower boundary

~DðtÞ ¼ De�bðT�tÞ; t 2 ½0;T �

Credit Derivatives and Risk Aversion 277



where b is a positive constant. This boundary represents the threshold at
which bond safety covenants cause a default, so the bond becomes worthless
if the asset value ever falls below ~D before expiration date T.

Let Yt be the firm’s asset value at time t, which we take to be observable.
Then, the firm’s default is signaled by Yt hitting the level ~DðtÞ. The firm’s
stock price (St) follows a geometric Brownian motion, and the firm’s asset
value is taken to be a correlated diffusion:

dSt ¼ mStdtþ sSt dW
1
t (1)

dYt ¼ nYtdtþ ZYtðrdW1
t þ r0dW2

t Þ (2)

The processes W1 and W2 are independent Brownian motions defined on
a probability space ðO;F ; ðF tÞ;PÞ, where ðF tÞ0�t�T is the augmented

0 2 4 6 8 10
0

100

200

300
Bond Buyer ′s Yield Spread

Maturity (years)

Y
ie

ld
 S

pr
ea

d 
(b

ps
)

0 2 4 6 8 10
0

100

200
Bond Seller ′s Yield Spread

Y
ie

ld
 S

pr
ea

d 
(b

ps
)

Maturity (years)

Fig. 1. The Defaultable Bond Buyer’s and Seller’s Yield Spreads. The Parameters

are v=8%, Z=20%, r=3%, m=9%, s=20%, r=50%, b=0, Along with Relative

Default Level D/y=0.5. The Curves Correspond to Different Risk-Aversion

Parameters g and the Arrows Show the Direction of Increasing g Over the Values

(0.01, 0.1, 0.5, 1).

TIM LEUNG ET AL.278



filtration generated by these two processes. The instantaneous correlation
coefficient rA(�1,1) measures how closely changes in stock prices follow
changes in asset values and we define r0 :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
. It is easy to

accommodate firms that pay continuous dividends, but for simplicity, we
do not pursue this here.

2.1. Maximal Expected Utility Problem

We assume that the holder of a defaultable bond dynamically invests in the
firm’s stock and a risk less bank account which pays interest at constant
rate r. Note that the firm’s asset value Y is not market-traded. The holder
can partially hedge against his position by trading in the company stock S,
but not the firm’s asset value Y. The investor’s trading horizon ToN is
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chosen to coincide with the expiration date of the derivative contracts of
interest. Fixing the current time tA[0,T), a trading strategy {yu; trurT} is
the cash amount invested in the market index S, and it is deemed admissible
if it is self-financing, non-anticipating, and satisfies the integrability
condition Ef

R T
t
y2u dugo1. The set of admissible strategies over the period

[t, T] is denoted by Yt,T. The employee’s aggregate current wealth X then
evolves according to

dXs ¼ ½ysðm� rÞ þ rXs�dsþ yssdW1
s ; Xt ¼ x (3)

Considering the problem initiated at time tA[0, T ], we define the default
time tt by

tt :¼ inffu � t : Yu � ~DðuÞg

If the default event occurs prior to T, the investor can no longer trade
the firm’s stock. He has to liquidate holdings in the stock and deposit
in the bank account, reducing his investment opportunities. (Throughout,
we are neglecting other potential investment opportunities, but a more
complex model might include these; in multi-name problems, such as
valuation of CDOs, this is particularly important: see Sircar &
Zariphopoulou, 2006.) For simplicity, we also assume that he receives full
pre-default market value on his stock holdings on liquidation. One might
extend to consider some loss at the default time, but at a great cost in
complexity, since the payoff would now depend explicitly on the control y.
Therefore, given ttoT, for tA(tt, T], the investor’s wealth grows at rate r:

Xt ¼ Xte
rðt�ttÞ

The investor measures utility (at time T) via the exponential utility
function U : R 7!R� defined by

UðxÞ ¼ �e�gx; x 2 R

where gW0 is the coefficient of absolute risk aversion. The indifference
pricing mechanism is based on the comparison of maximal expected
utilities from investments with and without the credit derivative. We
first look at the optimal investment problem of an investor who dynamically
invests in the firm’s stock as well as the bank account, and does not
hold any derivative. In the absence of the defaultable bond, the investor’s
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value function is given by

Mðt; x; yÞ ¼ sup
Yt;T

E �e�gXT1ftt4Tg þ ð�e
�gXtt e

r T�ttð Þ

Þ1ftt�Tg Xt ¼ x;Yt ¼ y
n o

(4)

which is defined in the domain I ¼ fðt; x; yÞ : t 2 ½0;T �;x 2 R; y 2
½ ~DðtÞ;þ1Þg.

Proposition 1. The value function M : I 7!R� is the unique viscosity
solution in the class of function that are concave and increasing in x, and
uniformly bounded in y of the HJB equation

Mt þ LyM þ rxMx þmax
y

1

2
s2y2Mxx þ yðrsZMxy þ ðm� rÞMxÞ

� �
¼ 0

(5)

where the operator Ly is defined as

Ly ¼
1

2
Z2y2

@2

@y2
þ vy

@

@y

The boundary conditions are given by

MðT ;x; yÞ ¼ �e�gx; Mðt;x;De�bðT�tÞÞ ¼ �e�gxe
rðT�tÞ

Proof. The proof follows the arguments in Theorem 4.1 of Duffie and
Zariphopoulou (1993), and is omitted. �

Intuitively, if the firm’s current asset value y is very high, then default is
highly unlikely, so the investor is likely to be able to invest in the firm’s stock
S till time T. Indeed, as y-+N, we have tt!þ1 and 1ftt4Tg ¼ 1 a.s.
Hence, in the limit, the value function becomes that of the standard (default-
free) Merton investment problem (Merton, 1969) which has a closed-form
solution. Formally,

lim
y!þ1

Mðt;x; yÞ ¼ sup
Yt;T

E �e�gXT jXt ¼ x
� �

¼ � e�gxe
rðT�tÞ

e�ððm�rÞ
2=2s2ÞðT�tÞ ð6Þ

2.2. Bond Holder’s Problem

We now consider the maximal expected utility problem from the perspective
of the holder of a defaultable bond who dynamically invests in the firm’s
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stock and the bank account. Recall that the bond pays $1 on date T if the firm
has survived till then. Hence, the bond holder’s value function is given by

Vðt; x; yÞ ¼ sup
Yt;T

E �e�gðXTþ1Þ1ftt4Tg þ ð�e
�gXtt e

rðT�tt Þ
Þ1ftt�TgjXt ¼ x;Yt ¼ y

n o
(7)

We have a HJB characterization similar to that in Proposition 1.

Proposition 2. The valuation function V : I 7!R� is the unique viscosity
solution in the class of function that are concave and increasing in x, and
uniformly bounded in y of the HJB equation

VtþLyVþ rxVxþmax
y

1

2
s2y2VxxþyðrsZVxyþðm� rÞVxÞ

� �
¼ 0 (8)

with terminal and boundary conditions

VðT ;x;yÞ ¼�e�gðxþ1Þ; Vðt;x;De�bðT�tÞÞ ¼�e�gxe
rðT�tÞ

If the firm’s current asset value y is far away from the default level, then
it is very likely that the firm will survive through time T, and the investor
will collect $1 at maturity. In other words, as y-+N, the value function
(formally) becomes

lim
y!þ1

Vðt;x; yÞ ¼ sup
Yt;T

E �e�gðXTþ1ÞjXt ¼ x
� �

¼ � e�gð1þxe
rðT�tÞÞe�ððm�rÞ

2=2s2ÞðT�tÞ ð9Þ

2.3. Indifference Price for the Defaultable Bond

The buyer’s indifference price for a defaultable bond is the reduction in his
initial wealth level such that the maximum expected utility V is the same as
the value function M from investment without the bond. Without loss of
generality, we compute this price at time zero.

Definition 1. The buyer’s indifference price p0,T(y) for a defaultable bond
with expiration date T is defined by

Mð0;x; yÞ ¼ Vð0;x� p0;T ; yÞ (10)

where M and V are given in (4) and (7).
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It is well known that the indifference price under exponential utility does
not depend on the investor’s initial wealth x. This can also be seen from
Proposition 3 below. When there is no default risk, then the value functions
M and V are given by (6) and (9). From the above definition, we have the
indifference price for the default-free bond as e�rT, which is just the present
value of the $1 to be collected at time T, and is independent of the holder’s
risk aversion and the firm’s asset value.

2.4. Solutions for the HJB Equations

The HJB equation (5) can be simplified by the familiar distortion scaling

Mðt; x; yÞ ¼ �e�gxe
rðT�tÞ

uðt; yÞ1=ð1�r
2Þ (11)

The non-negative function u is defined over the domain J ¼ fðt; yÞ :
t 2 ½0;T �; y 2 ½ ~DðtÞ;þ1Þg. It solves the linear (Feynman–Kac) differential
equation

ut þ ~Lyu� ð1� r2Þ
ðm� rÞ2

2s2
u ¼ 0,

uðT ; yÞ ¼ 1,

uðt;De�bðT�tÞÞ ¼ 1 ð12Þ

where

~Ly ¼ Ly � r
ðm� rÞ

s
Zy

@

@y

For the bond holder’s value function, the transformation

Vðt; x; yÞ ¼ �e�gðxe
rðT�tÞþ1Þwðt; yÞ1=ð1�r

2Þ (13)

reduces the HJB equation (8) to the linear PDE problem

wt þ ~Lyw� ð1� r2Þ
ðm� rÞ2

2s2
w ¼ 0

wðT ; yÞ ¼ 1,

wðt;De�bðT�tÞÞ ¼ egð1�r
2Þ ð14Þ

which differs from (12) only by a boundary condition. By classical
comparison results (Protter & Weinberger, 1984), we have

uðt; yÞ � wðt; yÞ; for ðt; yÞ 2 J (15)
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Furthermore, u and w admit the Feynman–Kac representations

uðt; yÞ ¼ ~E e�ð1�r
2Þððm�rÞ2=2s2Þðtt^T�tÞjYt ¼ y

n o
(16)

wðt; yÞ ¼ ~E e�ð1�r
2Þððm�rÞ2=2s2ÞðT�tÞ1ftt4Tg

n
þegð1�r

2Þe�ð1�r
2Þððm�rÞ2=2s2Þðtt�tÞ1ftt�TgjYt ¼ y

o
ð17Þ

where the expectations are taken under the measure ~P defined by

~PðAÞ ¼ E exp �
m� r

s
W1

T �
1

2

ðm� rÞ2

s2
T

� �
1A

� �
; A 2 FT (18)

Hence, under ~P, the firm’s stock price is a martingale, and the dynamics
of Y are

dYt ¼ v� r
ðm� rÞ

s
Z

� �
Ytdtþ ZYtd ~Wt; Y0 ¼ y

where ~W is a ~P-Brownian motion. The measure ~P is the equivalent
martingale measure that has the minimal entropy relative to P (Fritelli,
2000). This measure arises frequently in indifference pricing theory.

The representations (16) and (17) are useful in deriving closed-form
expressions for the functions u(t,y) and w(t,y). First, we notice that

uðt; yÞ ¼ e�ð1�r
2Þððm�rÞ2=2s2ÞðT�tÞ ~Pftt4T jYt ¼ yg

þ ~E e�ð1�r
2Þððm�rÞ2=2s2Þðtt�tÞ1ftt�TgjYt ¼ y

n o

Under the measure ~P, the default time tt is given by

tt ¼ inf u � t : v� r
ðm� rÞ

s
Z�

Z2

2
� b

� �
ðu� tÞ

�

þ Zð ~Wu � ~WtÞ � log
D

Yt

� �
� bðT � tÞ

�

Then, we explicitly compute the representations using the distribution of
tt, which is well known (Karatzas & Shreve, 1991). Standard yet tedious
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calculations yield the following expression for u(t,y):

uðt; yÞ ¼ e�aðT�tÞ F
�bþ cðT � tÞffiffiffiffiffiffiffiffiffiffiffiffi

T � t
p

� �
� e2cbF

bþ cðT � tÞffiffiffiffiffiffiffiffiffiffiffiffi
T � t
p

� �� �

þ ebðc�cÞ F
b� cðT � tÞffiffiffiffiffiffiffiffiffiffiffiffi

T � t
p

� �
þ e2bcF

bþ cðT � tÞffiffiffiffiffiffiffiffiffiffiffiffi
T � t
p

� �� �

Here F( � ) is the standard normal cumulative distribution function, and

a ¼ ð1� r2Þ
ðm� rÞ2

2s2
; b ¼

logðD=yÞ � bðT � tÞ

Z
;

c ¼
n� b
Z
� r

m� r

s

	 

�

Z
2
; c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2
þ 2a

q

A similar formula can be obtained for w(t, y):

wðt; yÞ ¼ e�aðT�tÞ F
�bþ cðT � tÞffiffiffiffiffiffiffiffiffiffiffiffi

T � t
p

� �
� e2cbF

bþ cðT � tÞffiffiffiffiffiffiffiffiffiffiffiffi
T � t
p

� �� �

þ egð1�r
2Þebðc�cÞ F

b� cðT � tÞffiffiffiffiffiffiffiffiffiffiffiffi
T � t
p

� �
þ e2bcF

bþ cðT � tÞffiffiffiffiffiffiffiffiffiffiffiffi
T � t
p

� �� �
ð19Þ

3. THE YIELD SPREAD

Using (11) and (13), we can express the indifference price and the yield
spread (at time zero), which can be computed using the explicit formulas for
u(0,y) and w(0,y) above.

Proposition 3. The indifference price p0,T(y) defined in (10) is given by

p0;T ðyÞ ¼ e�rT 1�
1

gð1� r2Þ
log

w 0; yð Þ

uð0; yÞ

� �
(20)

It satisfies p0;T ðyÞ � e�rT for every y � De�bT . The yield spread,
defined by

Y0;T ðyÞ ¼ �
1

T
logðp0;T ðyÞÞ � r (21)

is non-negative for all yZDe�bT and TW0.
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Proof. The fact that p0;T � e�rT follows from the inequality urw. To
show that Y0;T is well defined, we need to establish that p0,TZ0. For this,
consider wn :¼ e�gð1�r

2Þw, and observe that it satisfies the same PDE as u,
as well as the same condition on the boundary fy ¼ De�bðT�tÞg and
terminal condition wnðT ; yÞ ¼ e�gð1�r

2Þ � 1. Therefore w�ru, which gives
w � egð1�r

2Þu, and the assertion follows. �

3.1. The Seller’s Price and Yield Spread

We can construct the bond seller’s value function by replacing +1 by �1 in
the definition (7) of V, and the corresponding transformation (13). If we
denote the seller’s indifference price by ~p0;T ðyÞ, then

~p0;T ðyÞ ¼ e�rT 1�
1

gð1� r2Þ
log

uð0; yÞ

~wð0; yÞ

� �

where ~w solves

~wt ¼ ~Ly ~w� ð1� r2Þ
ðm� rÞ2

2s2
~w ¼ 0

~wðT ; yÞ ¼ 1,

~wðt;De�bðT�tÞÞ ¼ e�gð1�r
2Þ ð22Þ

The comparison principle yields

uðt; yÞ � ~wðt; yÞ; for ðt; yÞ 2 J (23)

Therefore, ~p0;T ðyÞ � e�rT , and the seller’s yield spread, denoted by
~Y0;T ðyÞ, is also non-negative for all y � De�bT and TW0, as follows
from a similar calculation to that in the proof of Proposition 3. We obtain
a closed-form expression for ~w by replacing egð1�r

2Þ by e�gð1�r
2Þ in (19)

for w.

3.2. The Term-Structure of the Yield Spread

The yield spread term-structure is a natural way to compare zero-coupon
defaultable bonds with different maturities. The plots of the buyer’s and
seller’s yield spreads for various risk aversion coefficients and Sharpe ratios
of the firm’s stock are shown, respectively, in Figs. 1 and 2. While risk
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aversion induces the bond buyer to demand a higher yield spread, it
reduces the spread offered by the seller. On the other hand, a higher Sharpe
ratio of the firm’s stock, given by (m�r)/s, entices the investor to invest in
the firm’s stock, resulting in a higher opportunity cost for holding or selling
the defaultable bond. Consequently, both the buyer’s and seller’s yield
spreads increase with the Sharpe ratio.

It can be observed from the formulas for u and w that the yield spread
depends on the ratio between the default level and the current asset value,
D/y, rather than their absolute levels. As seen in Fig. 3, when the firm’s asset
value gets closer to the default level, not only does the yield spread increase,
but the yield curve also exhibits a hump. The peak of the curve moves
leftward, corresponding to shorter maturities, as the default-to-asset ratio
increases. In these figures, we have taken b=0: the curves with bW0 are
qualitatively the same.
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Fig. 3. The Defaultable Bond Buyer’s and Seller’s Yield Spreads for Different

Default-to-Asset Ratios (D/y). The Parameters are v=8%, Z=20%, r=3%, g=0.5,

m=9%, s=20%, r=50%, b=0.
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3.3. Comparison with the Black–Cox Model

We compare our utility-based valuation with the complete market’s Black–
Cox price. In the Black–Cox setup, the firm’s asset value is assumed tradable
and evolves according to the following diffusion process under the risk-
neutral measure Q:

dYt ¼ rYtdtþ ZYtdW
Q
t (24)

where WQ is a Q-Brownian motion. The firm defaults as soon as the asset
value Y hits the boundary ~D. In view of (24), the default time is then given by

t ¼ inf t � 0 : r�
Z2

2

� �
� b

� �
tþ ZWQ

t ¼ log
D

y

� �
� bT

� �

The price of the defaultable bond (at time zero) with maturity T is

c0;T ðyÞ ¼ EQfe�rT1ft4Tgg

¼ e�rTQft4Tg

which can be explicitly expressed as

c0;T ðyÞ ¼ e�rT F
�bþ fTffiffiffiffi

T
p

� �
� e2fbF

bþ fTffiffiffiffi
T
p

� �� �

with

f ¼
r

Z
�

Z
2
�

b
Z

Of course the defaultable bond price no longer depends on the holder’s
risk aversion parameter g, the firm’s stock price S, nor the drift of the firm’s
asset value v.

In Fig. 4, we show the buyer’s and seller’s yield spreads from utility
valuation for two different values of v, and low and moderate risk aversion
levels (left and right graphs, respectively), and compare them with the Black–
Cox yield spread. From the bond holder’s and seller’s perspectives, since
defaults are less likely if the firm’s asset value has a higher growth rate, the
yield spread decreases with respect to v. Most strikingly, in the top-right
graph, with moderate risk aversion, the utility buyer’s valuation enhances
short-term yield spreads compared to the standard Black–Cox valuation. This
effect is reversed in the seller’s curves (bottom-right). We observe therefore
that the risk averse buyer is willing to pay a lower price for short-term
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defaultable bonds, so demanding a higher yield. We highlight this effect in
Fig. 5 for a more highly distressed firm, and plotted against log maturities.

4. CONCLUSIONS

Utility valuation offers an alternative risk aversion based explanation for
significant short-term yield spreads observed in single-name credit spreads.
As in other approaches which modify the standard structural approach
for default risk, the major challenge is to extend to complex multi-name
credit derivatives. This may be done if we assume independence between
default times and ‘‘effectively correlate’’ them through utility valuation
(see Fouque, Wignall, & Zhou, 2008 for small correlation expansions
around the independent case with risk-neutral valuation). Another
possibility is to assume a large degree of homogeneity between the names
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Fig. 4. The Defaultable Bond Buyer’s and Seller’s Yield Spreads. In Every Graph,

the Dotted Curve Represents the Black–Cox Yield Curve, and the Top and Bottom

Solid Curves Correspond to the Yields from our Model with v being 7 and 9%

respectively. Other Common Parameters are Z=25%, r=3%, m=9%, s=20%,

r=50%, b=0, and D/y=50%.
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(see Sircar & Zariphopoulou, 2006 with indifference pricing of CDOs under
intensity models), or to adapt a homogeneous group structure to reduce
dimension as in Papageorgiou and Sircar (2007).
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